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Resonant scattering of a sequence of laser pulses by an assembly of N identical har-
monic oscillator atoms contained in a volume having linear dimensions much smaller than
the radiation wave length is studied. It is seen that the natural frequency of the atom is also
generated in the scattering. It is found that the Lamb shift and the relaxation time for damp-
ing due to spontaneous emission in this case are N and 1/N times, respectively, of that for
the case of scattering by a single atom, the total scattering cross-section for natural frequency
is seen to depend linearly on the number of atoms N.

1. Introduction

In a previous paper [1] we have studied the resonant scattering of pulses of intense
radiation by a single harmonic oscillator atom and developed the quantum theory of
generation of the atomic natural frequency. It was noted that the effect is i’mpbrtant
when the frequency of the incident radiation is close to the natural frequericy of electrons
and that it can be observed experimentally using short laser pulses having a high pulse
repetition frequency.

A realistic scatterer, however, never consists of a single atom, and hence it is interes-
ting to investigate the interaction with an assembly of atoms. In the present paper we have
studied the resonant scattering of a sequence of pulses of intense radiation by an assembly
of N identical harmonic oscillator atoms, The intense radiation has been treated as a clas-
sical field. It is assumed that (¢) the population density of atoms is so low that they interact
with each other only through their coupling with radiation, and (i) the atoms are confined
to a volume having dimensions small compared to the radiation wave length, and thus
the atoms see the same radiation. It is seen that the natural frequency of the atom is also
generated in the scattering. It is found that the Lamb shift and the relaxation time for
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damping due to spontaneous emission in this case are N and 1/N times, respectively, of
that for the case of scattering by a single atom. The total scattering cross-section for the
natural frequency is seen to depend linearly on the number of atoms N. If we take N = 1
the result becomes identical with the classical results for single atom [2].

2. Equations of motion

To study the resonant scattering of a one-mode intense radiation field by an assembly
of N identical harmonic oscillator atoms we can consider a system of N identical harmonic
oscillator atoms interacting with a classical radiation field which represents the intense
incident mode and other quantized modes of radiation which represent the scattered
modes. The Hamiltonian for such a system in the dipole and rotating approximations is
given by

H = w, Z [bimb(n+3]+ ;’ oaf(Da(k)

+B | do ; [bi(D)+by(D]A(w)e™ ™" + 2'2 ; BLal()b(D)+ au()b](1)]. (2.1
- Q0

Here w, is the common natural frequency of the atoms, 5](¢) and b,(¢) are the excitation

and de-excitation operators for the ;™ atom (i takes values from 1 to N), al(¢) and a,(¢)

are the annihilation and creation operators for the k-mode of radiation defined by the

frequency «,, wave vector k and polarization &, Y% denotes summation over k on all

modes except the incident mode, and § and f, are the coupling constants given by

B = e(nwo/mka)I/?(E : gk)
B = e(wo/2m)! (e - &),

where ¢; is the polarization of the incident radiation, which is given by the vector potential

o«
g | dwA(w)e ™ in the radiation gauge (the atoms have been taken near the origin)
—w
and V is the volume used for normalization.
The Heisenberg equations of motion are

idi (1) = o)+ By Z bi(0), (2.2)

ib(t) = webi(t)+B _of dwA(w)e™ + X B (2.3)

These sets of coupled differential equations can be solved using the Laplace transform

4D\ [ e ol @
(Bi(p)> - f diske (bia))'
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Then the solution for the transformed operator comes out to be

- ’ 2 -1
g B,-(p)=[p+i(uo+N E ' ﬁ’f ] [E b,(0)
p+icy
. - .

13

_iNB j de(cu) Z Jj_ﬂka.k(o)]b (2.4)
pt+iw pt+iow,

1t is well known that [3]

"B .
— = p+in, (2.5)
p+iwy

k
is independent of p. Here # is the Lamb shift and (2u)~! is the relaxation time for damping
due to spontaneous emission for a single atom. Thus, it is clear from Eq. (2.4) that for
the system of N atoms the Lamb shift and the relaxation time due to spontaneous emission
are N and 1/N times, respectively, of that for the case of scattering by a single atom.
A(p) is seen to have a c-number term equal to

class — [ de(w)
@)= =N | (im0 (ot Nu+ i) (p i)

—a

where Q = wo+ Ny is the emission frequency.

(2.6)

3. Scattering cross-section

Let us consider the scattering of a semi-infinite pulse of radiation which takes an
appreciable time to grow, given by the vector potential

A{X, t) = 8o AF(T) cos (@T+x), (3.1)

where ¢, is unit vector along the direction of polarisation, @ is the mean frequency,
T =t—n"X, n is the unit vector along the direction of propagation and

FT)y=0 for T< 0
T|Tg for 0 < T < Ty 3.2
1 for T > Tg.

Calculations similar to those in Ref. [1] lead to the following expression for the number
of photons of natural frequency generated per unit solid angle in the direction of unit
vector n

dN,  Ne'Q’4®
as; T 64nm2uT?
x [0(2) (1—e™ 2V 4 6(t— Tg) (1 —e™ 2= To], (3.3)

[1-G )] [(Q+D) *+(Q-@) ]
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Here we note that the differential photon counting rate (d/dr) (dN,/dQ) decreases
exponentially with time. The natural frequency is thus not generated under stabilized condi-
tions. It can be shown that the natural frequency is also generated during the switching
off of the finite pulse. Thus, if we consider a succession of pulses havmg pulse repetition
frequency n, the total scattering cross-section is seen to be

o(Q) = Nor(n/2p) (QTo)” *{[Q/(@—-@)]* + [Qi(Q+®D)]*}, G4

where or = (8n/3) (¢*/m)? is the Thomson scattering cross-section.

We note that ¢(Q) is proportional to N, the number of atoms. This effect is important
when the mean frequency of the radiation is close to Q. The effect is detectable experi-
mentally using short laser pulses having high pulse repetition frequency.
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