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Using the Heisenberg and Schrodinger pictures, the statistical properties of the degener-
ate parametric amplification process are investigated and the equivalence of both the pictures
is shown. The statistics is described by the medel of superposmon of coherent and chaotic
fields with correlated components in analogy to the statistics of radiation propagating through
random media. The lossy mechanism is taken into account and the influence of damping
and the contribution of ‘chaotic energy from the reservoir is discussed.” Particularly, the
anticorrelation regime is studied on the basis of the time evolution of the photocounting
distribution and its factorial moments up to the fifth order.. Without the reservoir it is dem-
onstrated that the decrease of uncertainty in the statistics is connected with the, attenuation
and vice versa. A fizld coherent at the beglnmng cannot be fully coherent again for any time,

o itis coherent only in the fourth order-in a certaln tlme, Wthh is a typrcal property of fields
" having no ‘classical analogs.

1. Introduction

Recently, considerable attention has been paid to the statistical properties of non-linear
optical processes such as parametric amplification: with- classical pumping (e. g [1,2D
as-well as with- quantum pumping (e. g. [3-5] and references’ therem) higher harmonics
and subharmonics generation (e. g. [5-7]), multiphoton absorption-[8- -13] and emission
[9, 14-16] and Raman scattering [9, 17, 18]. Particularly, it has been shown that in some
cases of the multipheton absorption and stimulated emission, the photocounting statistics
has less uncertainty ‘than for one photon processes [12-14] and that in the multiphoton
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absorption processes and the degenerate parametric amplification process [19-21] regimes
with antibunching (anticorrelation) effect occur [8, 10-13, 20, 21].

The purpose of this paper is to investigate systematically the statistical properties of
the degenerate parametric amplification process with classical pumping adopting both
the Heisenberg-Langevin approach (antinormal quantum characteristic function and
related quasi-distribution) and Schrédinger approach (generalized Fokker-Planck equa-
tion). We also show the equivalence of these approaches. Particular attention is paid to
the measurable photocounting statistics which is systematically studied with the help of
the model of the superposition of coherent and chaotic fields which has been developed
in studies of radiation propagating through random media [22-24]. We investigate the
antibunching regime of this process following the time development of the photocounting
distribution and its factorial moments up to the fifth order. All is done taking into account
the lossy mechanism, i. e. the effect of damping and contribution of noise from the reser-
voir to the radiation field. It is directly demonstrated without the reservoir that the decrease
of uncertainty in the statistics (narrowing of the photocounting distribution higher than
for the corresponding coherent state) is connected with the attenuation of radiation and
vice versa the amplification of the radiation is followed by an increase in chaotic noise.

In Section 2 the Heisenberg-Langevin and generalized Fokker-Planck equations are
derived and solved and expressions for the photocounting distribution and its factorial
moments are given. In Section 3 the numerical results are discussed.

2. Theoretical description

The optical process under consideration is described by the Hamiltonian
Hs = hwa®a—1 hg(a® exp Qiot—ip)+a*? exp (—2iwt+ i), 2.0

where 2w is the pumping frequency, ¢ is the phase of pumping, @ and a* are annihilation
and creation operators of the radiation mode with the frequency w and g'is a real coupling
constant (phase matching is assumed).

In order to describe the lossy mechanism we introduce the usual additional Hamil-
tonian

Hgy=hY (‘szi‘-bl+'€za+bt+’cfabz+), (2.2)
1

where v, is the reservoir frequency of mode / described by the boson annihilation and cre-
ation operators b; and b;", respectively, x; are the coupling constants berween the Gaussian
reservoir and the radiative mode. Note that the process described by these Hamiltonians
can be understood as prototype of an amplification process [15, 16].

Writing the Heisenberg equations for @ and &, and eliminating the reservoir operators
b, in the usual way [25, 23], we obtain the Heisenberg-Langevin equation

d = —(io+y/2) a+ig a*exp (—2iovt+ip)+L, 2.3)
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where y = 2njk(w)|? o(w) is the damping constant (o(w) being the density function for
damping oscillators) and

L(t) = —i 21" b, exp (—iyt) (2.3a)

is the Langevin force (here and in the following the b;’s are initial values of reservoir opera-
tors) fulfilling the following conditions

L)y =0,
KLHE) L)y = vy <np> 6t = 1"), @4
L) L)) = y(Cnap+1) 82 =1);

here the brackets mean the average over the reservoir variables and {#,;) denotes the mean
number of reservoir oscillators which is assumed to be independent of / (flat reservoir
spectrum). These conditions are consequences of the Gaussian properties of {b;}.

