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Longitudinal magnetic excitations in antiferromagnetically ordered  Ce- -group-V -comi-
pounds possessing an octahedral crystal field are analysed. For simplicity, a one-dimensional
system with. cyclic boundary conditions is considered. Then the temperature dependence
of the longitudinal modes is derived within the framework of RPA (random-phase: approxi-
mation) hybridized by MFA (molecular-field approximation). The results obtained concern
the arbitrary range of the ratio of exchange and crystal fields, particularly the crossing range
of the molecular-field levels arising form the lowest-lying crystal-field doublet r,.

1. Introduction

As known, the striking. magnetic properties of light rare-earth-compounds occur due-
to the competition between the crystal field and exchange effects: The role played by-the
crystal field is dominant over or at least, comparable with that of the exchange. Recently,
there has been a great increase in interst in the magnetic properties of magnetically-ordered
compounds consisting of the light-rare-earth ions with an even-number of 4f-electrons [1-8].

Magnetic properties of the light rare earth compounds with an odd number of 4f-elec-
trons, however, are also of great interest. In our investigation we. study-certain magnetic
properties of the Ce-group-V compounds. The latter are all of the NaCl crystal structure
Moreover, as known they are antiferromagnetically ordered [9]. - :

In further considerations, we assume colinear antlferromagnetlc orderlng, as- Verlﬁed
by experiment, and consequently, resort to this in all calculations. In'the present investiga-:
tion we confine ourselves to longitudinal magnetic excitations. i e. excitations. drising.
from the action of the J* component of the total angular momentum, the z-axis being the
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direction of the mean magnetization. The longitudinal excitations consist of the single-ion
transitions between the effective-field energy levels and propagate in the system due to
the exchange couplings. Here, we assume that one can distinguish the longitudinal and trans-
versal magnetic excitations both theoretically (due to the group-theoretical methods) and
experimentally (in inelastic neutron diffraction). We start from the Hamiltonian including
the single-ion crystal field and two-ion isotropic exchange operators. We consider both
crystal-field energy-levels of a Ce*3-ion in an octahedral environment: the I',-doublet and
the excited I's-quartet. Within the framework of RPA, the temperature dependence of
the four branches are expressed through the parameters of the Hamiltonian and by the
statistical expectation values of the occupation-number operators of the single-ion effective-
field energy levels. The latter are derived in MFA [10]. Only, at T = 0K we arrive at
the analytical expression for the energies of the collective modes. Whereas, at finite
temperatures the mode energies are obtained numerically by solving an equation of the
eighth order.

In order to reduce the number of the parameters and simultaneously maintaining the
main physical aspects of the system considered, we assume a very simple model: a one-
dimensional antiferromagnetically ordered chain in the form of a ring, consisting of the
2N Ce+?® ions affected by the cubic crystal field. The exchange interaction is limited to
nearest neighbours only, reducing the number of the effective exchange isotropic parame-
ters to one. The exchange parameter is estimated from the crystal-field-only susceptibility
at T = Ty following Bak and Lindgard [11].

2. The Hamiltonian

The antiferromagnetic collinear ordering is directed along the z-axis i. e. (001)-axis.
While studying the longitudinal magnetic excitations, we can restrict the two-ion isotropic
exchange interactions to their component parallel to the z-axis. In the approximation which
considers only the nearest neighbours, the Hamiltonian, for the one-dimensional system
with. the cyclic boundary conditions, can be written as follows

2N 2N

# = 3 A~ 3 P OIC+D, 6

where Fj;,, is the fwo-ion nearest-neighbour isotropic exchange parameter. The Hamil-
tonian (1) js projected onto the space L, this being the tensorial product of 2N six-dimen-
siona] spaces ‘spanned over the eigen-states of the crystal-field single-ion Hamiltonian.

