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The properties of spin systems subjected to dipolar interactions in thermodynamic
equilibrium are considered for arbitrary and zero magnetic field. It has been shown that
by converting spin operators to boson annihilation and creation operators and taking into
account the complete dipolar Hamiltonian, it is possible to find a partition function and
density operator in non-exponential form. The obtained results are valid in a wide region
of. spin temperatures without restriction to the high temperatures approximation. The
exact properties of two spin systems in arbitrary spin temperatures are considered.

1. Introduction

The nonsecular parts of the dipolar coupling Hamiltonians play an essential role in
processes equalizing temperatures between dipolar and any other subsystems in solids.
These problems were discussed in several publications, which dealt with the perturbation.
theory, in the case of high temperatures approximation for the spin temperatures theory
(Goldman 1970, Jeener 1968). In this paper spin systems in solids of which spins are
subjected to dipolar interactions are considered. The thermodynamical properties of
these systems in the case of pure dipolar interactions, as well as when a solid is found
in a constant magnetic field, are discussed. Although obtained results are valid for arbitrary
values of the external magnetic field, this particular attention, in numerical discussion,
is devoted to systems in magnetic field which do not isolate a dipolar subsystem from
Zeeman. Taking into account a complete dipolar coupling Hamiltonian all calculations
are performed for spin systems in thermedynamic equilibrium.

In Section 2 the dipolar coupling Hamiltonian in terms of boson annihilation and
creation operators have been noted. The partition function and density operator have
been found based on the operator differential equation describing the temperature evolution
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of the non-normalized density operator in normal form. This equation, determining the
properties of spin systems in a thermodynamic equilibrium state, was described in the
previous paper I (Nosel 1976). It is shown here that in the considered cases of spin systems,
the above mentioned density operator may be presented in the form of the sum of two
operators, one of which describes purely Zeeman interactions,-and the second one dipolar
interactions as well as their mutual conjugation. We note, too, that another decomposition
of the density operator is possible. For the Zeeman subsystem, a mnon-normalized density
operator in normal form is described by a homogeneous differential equation which may
be definitely solved. The remaining part of the .total non-normalized density operator
is determined by the linear inhomogeneous differential equation with constant coefficients.
Because of the great number of interacting spins, solving this inhomogeneous equation
exactly is rather difficult and therefore we find the solution in a special series form. This
solution is presented in Section 3 where an apprommatlon form of the density operator,
having validity in a wide region'of spin temperatures,’ has been found. On the basis of
obtained results, the partition function, as well as the energy, the entropy, the specific
heat and magnetization, have been calculated (Section 4). '

In the last Section an exact descrlptlon of two-spin systems in arbitrary and zero
magnetic field is given.

2. Density operator

The temperature evolution of the non-normalized density operator in normal form in
thermodynamic equilibrium is described by the equation (Nosel 1976)

%3 + N (H(xF, y)+A)o =0, 2.1)
where f = (kT)—1 The operator o(f) provides us with the possibility of immediately
finding the partition function and, of course, the normalized density operator.

In considering this case, the total Hamiltonian is the sum of Hamiltonians descnbmg
interactions of N individual spins to external magnetic field B = Bok, where k is the unit
vector in the direction of the z axis, and internal interactions whlch are dipolar

H o= Z .%’(”+ 2 #E, (2.2)

i=1 i<j’

The Hamiltonians of Zeeman interaction for (/) spin and of the dipolar interaction for (i)
pair spins, in terms of boson annihilation and creation operators, may be expressed in
the following manner

. ho .
HP = _._22 (1—n)bi b;, (2.3)

Hy = —(A5b;+B0y), . . (24
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dy
(fiD =3 d ‘sin 6, cos 0; ei“”” ; F§3),

:g)'— T d,J bln 0 ei'M"J = d I,(;:.Iz)’
2,2 -3
dij = %77,
g = yBy.