An equivalent Schrédinger approach can be developed on the basis of the equation
of motion for the density matrix g,

i}
ih =L = [H, g], 25

eliminating the Gaussian reservoir variables in the Markofl approximation [25, 26]. Perx-
forming the corresponding ordering and substituting @ —» «, a* — a* (« being the eigen-
value of a in the coherent state |o)) in the resulting equation, we obtain the corresponding
generalized Fokker-Planck equation for the quasi-distribution. For instance, performing
the antinormal ordering, we have the generalized Fokker-Planck equation for the Glauber-
Sudarshan quasi-distribution @ (@) = (@ - a, a* = a®)/n [27].

However, this quasi-distribution does not exist as an ordinary square integrable func-
tion (in general it is an ultradistribution) in most processes involving an interaction, at
least for some time, including the process under discussion. Therefore for our analysis
we adopt the quasi-distribution @ (o) (= 0o“(a — a, a-— a*)/n) related to the anti-
normal ordering which is bounded and non-negative [27]. In order to obtain the photo-
counting statistics we apply a special procedure {22, 27]. Thus the generalized Fokker-
Planck equation for ¢, («, t) is

2

09 Yo\ o . 0
A {(— +1w> o +ec.+y({nH+1) P

ot 2

2
l-r‘zg exp Qiwt—igp) (a i— +1 66*2)] +c.c.} b - (2.6)

The first and the second terms on the right-hand side correspond to the equation of motion
for a damped harmonic oscillator, the first term together with the first conjugated one in
the angular brackets correspond to the equation of motion (2.3). The third term represents
the reservoir contribution (corresponding to the Langevin force L in (2. 3a) with proper-
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ties (2.4)); all terms containing g are the interaction ones. They arise from [H’, olin
performing the normal ordering and substituting @ — «, a* — a¥, where H' is the inter-
action part of (2.1) (dp“" = N{(a+0/0aM e}, 0Va** = ¥ {(a++8]0a) 0}, & being the

operator of normal ordering, k is integer). ’
To solve equation (2.6) it is convenient to introduce the antinormal characteristic

function ' o
CY(B, 1) = Tr{oe(r) exp (— B* @) exp (Ba)}
= Tr{e(0) exp (—B*a(t)) exp (Ba*(1))}

= [ @(a, 1) exp (@*f~ap*) d2, (2.72)
by, 1) = 72 [C9YB, 1) exp (aB*—a*B)d?B, - (2.7b)

@ and a(?) is the radiation annihilation operator in the Schrédinger and Heisenberg picture,
respectively, 0(0) = 0,,a(0) @resery(0) expressing the statistical independence. of the radia-
tion and the reservoir for ¢z = (.

Equation (2.6) provides performing substitutions o« = « exp (iot), 8/ = f exp (iw?),

ac(M)—{ y( @ o 0 1812
ca g ._3<ﬁ oy 6ﬁ—> (> +1) |8

G 8
+ig (exp (—ip)f’ g+ P (ip)p™ a“/}‘)

+ %(?XP (—ig)B*—exp (iqﬂ)ﬁ’*z)} c. (2.8)

» Equation (2.3) together with the Hermitian conjugate can be solved by direct elimina-
tion of a* (or using the Laplace transform method) to obtain [19]

a(t) = u@a+v(®a’ + Y w(Ob+ ¥ z(0b;, | (2.9

where a = a(0), at = at(0),
u(t) = exp (—iwt—1yt/2) ch gt,

o(t) = iexp (—iwt—yt/2+igp) sh gt,

[ 1 . .
wie) = — 5 [D— (exp (—iyyt) —exp (g—iw—7/2)t)

+ D_2 (exp’ (=iyt)—exp (— g—ia)‘—y/2)t)]v, . (2.10)
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ki exp (ip)

z((t) = 5 [ o (exp i(y,—20)t

1
—exp (g—iw—y/2)H)+ oF (exp i(y,—2w)t—exp (— g—iw—v/Z)t)] 3
¥ :

D, = io—iy;+7y2—g D, = io—ip+y/2+g.
Making use of the substitution Z = f. -o(y)dy and the residuum theorem, we can
verify that [a(r),at()] =1 (. e. Iul2 Ivlz+2|w,|2 le,iz = 1), etc. regardless of the

conditions /2 £ g.
Substituting (2.9) into (2.7a), making use of the Baker-Hausdorff identity for obtaining

the normal order in the initial operators and the. Glayber-Sudarshan representation of
the density matrix for radiation and reservoir and averaging over the Gaussian.reservoir
variables [22], we arrive at

