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SUBQUANTUM THERMODYNAMICS
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It is shown that an unusual classical model for the one dimensional Schrédinger
equation can be cleanly fitted to the pattern of classical thermodynamics. The model involves
an interaction between two fluid systems, one with a positive mass distribution and the
other with a negative mass distribution. Temperatures, pressures, entropies and chemical
potentials are all identified. The relations between them are examined and shown to take
satisfactory _fq;';xls. N

1. Introduction

There have been many attempts to explain quantum mechanics in classical terms.
Much of the history of such attempts can be found in Max Jammer’s book (1974), where
many references are listed. The work and writings of Bohm (1957) are particularly important
in this area of research. Work related to the line to be developed in this paper can be
found in papers by Madelung (1926), Wignér (1932), Barlett (1949), Moyal (1949), Vigier
(1954), Kershaw (1936), Hornquist (1969). References of some earlier work by the present
author are (Gilson, 1965, 1968, 1971). It is also anticipated that this work has some
s1gmﬁcant relation with superﬂuld theory such as discussed in the book by London (1954).
However, allhough these studies often look very promising, progress at the technical
lIevel does not seem to have beén great. This author believes that this is because workers
in this field have not hit upon some of the essential ingredients for a complete and satis-
factory model structure or classwally c0mpat1ble image for describing the basic one dimen-
sional Schrodinger equation. Here it will be shown that there is a complete solution to this
problem which vindicates Bohm’s suggestions that under the conventional Schrédinger
structure there are deeper, possibly classical like. strata of processes taking place. The
essential ingredients refetred to above are the incorporation of negative mass density
movements and the Tecognition that the one space dimensional Schrédinger equation only
has a meaningful classical image when related to a two dimensional: spatial surface. This
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paper is mostly concerned with the negative mass aspect of the' problem. The two dimen-
sional configuration space aspect has been dealt with elsewhere (Gilson, 1977a). It will
be shown here that when these two missing features are used in model building, the clas-
sical thermodynamics behind the Schrédinger equation shows up with remarkable clarity
and even progress at the technical level seems to be straightforward.

2. Analytic continuation of local energy

Working from the nsual Schrédinger quantum mechanics structure it is possible to
define a local energy E(x,t) and a local momentum p(x, ¢) using the operators ihd/ot
and —ihd/dx and the wave function ¥(x, f) by,

i}
E(x,t) = zh loge g 2.1)
and

p(x, ) = —ih —a—log,,'P. 2.2)
ox

In general, and when ¥ is not necessarily an eigenfunction, E(x, t) and p(x, t) are complex
functions of a real variable x. If we consider the continuation of x into the complex,
z = x+iy, plane, then

E(z) = Lh 0 log, ¥(2), 2.3)
and

p(z) = —ih — b loge ¥(2), 24

where the time dependence, although assumed to be present, is now not being shown ex-
plicitly in the various functions of the complex variable z. By using an analytically continued
generalisation of (2.1) with (2.2), we can obtain,

Gz I
7ol A me (E1+‘Ez)’ (2.5)
with
v = p/m = (p,+ip,)/m, (2.6)

where m is the rest mass for one electron and (2.6) defines a local complex quantum
velocity. Thus, using well known properties of complex function derivatives, we obtain,

-t @7
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and
v, . 0E,

—_ 2.8
ot ox 28)
However, both E and p are being regarded as functions of the complex variable z and so
we can use, in regions where they are applicable, the Cauchy Riemann equations,
6E1' aEz— 0 6E1 aEz -

- =0, = 0, 2.9
ox - dy ay+6x 29)

' aPl a172 op, | Op,
— —— =0, —+-===0. : 2.10
ox oy dy + ox (2.10)

Thus using (2.9) with (2.8), we can write (2.8) in the more illuminating form,

61)2 . aEl §
e =% 2.11
ot ay @1
From the Schrédinger equation,
14 S 4
ih— = — — — +VP, 2.12
ar” am o T @12
we can easily deduce that,
h & v
E, = — (v-v))+ — -,;v-% +V, (2.13)
2 ox
and if we put,
1 h
ﬁ:i% and _2=_§?_’ (2.14)
01 2 ox 02 2 dy
then, using (2.10), we can put the two equations of motion (2.7) and (2.11) into the forms,
0o, 8 (P, VE-vl
o _9(2 v, 2.15
ot 6x( 01 N 2 i 215
and
a_ _ 0 ﬁ+v§_”f—v). .16)
at ay \ e, 2