The operators (2.3), (2. 4) have the normal form. The dlﬁ'erentlal operator A in equation
(2.1) is given by

4 = DP+DP +DP, (2.5)

. hw
PP == (1~ E b ==
( —1) F

LN

DY = - Z [(A,,b +B+"” )—- +(455b; +B+“” ) ab+];

i<i

N
2 2
DY = ~ Z (A;; @‘ZT;,JrBT @ EEch;)
i<j
where
B} = B; (1+;7)
Introducmg the followmg notations:

D(Z) =;fl(x ) J’), D(D) '%D(x ’ y),
and.
D =DP+DP, D, = D‘Z>+D‘D’ = D§”,
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equation (2.1) may be rewritten as

oo
a_ﬁ +./V‘(D0+D1+D2)O' = Q. (2.6)
Introduction of operators Dy, Dy, D, is convenient because they have special properties.
Let us consider a monomial which is product of & annihilation operators and k creation
operators. Then the operator D, does not change the number k, operator D, increases k

by 1 and operator D, increases k by 2.
Let us present the non-normalized density operator in the form of the product of

two normal ordered operators o,(f) and oyn(f)
o = ./VO‘Z'O'ZD. (2.7)

The operator o,(f) describes the Zeeman subsystem without taking into account the
internal interactions, and is determined by the equation (paper I)

0
—a%z + V(D@ +DP)s, = 0, 2.8)
the solution of which is
N N
o(B) = ;) 5P = I_]l [1+(A+Bn)b; b, (2.9)

where

sP =1,
hog \ .
A(wo) = B(—wo) = exp{—=f ) —1.

The information about internal interactions between spins and their dependence on Zeeman
interactions is contained in the operator op(f). Because the Hamiltonian describing
dipolar interactions is rather complicated, therefore suggests, for the results of paper I,
that the operator o,p(f) may be sought in the form of a series

ozp(B) = % S (2.10)
i=o

with
S =1, SP” =o.

The S and S{*™ are monomials in annihilation and creation operators. Every individual
monomial consists of X annihilation operators. Now the ¢(f) may be otherwise expressed as

N N
o(B) = oz + 22 .Zo SIS, (2.11)
i=2 j=



T

Since the individual monomials of the type S{Z>S{® are composed of i+j = k annihilation
operators, they may therefore be replaced by a single symbol S,. The last expansion
can now be written. in the form

o(B) = oz(B)+'(B) (2.12)
where -
. _
a(p) = _=22 S (2.13)

The equation determining the operator ¢’(B) follows from Eq. (2.6). It is an inhomogeneous
linear equation with constant coefficients which has the form

oo’ v ,
7[{ + N [HET, )+A]e’ = —N [JfD_(x*, »)+Ap]o,. (219
From the above equation we get the following recurring form of equations, determining S
operators
2 2
95i (D) (2)
‘ﬁ +-/V' DiSk__,- = _./V Di Si+k—'2’ (2.15)
i=0 i=0
with

So=8;=0, S® =1,

For k = 2 we obtain

2
a5, (D) ¢(Z)
Fﬁ“ "}'JV‘D()SZ b "'ﬂ Di Si . (2.16)
i=0

The form of this equation, which describes systems of N spins, is the same as in the case
of the system consisting of two interacting spins. Further operators S, for k = 3,4, ...
appear when the simultaneous interactions to the next spins are taken into account.
These further corrections to the density operator are small, however, in comparison to S,,
and therefore will not be considered here. They will be discussed in the next paper.