] C(t
Cpt) = (exp (=B 1"+ Oy SO gz oy - ﬁ*oc(t))\ @1

where the brackets mean the average over the initial compléx amplitude o with the proba-
bility distribution @_,(a) and -

B(t) = |u@®)>+1+<nD) ; Wi +<ng) ; |z(HI%,
C(t) = u(t)o(t) +(1+2{ny)) ; w()z(1),

a(t) = u(f)or+v(d)o*. ' @1

Using (2.9) and (2.10) in (2.12) and applying the residuum theorem again (substituting
the integral for the sum), we obtain for y/2Z g

B(t) = ¢;—c, exp(—yt) ch 2gt—c3 exp (—y?) sh 2g1,
C(t) = iexp (—2iwt+ip) [—c, exp (—yf) sh 2gt+c5 (1—exp (—y1)ch 2¢)], (2.132)

P (L+<{n)—2¢> . _ K +2g _ 781+ 2(n)
P—ag? T s Cyt-4g?

Cl=

and for y/2 =g

B(t) = 7—+28<"—"'>- + 1+24<"d> t+ 8< nay exp (—2y1),
+2<na> 1 2< 2%
4

C@®) = iexp(— 21cot+u;o)|: (1—exp(— 2yt))] (2.13b)
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Substituting (2.11) with unknown B’(t), C'(¢), «'(¢) and B’ into (2.8) and comparing
coefficients at |B'|%, B2, p'*2, B and ’'*, we obtain the following equations

B' = —yB'+ig(C™* exp (—ig)—C’ exp (ig)) +y({nd +1),

3¢ =~ %C’+ig exp (—ig) (B'-3),
1C% = — %C,*_ig exp (i) (B'~14),
. Yy £ i
@ = = o +iga'™ exp (ip),
R P a0

with the initial conditions B'(0) = 1, C'(0) = 0, «'(0) = «, i. e. C“(B, 0) = exp (~ |8/
+ po* — B*a). Successive elimination of the variables (or the use of the Laplace transform
method) provides solutions a'(t) = a(z) exp (iwt), B'(t) = B(t), C'(t) = C(t) exp (2iwt),
where a(¢) is given in (2.12) with ¥ and v obtained in (2.10) and B and C are determined
by (2.13a, b). This is an explicit demonstration of the equivalence of the Heisenberg and
Schrédinger pictures.

Performing the Fourier transformation (2.7b), we obtain from (2.11) [22]

2
@A, 1) = <(nK1/2(t))-{ exp[— —Ii—% a4+ SO (“2‘[2‘((:))) +°‘°']>, @.15)

where K(t) = B*(t)~ |C(#)|. Thus if the radiation in a coherent state is incident, then the
statistics of this optical process is described by the superposition of a signal a(¢) and noise
K(t) with correlated real and imaginary parts of the complex amplitude a. This correlation
disappears if C(z) = 0 when K(t) = B(z).

Note that upon introducing the real variables x and y (¢ = x+iy), it can be shown
that the existence of the above Fourier transform is ensured by the conditions B+(C+
+C*)[2 = ch gt (ch gt sh gt sin Quwi—g¢)) > 0, K(t) = B>—|C|?> = ch® gt > 0 (without
the reservoir). Such conditions are not fulfilled for the normal characteristic func-
tion CY(B, 1) = Tr {o(0) exp (Ba*(t)) exp (—B*a(t))} when B+ (C+C*)2 = sh gt
X (sh gt+ch gt sin 2wt— ¢)) and K(t) = —sh? gr.

The photocounting statistics are determined by the photocounting generating func-
tion [22]

COis, 1) = | §urle, 1) exp (isW)d% = <exp (isW)).y

= <(1—is/F)‘“zu—is/E)‘”2 exp [1 f‘i}F + 1217E]> (2.16)

where W = |a|? and
E= (B+ ICD—la F= (B— |CD—13

1 2
— (a"(OHC* + c.c.)—‘

Ay = %[ld(ﬂlﬁ T : (2.17)
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The photocounting distribution and its factorial moments are obtained by differentiation
from the normally ordered photocounting generating function [27]

i II
CPis, 1y = (1+is)™ <exp . >
g4

1+is
1 -—1/2 1 -1/2
-] [ )
F _ E
isAy isA,
xexp | — -+ -\ - (2.18)

s(7-1) -u(z )
t—is|{— —1 1—is|— —1
F E

The term —1 represents the subtraction of the physical vacuum noise.
Consequently the photocounting distribution and its factorial moments are expressed
in terms of the Laguerre polynomials [22]'