Various interesting results follow from this collection of equations and relations. For
example, if we define separate temperatures T, and T, for the two fluids by,

P

kT, = —- and kT, =—2>, @17
21 Q2

we see from (2.10) and (2.14) that not only must g, be of opposite sign to g, but also that

T, +T, = 0. (2.18)
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That is, with temperatures defined separately for the fluids by (2.17), these two temper-
atures must be of opposite sign. Further, if we put,

o(x, y) = P*x—1y) P(x+1y) 2.19)
then it folldwg from ’éhe Caiichy Riemann equations that ; ‘- o
| V2log,o=0 (2.20)

From which, incidentally, if assumed to hold in the first instance for two dimensional
fluid dynamical reasons, the correct form (2.19) with y = 0 that the quantum probability

' density o should have on the real axis can be deduced by integration. It turns out, in fact,
that (2.18) and (2.20) are the same equation (Gilsen, 1977). Equations (2.15)-(2.18)
contain all the clues to a classical fluid reinterpretation of the-. Schrodinger equation.
Study of these equatlons suggests that the following model be adopted. The quantum
process can be pictured as a thermal interaction between two fluids. One of these fluids
being taken to have a positive mass density p(x, y) = () in the limit of orthodox
quantum mechanics and the other finid being taken to have a negatlve mass dens1ty
02(x, ¥) & —o(x) in the limit of orthodox quantum mechanics. Such an interpretation is
clearly consistent with the external potential appearing as + ¥ in (2.15) and as — Vin (2.16).
By introducing a definition for vorticity into the two dimenisional (x, y) flow field, the two
equations (2.15) and (2.16) can be made completely classical in form. However, this last
point has been discussed elsewhere (Gilson, 1977b). We are now'in a position to discuss
the thermodynamics of this two fluid model.

3. The underlying thermal process

In writing down the thermodynamical equations, we shall assume that the two fluid
system is displaced from the special equilibrium state that is quantum mechanics as it
is usually known. Thus the displaced condition which is not described by the Schrédinger
equation as usually. constructed’ will involve g, 40, = ¢ where o # 0. However, in the
quantum limit ¢ = 0 and also (2.18) will hold. The use of negative mass distributions
opens up the possibilities for forming averages. There are at least two types of average or
combination that can be used with the positive — negative mass mixture. Briefly, they
are of the forms g4, = 0,4;+0,4,. It should further be remarked that we cannot claim
that the thermodynamical pattern to be introduced here is unique or that it cannot be
modified or usefully generalised. Generalisation is likely to'be possible in various ways
and as far as uniqueness is concerned there may be other or better options, buf they have
yet to be fonund. Subscripts 1 and 2 will be used to identify the two fluids and their as-
sociated parameters. Unsubscripted parameters ¢, s, P and j will here be taken to denote
the following selections of possible combinations of the corresponding separate fluid
parameters,

08 = 018, — 0282, : g 3.1
oTs = 0, 7151 —02T2 5z, 3.2)
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0Pt = 0y P17, +0,P3%5, (3.3)
ol = 01 1= 03 12> N (3.4)
) ) - 20 =0;—02 ‘ 5 (3.5)

u in (3.4) is used to represent ichemical potential. Further, we shall use

[ [
e1=—+e = -0 (3.6)

2 2
as a parametrisation of (3.5). Thus the quantum limiting case which is approached as
o — 0 brings into prominence the following combinations of separate fluid variables,
if (3.1) to (3.5) are used,

&= & +¢&,, : 3.7

Ts = T8+ T,s,, (3.8)

Pt =P,t,—P,1,, , 3.9

B e (3.10)

If we assume that mechanical equilibrium is given by P, = P, = P, (3.9) is replaced by,
T=T,—1,. 3.11)

Thus in this case the volume 7, defined in this way, is a measure of the compressional
difference of the two fluids locally, 7, and 7, being specific ‘volumes’ and naturally being
taken positive. Consider now the combination of two single component systems separately
described by the two fundamental equations,