As known [9], the six-fold _giégenerated ground-state of the free Ce*?® ion under the
agtion oOf the crystal-field operator with cubic symmetry splits into the Kramers doublet
r, a,nd the quartet I's which form the basis for our further calculations. The single-ion
Hilbert space originating from the crystal-field wave-functions can be decomposed [12]
into the direct sum of the three two-dimensional subspaces invariant with respect to
(1) and J2(0)

L) = Ly(H®L,(H®Ly(D), 2
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where J*(I) takes the following form

« B 0 0 0 0
By 0 0 O o'i
. 0 0—-a—f 0 O
27y — 2
D=6 0-p 5y 0 o (22)
0 0 0 0 & O
0 0 0 0 0 -5
25
a= —5/6, =-\3/—, = —11/6, § = 1/2.

Since longitudinal magnetic excitations occur due to the single-ion transitions between
the molecular-field energy levels originating from the I';-doublet and I's-quartet it is ob-
vious that the space L;(/) does not play any important role and the molecular-field energy
levels originating from the crystal-field states |5/2, 1/2), |5/2, —1/2)> will be taken into
account only indirectly through the partition function Z as they contribute to the statistical
average of the total operator {(J2(I)).

The Hamiltonian (1) can be now transformated by regrouping its terms into the
single-ion Hamiltonian #_, including the crystal and molecular field Hamiltonians, and
two-ion correction #" being the difference between # and # ¢ [12). Diagonalization of
the single-ion Hamiltonian 5, can be performed separately in each of the subspaces
giving six molecular-field energy-levels:

Er(D, Er (D, Er,(D), Er, (1), Ep (1), Er, (D),
and the six corresponding eigen-functions |I'; (1)), |I'{(])> in the subspace L,(l); |I,()>
and [I'5(D)) in the subspace L,(/) and |I'5(])), [F'5(D)y in the subspace L;(J).

The dependence of the six molecular-field energy levels of a Ce*3 ion in an octahedral
environment upon the molecular-field strenght is given in the paper of Cooper [9] or in
that of Kowalewski et al. [13].

We consider the thermal populations of all the energy levels and thus our calculations
concern the higher temperature region too. It should be noticed that in the description of
longitudinal magnetic excitations, the thermal populations of the molecular-field energy
levels of the subspaces L,(/) and L;(/) occur due to the transversal excitations i. e. the excit-
ations arising from the single-ion transitions under the action of the operators J+(J)
and J—(J).

Calculations of the longitudinal magnetic excitations require the consideration of the
two subspaces L;(l) and L,(I) only, keeping in mind, however, that the molecular-field
energy levels |I';(1)) and [I'y(I)) give their contribution to the excitation energy through
the molecular field parameters. The reason for this simplification is that the transition
from the molecular-field states of the subspaces L (D) or L,(I) to L;(/) under the action of
the operator J° is excluded. The two-ion correction #' can be written in the following

form
2N

#' = = ¥ P O+, €)
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where j*(l) are defined as follows (see for example [3]) () = J*()=<F* D)1, <J*BDr
being the statistical expectation value of the z-component of the total angular momentum
operator. The operator j?(D) can be expressed as the sum of the two two-dimensional
“transition” operators j3(/) and j3(/) induced in the subspaces L,(/) and L,(J), respectively
and the diagonal contribution from all three subspaces (see: Eq. (4a)).

3. The fermion representation and the diagonalization procedure

Before performing the diagonalization let us devote some attention to the antiferro-
magnetic ordering of the system. At each site of the chain there exist two subspaces of the
molecular-field energy states i. e. L,({) and L,(J), (Lz(/) is not discussed here for the re-
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Fig. 1. The six molecular-field energy-levels of the C e+3ion in an octahedral environment versus the strength

of the molecular field which is directed along the (001)-direction. The energy is expressed in units of the

crystal-field parameter B, . The molecular field is given in dimensionless form, %, = gupHpe/Ba. The symbols

in and outside the brackets label the molecular-field energy levels for an ion of the sublattice B and A4,
respectively. The permitted single-ion transitions are indicated by arrows
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asons mentioned before). All the sites labelled by / = 1,3, ...,2N—1 belong to the sublat-
tice 4, whereas all the sites / = 2, 4, ..., 2N belong to the sublattice B. The 4 and B ions
differ in the ordering of their single-ion effective-field energy-levels: for the sublattice 4
the molecular-field ground-state is |I';(2/+ 1)) whereas, for each B ion it is |I',(2])).