3. Solution of Eq. (2.16)

Since the form of the operator 6,(f), which describes the Zeeman interaction, is known
exactly (2.9), the the right-hand side of Eq. (2.16) may be easily found with the help of
relations (3.12)—(3.15) given in paper 1. The obtained result is the following:

2 N
N "20 DS = — Z [(e? P 4] CD 4 g=He0B A;'“”n)bij'l' B}0,]. (3.1)

C i<
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Let the operator S, have the form

Sz = Z {[(Eu +F ijﬂ)bij +(Gy;— H,mO+Ii+J; e b

s

Lo + [(K;"‘,- - M i jﬂ)b" j— L;joi-;] 0y} (3.2)

where E,;, F,j, ..., M;; ate unknown functxons of B. The calculation .#"D,S, provides us

wu:h the following result:
N

N Dosz =Rl i;; {(hwob +A1 (U)) [(Eil '*'Juﬂ)bu‘i'KijO:j]
+(—hogef; + A7 D) [(I;+F u’l)bu ~M ;,Oi,]+23 [(Gu Hym)by;— Ly u]} (33

From Eq. (2.16) result the three systems of differential equations determining unknown
functions of the spin temperature. These systems of equations are:

X

“Ep' = A(wo)X+ B, (3:4)
) 4
e = A*(—wy)Y + B*, . (3.5)
oz , )
e AZ+B, X(0)=Y(0) = Z0) =0, (3.6)
X1 ' Y1 Kij

X= X3 | Y = Y21, Z = Lij 5
X3 Y3 M;;
(x15 X3, X3) = (e-ﬂmopEua e_moﬁsz, efmoplu),

V1> Y2, ¥3) = e*F,;, " H,, ey,
3 J . J 3]

VO C I A
A@wo) = | f{? —(hoo+2fD) —fF ;-
£ = —@hao—/§")
hootf$ ~AY /4
a=|—g g
P - —hoetf
£ £

B = fl(ij) R = f(ij)
f;‘z(bi.i) : f(l.i)
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It is seen from Eq. (3.5) that the solution of this equation will be obtained from Eq. (3.4)
by the relation ‘

Y(wo) = X*(— o). 3.7

We therefore have to solve only two systems of differential equations, namely systems (3.4)
and (3.6). The above systems of equations have been solved using a Laplace transformation.
The determinant of algebraic equations obtained after the Laplace transformation (Egs.
(3.4) is :
4 = 53+ 3hiogs® +(2h wi— 3 d7)s
' 13

. d>.
~2 hogd} — 20w} f§+ %. (3.8)

Substituting the expression \"‘r—hwo” for “s”, one obtains the characteristic equation

Peprdq =0, (3.9)
where
b= —di(eh+3), (3.92)
) dta,v >1 2 (if)
q ,=»°‘§—'(7-‘8ijFo ), (3.9v)
f ' ’
& = 22, ‘ : (3.90)

2 3
It is known from the theory of third order algebraic equations that if %— + > is negative,

then the equation has three different real roots. It has been verified that this condition
fulfilled in the case of interactions considered here. Therefore the solution of Eq. (3.9),
in trigonometric form, may be written as

i) = dpfd (3.10)
where

2

; &\ +2(k—1
o’ =2 (—;—’ +%) cos PUT AT (3 )"
J

-%
q 14 } )
COos @y; = — E(—?> . k=1,2,3.

Further calculations, involviﬁg an inverse Laplace transformation, yield the following
results:

3 G ;
Ey= Y, afPe ™ —aglet>t, (.11
k=1 . . ' B :
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3
(i) )]
1, =2 . Sl MY, (3.12)
VT L - =
F“f’ 207 +26,;—1 8 3.13)
(a(u) (u)) (“}:J)— f,fj)) : )
where
2:-:2F‘”)+33 1
ag? = N = &) . @h_, 3’ (3.132)
;" — &) (03" —&;)) (a5 — &)
a® = F“’) (i) 4. (8 F(“) 1 F“J) _,_2)“(11) +7 &; FS"" +2)—1
' o= 22) G o) e o ’
k#1+#m.
The functions which satisfy Eq. (3.5) are
F ij(wo) = Eij(_w0)5 (3.14)
H;wo) = Gi(—ay), (3.15)
Jij(CUo) = I:(—'wo). (3.16)