P
8, —Tis;+ 9—1 —pic = X4, (3.12)
1

g,—Ths,+ 52— — e’ = X,. (3.13)
02

When the two systems are considered to be united in some way, the various parameters
will naturally be assumed to be restricted. That is, the number of independent variables
in (3.12) and (3.13) will be reduced in number by the nature of the interaction which is
assumed to exist between the two subsystems. We shall assume that ¢ and ¢’ are concen-
trations. Consequently one reduction in the number of independent variables is induced
by the condition,

c+c = 1. (3.19)
However, because we are using a positive — negative mass mixture ¢ and ¢’ are not

quite the same as the concentrations which are most useful in the purely positive mass
mixture (Landau, 1966) and to emphasise that they are different from the more usual ¢,
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and ¢, the unprimed and primed ¢ will be used here. Forming the total differentials of X,
and X,, we obtain the expressions,

P dP
dal—Tldsl"‘ —21‘ dgl—-[lldc—-sld'T1+ _e‘} —cdﬂl = Xm, (3.15)
1 1
and
P dP
dey— Tydsy — —Q—;dgz—yzdc’-—ssz2+ —e—’ —c'dp, = dX,. (3.16)
2 2

If we now assume energy conservation in the differentials for both systems separately
in the forms,

P
dey — Tyds,— —é;— do;—pde = 0, (3.17
1
and
P, ,
daz—TzdSZ— 3 sz—ﬂzdc = 0, (3.18)
02

then we automatically obtain the two Gibbs-Duhem relations,

dP
—5,dT + — —cdp, = dX,, (3.19)
€1
and
dP
—5,dT, + —é—z —c'dp, = dX,. (3.20)
2

However, imposing (3.17) and (3.18) does not have the effect of making the two systems
independent for one thing because of (3.14) and also because of other restrictive relations
which will be introduced later. We are not working here without clear motivation and, in
fact, the introduction of (3.12) and (3.13) is to enable the formation of a pattern of variables
which is conformable in a limiting situation to the relation (2.13). The possibility of relating
(3.12) and (3.13) to (2.13) may not seem very obvious but considerable evidence has been
given to justify making such a connection in earlier work by the present author (Gilson,
1977). In particular, it turns out to be useful to make the identifications,
2 2

g e %”—2 and 0= — %”1 N (321
Thus the negative of local kinetic energy for fluid 2 is used as an internal energy for fluid 1
and vice-versa. This is a rather unusual form of linkage between two fluids but, nevertheless,
it seems to be a representation of the form of interaction which is operative in this quantum
fluid area. We also remark that we shall introduce the subscript 0 as in (3.21) to denote
quantities obtained in the first instance from quantum theory. Quantities without zero
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subscripts will have to converge onto the 0 subscript quantities in the quantum limit.
Thus a thermodynamical &, — ¢, ¢ in the state of quantum equilibrium. We shall return
to this point later. Subtracting (3.13) from (3.12), we obtain,

Py P, ,
81—T151+ _e"‘ i 82“'T282+ Q— —ﬂ10+l-lzc = XI_XZ' (3.22)
1 2

Thus comparing this with (2.13) and bearing in mind the identifications (3.21) and also
(2.14), the further identification,

pic—pac’ = E(©)-V, (3.23)
is suggested, where

E(co) = —Re (ih % log, w) (3.24)

and provided X; = X,. If we add (3.12) and (3.13), we get
P, ' P, ,
81—T181+ _e_ —ﬂlc + 32"‘T232+ Q_ —ﬂzc = Xl +X2. (3.25)
1 2 2

We now introduce another constraint which plays the role of the law of mass action.
This is expressed in the form,

sile—co)+pa(c'—co) = 0 (3.26)

or
Uic+psc’ = picotuscy = A, say. (3.27)
From (3.23) and (3.27), we obtain,
pic = 3E@-V)+34, (3.28)
s = —3(E(©)—-V)+34.
Substituting these into (3.12) and (3.13), we get,
P, E(©)-V

81—(.X1 +A/2)_ T151+ —_— = » (3.29)
01 2
and
P E(e)-V
82—(X2+A/2)-'T232+ Q_z = -, ( )2 . (3.30)
2

From (3.29) and (3.30), we now see the possibility of a very subtle and interesting limiting
process in which (3.29) and (3.30) can both be made to converge onto (2.13) but from
opposite mass directions.
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4. The quantum limit

The possibility of converging onto Schrédinger quantum mechanics from the'direc-
tions of positive and negative mass using (3.29) and (3.30) can be seen more clearly if
X, and X, are taken to be equal, as we need for (3.23), and both to have a value such
that