- 1
bl <(EF)1/2(1_E)n St Z [(k+1/2)[(n—k+1/2)
k=0

1—F\* A,F? AE
L;llz _ L;Ef == SO , (2.19a)
1—E 1-F 1-E

k

k — ! ¥ !
Wy = k! <<f —1> Z r(+1/2)r(k—1+1/2)

1=0

EQ-F)Y _i.f AF)\ -1 _A2E>>

1 In the case without lossy mechanism this photocounting distribution can be rewritten into the
form [15] (u = p*,v = —»)

pn t)=———1 L 12} i exp | —le*— i wr— a2\ H, = H, “
D= St T \ 2 w2 "\ )\ Vs )/

where the identity

n
(— 1)k 1 x+y x—y
. _L—]/z zL~1/2 2y — H,| —= | H, -
TUa D Tw—kr1z) T e 00 =y 0\ =757 ) "\ V2
k=0
has been used (it can be proved making use of Hau(x) = (—1)"2%"n! L~ 1/2 (x%)/'(n+ 1/2), definition of the
Hermite polynomials Hy(x) = (—1)" exp (x?) d"exp (—x?)/dx" and simple operator algebra). Here a(t)
has been expressed in the form given in (2.12) (B =|ul?, C = av). Similarly, the generating function (2.18)
can be written in the simplified form [15]

g 1+is (1 +is)? v* v
CW(is, r) = 7~ /2 —1 ) jer=]1- — —— o —a*? ,
“V(s ) <exp{< T e T 2u* 2u

where 7 = |u|>— (1 +is)* [v|>.
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For k = 1 - : _
KWy = Kat(t) a(t)y = |0)*+B(t) —1 (220
= (ch2gr+sh 27 sin (29— ¢))lal>+B(¢) — 1,

assuming here and in the following that the incident radiation is in the coherent state [«>
(the brackets in (2.19a, b) are to be omitted in this case); if y = {n;» = 0, then B(¢)—1
= |0(?)|? = sh?gt, o = |a| exp id
It should be noted that in (2.18) and (2.19a, b) the quantities E, F (B, C) are related
to the chaotic (noise) component while the quantities 4; 5 (determined by the complex
amplitude «(#)) represent the coherent (signal) component of the superposition.

3. Discussion of results

We have investigated numerically, on the basis of the above expressions, the time de-
veloping photocounting distribution and its factorial moments including the mean in-
tensity <W) 4 and the chaotic component K(¢) of the superposition in the antibunching

4

2 4 6 8 x5t

Fig. 1. The mean intensity Wiy for [2(0)] =2, 20—¢ = —a/2, g = 10*s~! and a—y={ng =0,
b—y=10°s" > =0, c—y = 10551, (ngd> = 2
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regime, i. e..for 29—¢ = —n/2 (3 being the phase of &) [20], for the incident photon
number |¢|? = 4, g = 10*s7%, 7 from O to 10*sanda—y = (ngy = 0,b—y = 10° s,
gy =0, c—y =10"s7, {npp = 2. s o e

In Fig. 1 the time behaviour of the mean intensity ( W) 4-is shown for the above cases,
in Fig.-2 we sece. the reduced factorial moments (WES KW, —1 for k = 2,3, 4,5 for
the above case a).-Calculations are performed according to (2.19b) and (2.20). With respect

“, k=54 3 | 2

10%12!

-

Fig. 2. The reduced factorial moments < WES o<W 4r—1, k= 2—5 (full curves) for [x(0) = 2,20 ~¢
=—n/2,g=10*sLandy = <ng> =0.The dotted curve represents the quantity (KW2>_y— W2 )KW D 4

to the definition of the antibunching (anticorrelation) effect {28, 29,8,10-13,20,21] it holds
that S(AW)2_4 = (W2 o= (W3 < 0 (or LAWY 4[< W% = (W2 4 {W 5~ 10),
which can be observed in Fig. 2.2 For the comparison with the Fock state it is more con-
venient to use the quantity {(AW)?>_ 4/<{W> 4 (or (4 WS oA WD 4+1 = (4n)*H[{n))

2’ In the antibunching regime the ‘““chaotic photon mean number”’ B—|C|—1 is negative in (2.18)
and in the following equations, which causes the photocounting distribution to be narrower than the
Poisson distribution corresponding to the coherent state (cf. Figs 4-6).