Having solved equations (2.4) the system of equations (3.6) may now be easily solved.
The characteristic equation of the system of algebraic equations, which arises from (3.6)
after performing a Laplace transformation, is

s*+ps+q =0 - (3.17)

where p and g are determined by (3.9a) and (3.9b). The roots of this equation are given
by. (3.10). However, the obtained values K, L;;, M;; have the following form:

_FH ¢ 2089 4 2¢,. 1
2 = g *OPE (3.18)
(a(”) (U)) (a(u) (u))
1ij) 2 (i)
- G g, 28iFo" —1
Ly = E et 8oli PG00 ? (3.19)
F(U) 2a(i.l) 2 ___1 N
- (3.20)
(“(u) (u)) (oz(") (u))

where
2F Pl — (FGP + 2y — 261 F§D 41

a® = ol
8(o” —af' ) (o ~ D)

k#1# m.
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In the case when the external magnetic field is absent, the determinant (3.8) has the form
3

di;
4=s ——d,2,s+

4 (3.21)

and characteristic equation has real roots, two of which are equal. These roosts are

d::

r(ff) - ,.(3ii) _ ?U , r(zif) = —d;;. (3.22)
Now we have
F(iJ) du F(ij)
E;;=F; = %<—“ +1> ﬂ"%( > _1) e % —1, (3.23)
4 ' 2
] F(u) diy ﬂ B )
Gy = Hij = —~ (e =e™"), (3:24)
L4y
Iy = I = 3 (e’ o) (3:25)

Evidently the solution of Eq. (3.17), for w, = 0, is given by (3.22) too, and we obtain
the following form of the functions Kj;, L;;, M;;:

K = Mj; = Hy, (3.26)

F 81) ‘."_’p .. )
L;=5% (T —1) e? —% (Ff)”)+1)e”"””+% . 3.27)
In this way the exact form of the operator S,, as well as the exact form of the density
operator for an arbitrary pair of interacting spins have been found. One can say, then,
that the found density operator describes, in a general case, spin systems in approximation
based on the exact form of the density operator describing the two-spin system. At the
same time the simultaneous interaction of more than two spins is neglected.

4. Entropy, energy, specific heat, and magnetization

In this section we will calculate such quantities characterizing the considered system
in thermodynamic equilibrium as the entropy, the internal energy, the specific heat and
the magnetization. These quantities can be found from the partition function of the spin
system. Let us calculate the matrix elements of the operator o(B) in the representation
(see paper I)

o) = |ngatys . Myns Myifgy - NoNDs 4.1

where n,; and n,,; refer to boson operators of type b and ¢, respectively. In the case of
spins I = 1, finding the matrix elements of the operator o(f) is not difficult. The diagonal
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elements aré ;= 7 . TR N T i T i
N
0. = oloje) = [T (1+An,+Bny)
NP =3 BT

Ve

+ Z [E”n iMaj+ Fi il Lij(n,irzl;jﬂ-n;inaj)]f ‘ (4.2)

i<j

The first ai.d second derivatives of the matrix elements with respect to § are

N 3
do 0(07) 2a § .
R = Zu N0 P
op B i *
. e o i<j k=1
+hw0(a(”)( wO)e—ﬁwopnmnaj'—agj)(w )eﬁ(ooﬁ au)] (4'3)
. , S S3
aR,, d (a'z)‘z : 5 : ) plf
= - o i) pti
Q 6B aﬁz + Ty ak
i<j k=1
—h2w? (a‘”)(wo)eﬁ“””n i, +a(“)( —w)e” Haoby, n,,,)] 4.4
where
N . _ , N
(02)w ho Bop . _E i
—(—% = —2_0 ? (e? "ny—e 2 ﬂ”;k)l— (1+ Ang+Bny),
i ‘l;'-—lJ e
al #
a (UZ)aa {X [ moﬁ @ )
= (e? "ng+te 2 k) (1+An i+ Bn};)
a Y) 4 @i ai ai.