Xl +A/2 = X2+A/Z = %(81,0+82’0). (4.1)
When this choice is made (3.29) and (3.30) assume the forms,
_ P
26, —(81,0+82,0)— 2Ty, +2 e—‘ =E-V, 4.2)
1 i
and
P,
28, —(&1,0+82,0)— 2155, +2 Q— = —(E-V). 4.3)
2

Both of these are conformable to converge onto (2.13) provided,

g > 8,0 and & — &z, . 44)
and
P P,\ '
—2Tysy+2 — =2 — (—2T252+2 —2). 4.5)
€1 , 02

Elsewhere (Gilson, 1977), we have obtained a solution to this problem but by a different
route. However, we can see contained in (4.5), the possible set of limits,

5; —> S3 — Sg, (4.6)
P, > P, > Py, 4.7
T, - =T, > T, 4.8
€1 = —@2 = Co- 4.9

Thus the left hand side of (4.5) will be subject to the limiting process,

—2Tysy+2 Py — —2T7 051,0+2 Lo . (4.10)
51 Go

We have introduced the subscript 0 notation in order to deal with a specific mathematical
difficulty inherent in this work. This difficulty will now be explained. Although we can
make plausible identifications of thermodynamical variables using quantum mechanical
results such as (3.21), we soon come up against the difficulty that these identified functions
are not in the first instance functions of the appropriate thermodynamical variables. For
example, & o is a function of x and ¢ and not, as one would wish, a function of ¢,, s,
and c. However, it is a strange characteristic of some of these quantum variables such as
&;,0 that sometimes it is possible to find derived properties such as O 0/00; without
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¢laborate mathematical methods (Gilson, 1977). In fact, ; ¢ is a functional of ¢ as derived
from the usual quantum analysis. This sitnation does lead to mathematical difficulties
in trying to extract thermodynamical information from such quantities as &; . Here
‘we completely overcome this difficulty by working with a related function &,, for example,
‘which can be regarded as a straight function of the usual thermodynamical variables and
only has to converge onto €1,0 in the quantum limit. With this particular mathematical
problem in mind, we now return to (3.12) and (3.13), but rewrite them in an approximate
‘form,

P
&~ Ty081+ “91;0 ~p1,06—X1,0=0, (4.11)
1
P2,0 ’
[ 82"7T2’082+ '9_ _ﬂz,oc ‘—Xz’o =0. (4.12)
2

“Thus we have now frozen-in the eight variables Ty, Py, t1,05 X1,05 T2,05 P2,05 H2,05
X,,0 at values deduced from quantum theory and analytic continuation. For example,

1?82 log, o(x, ¥) . h? &% log, o(x, y)
= —_————— an: = - —-—
=S dkm ox? e 2

(4.11) and (4.12) are now approximate equations which can be assumed to approach
exactness when the variables, &;, 51, 01, €, &2, 52, 02, ¢’ Which are still free, move towards
their quantum limiting values in a way consistent with their various interrelations. Now,
we consider only variations in the remaining variables which keep the frozen-in variables
.constant. This procedure has the consequence that the two Gibbs-Duhem equations
(3.19) and (3.20) reduce to trivial identities of the form 0= 0 and can therefore be
forgotten. We can now define functions of the usual thermodynamical variables. From
{4.11) and (4.12), we have the functions,

P N
21(81, 01, ©) = T 081 — 'f +u1,0¢+ X100 (4.13)
1

.and

P
&5(52, 02, ¢) = Tz,osz“—;"o +piz,0¢"+ X5 0. 4.14)
2

“Thus, putting &;,0 = &, (51,0, 01,0, Co), and &0 = 82(52,0, 02,05C0), We can form the
two relative internal energies,

é’1('5'1’ 01, C) = 81(S1, 01, C)"31,o

i 1

= Ty,0(51=51,00— P10 (“ s ‘—) +1t1,0(c —€o)s 4.15)
€1 21,0

and

62(52, 02, ¢) = &,(52, 02 c)—ez0

11 ,
= T,,0(52—52,00—P2,0 (”‘* = ’——) + s o’ —€0)- 4.16)
€2 Q20
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The sum & of these two relative internal energies plays an important role.
g = (g 1 +€ 2

1 1 1 1
= Ti,0(51— 51,00+ T3,0(52—52,00— P (‘“——“)"P,<__ )
1,0(51 = 51,00+ T3,0(52 = 52,00~ P10 €1 Ci0 “\ez  e20