748

which is equal to —1 for the Fock state. This quantity is shown in Fig. 2 by the dotted
curve. Its minimum compared to —1 for the Fock state demonstrates the value of
deviation of the state under discussion from the Fock state. From Fig. 2 we see
that the antibunching disappears for # slightly higher than 6 x 10~>s. The antibunching
also reflects itself in the higher moments shown. The different intersection points with the
t-axis of the single moments mean that at no time a coherent state can be reached again
(except for ¢ = 0), since for coherent states <W* . = {W¥, has to be true for all k.
Only coherent radiation in the fourth order (k = 2) is generated for ¢ &~ 6x 10~5 s when
W2y, J[{WY2% —1 = 0. Thisis a typical property of quantum fields having no classical
analogs (for fields having classical analogs all order coherence follows from the second
and fourth order coherence [30]). Comparing curve for k = 2 in Fig. 2 and curve a in Fig. 1
we observe that the decrease of uncertainty in the statistics (cf. also the photocounting

K(t)
24 o «

22
2

1.8

1.6
1.4

124
b
g 2 JA 6 8  10x105t

Fig. 3. The noise component K(f) of the quasi-distribution for ¢(0)| = 2, 28—¢ = —7f2, g = 10* 5!
and a—y = (ngd> =0, b—y = 10551, (nyd = 0, c—y =10%s"1, <ny) =2

1

distributions in. Figs 4-6) is connected with the attenuation of radiation and vice versa
when amplification occurs, it is connected with the increase in noise (cf. also Fig. 1in a
paper by Mollow and Glauber [1]). This is also pointed out by the time behaviour of the
noise component K(¢) of the quasi-distribution demonstrated in Fig. 3 for cases ¢ —c.
However, here one can observe only the increase in the noise component having the quasi-
distribution related to the antinormal ordering where the physical vacuum noise is included.
From Figs 1 and 3 the effect of the reservoir (damping of radiation caused by the flux of
coherent energy from radiation to the reservoir and noise contribution from the reser-
voir to the radiation) can be seen, too. For instance, comparing curves ¢ and b in Fig. 1
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‘we observe the effect of damping in the mean intensity (W} 4, in curve ¢ the reservoir
noise with {(n,> = 2 is added. Similarly curve b in Fig. 3 compared to curve a demon-
strates the effect of damping in the noise component ({n,)> = 0), in curve ¢ the reservoir
noise is involved again ({(n,> = 2). i

Tn Figs 4-6 full curves represent the photocounting distributions calculated after
(2.192). They can be compared with the Poisson distribution

Wy
p(n, 1) = = exp (=CW ), (ERY
03
g
Q.
-
a
g8 n
c d

Fig. 4. The photocounting distribution p(n, ¢) for |(0)| = 2, W—p=—72,g=10*s",y =<ng> =0
and a) f = 2.10-%s,b) = 3.10~%s,¢) ¢ = 6.10~% s, d) # = 8.10~ 5. Full curves are calculated after (2.192)
and broken ones are calculated after (3.1)

where (W is given in (2.20), which corresponds to a fully coherent field with the same
{a*(t)a(t)). These photocounting distributions are shown by broken curves. For all nu-

merical calculations Y, p(n, t) = 1 with good accuracy. In Figs 4a-d one can follow the
n=0
time evolution of p(n, t), in Figs 4a and 4b antibunching occurs and it disappears in Fig. 4c

for t ~ 6 x 10~5 s in rough agreement with curve k = 2 in Fig. 2 and curve a in Fig. L.
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Figs 5a, b demonstrate similar results with damping, slight antibunching can be still ob-
served. In Figs 6a, b chaotic reservoir contribution is ineluded with. {n;> = 2 leading to
the disappearence of antibunching. In the antibuching regime (W} ,- is decreasing, which

0.3 "\

02 7 AN

pnt)

0.14 )

Fig. 6. As in Fig. 4 for y = 10°s7%, <ng> = 2 and a) ¢ = 10~6s, b) ¢ = 4,10~ s
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shifts the peaks of the photocounting distributions to the left with increasing time. In Fig. 6b
the chaotic reservoir statistics is already dominant.

Thus the antibunching effect is also clearly demonstrated in the photocounting distri-
bution when results obtained for photocounting statistics of radiation propagating through
random media are applied. We have found a similar behaviour of the photocounting
distribution for the degenerate parametric amplification process in the antibunching regime
as has been found for the two-photon absorption process by Bandilla and Ritze [11].
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