+ § (eﬁm*‘.,pn‘aknai'ke fiol ’knau ) aknou naknat) I I (1+Anal+Bnal)]}
i#k

, 1)
- N . . ay
[} . (U))
PED = D [d,‘,")(wo)n“in,j+ai’)(—mo)iz;irz;j =G (na,n i n,,)] L

Using thermodynamic dependences, one can now calculate interestmg values. The internal
energy of the spin system E, the entropy S, and the specific heat in a constant magnetic
field Cp, can be expressed in the following manner:

- Z = Tra(f), _ / 4.5)
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S = i(In Z+EB), 4.7)

Cy = kp? (21 Z QG-EZ) ) (4.8)

The expected values of the spin operators may be expressed by the matrix elements of the
operator a(B). For the expected values of the I, component of the spin we obtain the

following expression:
< > = i Z y (nau au)aaza (49)

a

In the formulas (4.5)—(4.9) the sum is taken over all states of the spin system.

5. Two-spin system

We will now consider, as a simplest case, a system of two identical spins in thermo-
dynamic equilibrium. It follows, from the results of previous sections of this paper, that in
the case of two spins I = %, subjected to constant magnetic field and dipolar interaction,
‘we obtain the exact form of the partition function and of the density operator. Using
representation (4.1) to calculate the matrix elements of the operator o(f), we find from (4.2)
the partition function, which after respective transformations can be written as

i 3
Z =2+Ce"P+Cre™*P+ ¥ ae" +b, (5.1)
i=1
where
Cy(wo) = Co(—wp) = 1—af?, (5.1a)

623 +(26°Fo— 1) (30 =)

ai = — — 3 2. P k ?é l -7é i,
do(o; —&7) (o — ) (o4 —ty) - :
1—'232F0 (12) (12) : (12)
b= , Pm=Er ociE Fo=Fy™, &=é,.
4oy orz03 _

The exact formulas for the energy, the entropy and the specific heat in the constant magnetic
field are determined by (4.6)—(4. 8) with first and second derivatives of the partition
function given as

3
Y R, = d[&(Cie" ™ —Cre )+ 3 ayee™], (5:2)
K=1

-4

3
Y Q, = d*[X(C,e* +Cre™ ")+ ¥ aupe™]. (5.3)
a k=1
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The expected values of components of the spin operator are

IS = 3¢ 0 cos 0 cos B - et 54

(,,)-——Z—sm cos 0 cos zmz)’ 5.4
i=1

Iy =LK1 tg 2, (5.5)

1 !
I = 7 (eF*F —e™2F L B, (B)—F12(B))

1 3
== (Cye™™F —Cre™™F 1 ¥ aie™h), (5.6)
i=1
where
. &(2F Ooz,-2 +30;—~1) _
' 2(“:'2 - 32) (03— o) (o —tp) ’

i kL (5.6a)

The components of magnetization perpendicular to the external magnetic field are, in
general, different from zero. In the field B, # 0 all components are zero for temperatures
T = oo (f = 0), because then

3
e
- (ot —o5) (ot — )

E12(0) = F12(0) = 0.

However, when the temperature approaches +0 the magnetization approaches non-
-exponentially the respective maximal values. The transversal magnetization, for a given
magnetic field and 0, @, shows the same dependence on temperature in region of positive
and negative spin temperatures on the contrary to the longitudinal magnetization which
changes sign when the temperature changes sign. Without an external magnetic field the
spin system does not show the magnetization. It immediately follows from formulas
(5.4—5.6a) and (3.13a), (5.1a). Substituting ¢ = 0 we get {I,) = {I,> =0 and

and

1
<Iz> = 2‘(01—'(;2) =0

because C; = C,. In this case the partition function, the energy, and specific heat may be

written in a very simple form
d

Z=1+27" 17, (5.7)
d 4
E= (- A, (5.8)
ka4, 4
Cp=E (70T o), (5.9)