+11,0(¢ — o)+ 2,0(¢" — €0)- 4.17)
We again impose the constraint (3.26), the law of mass action, and (4.17) reduces to,

& =T, 0(51—51,0)+T2,0(52—52,0)

1 1 1 1
—Pio (——— _ ——) —P,, <— - ———) . (4.18)
02 010 02 02,0

We shall now make the reasonable, though not necessarily the most general, assumption
that the entropies are related to the concentrations by,

§1—51,0 = —klog,2¢c, s;—5,0= —klog,2¢c, (4.19)

and the concentrations which as remarked earlier are not quite the same as for the pure
positive mass type of mixture will be defined relative to the density difference 2¢ as
follows,

@1 4 02 g .
c=—=—+%, == - — 41, (4.20)
e 4 2¢ 40
using (3.6).
Using (3.6) and (4.20), we note various derivatives,
dc 1 oc’ _ 1
do 40’ do 4’
%1 _, % _,
— 2 - — 2>
o oo
de c ac’ _c
do 4 b 40’
) 0
e Rl (4.21)
do do

We can now use these to find the minimum value of & in the g, ¢ plane. This position
will then give the equilibrium values for the interacting fluid systems. Thus, equating the
two partial derivatives of & to zero, we get,

o8 k(1 k[1\ Pio 1 Py, 1
e W S ol D gt 4.22
dc Y0 (4e)+ 20 <49>+ TR k22
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% @R (- N B2 ep (AP, (L) =0 42
ae— 20 4g? 2’05'4?4—1’08_2’0»0—;—‘ (4.23)

Using (4.20), we see that (4.22) can be expressed in the form,

and

1Py ] 1 [on ]
—|—= =Tyok|= — —| ——= —T,0k | = a, say. 4.24
91[ 01 i ezl ez % Z “.29)
Again using (4.20), we see that (4.23) can be expressed in the form,
1 [Tyoks P 1| T,0ke . P
— [————"° + —13] + —[ S —2—9] =0. (4.25)
erL 20 €1 e:L 2o Q2 _

Substituting for the pressures in (4.25) by means of (4.24), we get,

1 [T, ko 1 [T, ko
— I:_l_'o__ +00+ Ti,ok] 1E S8 [ 2,0 +Qza—T2,ok] =0
eilL 2e o2l 2¢

or using (4.20), this reduces to,

k
o= — Z)(Tl’°+ Tz'o). (4.26)

Thus we see that if (2.18) holds in the quantum equilibrium position then there also o = 0.
Returning to (4.24) with a given by (4.26), we obtain the two equations of state for our
fluids near quantum equilibrium,

P %
10 k= = B (T4 Tho) = 02, @.27)
01 20
P k
220 Ty ok = 25 (Ty0+ Tao) = — oo (4.28)
Q2 29
If we use the limiting forms of (4.27) and (4.28) in (4.13) and (4.14), we get,
g o+¢€ E(c)—-V
g S0t gy 2OV 4.29)
2 2
+ E()—V
gg— %iz_*’ = T o(s;—k)— (c)2 . (4.30)

Thus comparing these with (2.13) and bearing in mind (2.14), (2.17), (3.21) and (4.19),
we see that when a — 0,

crco=13% Si—>s10=k2 4.31)
and
Sz - Sz,o = k/2.
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Clearly (4.27) and (4.28) are ideal gas equations in the quantum limit. Also it follows
from (4.27) and (4.28) that when x = 0 and g, = —¢; = —¢, say, then Py o = P,o-
Thus we recover the condition for mechanical equilibrium.

5. Conclusions

- This work represents very strong evidence for the view that Schrédinger quantum
mechanics has a classical background structure. We have demonstrated a convincing
conformability of the Schrédinger equation with a classical two fluid system. As remarked
earlier, various alternatives differing in some details from the scheme suggested here
could certainly be investigated and generalisations could well be considered. In particular,
probably, further contributions to the local entropies beyond the terms (4.19) may well
be relevant to a deeper understanding of the background quantum fluids. Equation (3.23)
is interesting because it puts a new light on the significance of the external potential in
quantum mechanics. Here ¥ is seen to be a direct measure of the energy-of local polarisa-
tion and a close relative of chemical potential. The extent of this vacuum polarisation
locally is measured by the quantum probability ¢ = 4(¢,— ¢,) and the extent that the
two fluid state deviates from the limit quantum state is given by the mass density parameter
o = g;+0, which is zero in the quantum limit condition.
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