22>
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The variation with —1/T of the internal energy, the specific heat, and the entropy of the
spin system, for the case ¢ = 1, are presented in the figures. Spin temperatures are measured
in units of k/d. If we take into account, for instance, nuclei of fluorine with a near-neighbor
separation of 2.725x10~°m (as in CaF,) and protons distant about 1.6x 10~ m (as

I | 1 T T T T T T T T
/—s-
i k=05 /4 \~< k T
‘hC)o__ /. 7
- d_—-l ‘ ""l -
S = e —
= L /‘( -
gy DA
= k\ 7/ - os// ./ NN
/ /, \ e ) k A
. / ~ |
- / / \ 4 ¥ ~
.= o~ - // 3
= S
-5 - -3 2 - 2 -
5 4 3 2 | . | 3 4 Fdf
L / - -
i 4 dgs T — Hy + HEeC
E /'/. Hz +H
: T // 1 270 4
K / —+-1 -
s ¢ mmesm o Gmammere & /.
N - 1 1 ] 1 1 L L 1 I ]

Fig. 1. Variation with inverse temperature of the entropy S, the energy E and the specific heat Cy of two-

-spin system as calculated for a low magnetic field (Zwo/d = 1) and the angle /4 between B, and ry,(Fo = 0.5).

The solid lines represent exact values (formulas (4.7), (5.7)-(5.9) of this paper) and dotted lines approximate
ones obtained from the secular part of the dipolar Hamiltonian only

in water molecules) then the value & will be equal to 1 in magnetic fields 1.31 x 10~ T
and 6.89 x 10~* T, respectively. The graphs are made for two cases, namely when the
direction of the vector B, is inclined at an angle n/4 to the internuclear displacement vector
r (F, = 0.5), and when it is perpendicular to r(F, = —1). We see that variation with spin
temperature of the discussed magnitudes for F, = 0.5 (Fig. 1) is identical in the regions
of positive and negative temperatures. All terms of a dipolar coupling Hamiltonian are
effective. Some asymmetry, with respect to infinite temperature, appears for Fy = —1
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(Fig. 2): Here the terms of Hamiltonian, which are responsible for transitions determined
by quantum conditions Am = +1, are ineffective. Likely, though this asymmetry has
another character, is in the case F, = 2 (B, is parallel to r) where nonsecular terms of the
Hamiltonian are inefféctive. The greater ¢ is, the better the internal dipolar coupling will

Fig. 2. Variation with inverse temperature of the entropy S, the energy E and the specific heat Cy of the
two-spin system in a low magnetic field (Zwo/d = 1). The angle between B, and r12 has been taken equal
to 7/2 (Fo = —1). The full and dotted lines indicate the same as in Fig. 1

be described by the secular part of the Hamiltonian. It was calculated that for & = 10
results are practically identical to those obtained from the secular part of the dipolar
coupling Hamiltonian.

For comparison with exact results, in the figures are also additionally plotted the
numerical values obtained, taking into consideration only thé secular part of the dipolar
Hamiltonian (dotted lines). For ‘the above mentioned nuclei of fluorine the errors of this
approxunatnon for Fy = 0.5 in the energy, the spemﬁc heat and the entropy at ‘positive:
temperature 2.5 X 106 K (d/kT = 0.1) reackes 3l. 1%, 37.9% and 0.149, respectrvely,‘»
however at the same negative temperature 41. 29,4229 and 0:14%;, respectively. On the:
contrary, for' the considered protons in an analcgous situation (F, = 0.5, dlkT = 0.1)
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the same values of errors appear at a temperature 1.4x10-5 K. These differences in
temperatures result from a distinct dipolar constant. At still lower temperatures positive
as well as negative, the errors are greater reaching at one point a maximum.

The author wishes to thank Professor J. Hennel and Doctor J. Blicharski for helpful

discussions.
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