Such a description of the molecular-field energy-levels for the 4 and B ions results
from that their magnetic moments are oppositely directed.

In order to diagonalize the Hamiltonian (3) we apply the Bogolyubov-type formalism
[14]. On the basis of the effective-field eigen-states, we define the fermion operators [10]
8, (D, 87, (1), 87 (1), &7(1) in the subspaces L,(7) and analogously Br,(), Br, (D), B.(Ds BED)
in subspace L,(/). These operators annihilate and create, respectively, the cigen-states of
the molecular-field Hamiltonian in the four-dimensional space L(l) = L,()@L,(/). Ob-
viously, in space L(/) all &’s commute with all j’s. Evidently, the effective-field Hamil-
tonian 4, is diagonal in the fermion representation. The Hamiltonian (1) expressed in the
fermion representation takes the following form:

N
H = const+ Y Y E,(2l—Daj 21— Di,.20—1)
o I=1

o 2N
L X Be2hae2Dag, (2D —F T iU+, @)

where the operator j*(/) in the fermion operators is
JD = T, D) G D D + a7 D, (D)
+ j;zfz'(l) (Bl_fz(l)BTz'(l) +B;2'(I)Br2(l) +Z jczm'(l) (Nd(l) - <Na(l)>T)7 (43)

where ji oD = LCDITFOITDD, (= 1,2); J° =(I) are the appropriate diagonal matrix
elements and o in the diagonal term of Eq. (4a) runs over all six molecular-field energy
levels, N ,(0) is the occupation-number operator (6=ry, T, T,, 15,3, T5;1=1,2,.

.» 2N). The statistical expectation values {N,(/)> can be found form the usual molec-
ular-field procedure as follows

a 1
No(DDr = — &P (—E(D/kT), )

where Z is the partition function, k£ — Boltzman’s constant.

As seen, the Hamiltonian ' besides the diagonal terms contains also the fourth-
-order products of the fermion operators and has to be diagonalized.

Since the longitudinal magnetic excitations arise due to the single-ion transitions
from the lower to excited molecular-field states, we introduce now the appropriate “transi-
tion” operators removing an ion from the lower excited level and back in the subspaces
L,(7) and L,(J), respectively. The “transitions” operators are the pairs of the fermion opera-
tors as follows: & () (D, &f.(D &r,(7) in the subspace L,(]), ﬁrz(l) ﬁrz D, ﬂrz ()] Brz(l)
in the subspace L,(J).



554

We assume that the diagonalization can be performed by having recourse to the new
operators 7, and 97 (and their hermitian conjugates) which create the longitudinal magnetic
excitations with the wave vector 4 and which can be expressed as the appropriate linear
combinations of all the 8N transition operators [10, 14]. The energies of the magnetic
modes can be found from the usual procedure by applying the Bogolyubov-Tyablikov
equation of motion for the new operators 7 , ;7 and obviously their hermitian conjugates.
Invoking an approximation of the RPA-type, we obtain the set of 8N equations for the
transformation coefficients. In this case, RPA consists in replacing the occupation number
operators of the single-ion energy levels N,D;(e =T, Ty, T2, T3, T3, T3;1=1,2,..2N)
by their expectation values.

For finite temperatures, the application of the before-mentioned procedure [10] yields
the eight order characteristic equation for the energies of the longitudinal magnetic excita-
tions. This equation was solved numerically providing us with the wave-vector and tempe-
rature-dependent four excitation energies. The occurence of the four branches in the
excitation spectrum is due to the following two reasons:

(i) two longitudinal collective magnetic excitations appear due the two single-ion
transitions between the effective-field energy levels in both subspaces L,(]) and Ly()),
respectively, transmitting along the chain via the exchange coupling;

(if) each single-ion transition gives rise to the acoustical and optical branches because
of the presence of the two inequivalent magnetic ions in the magnetic unit cell.

Below, we present in a more detail the discussion of the diagonalization at 7 = 0K,
since it can be analytically performed. At T = OK only the lowest-lying molecular-field
energy level is occupied for all the sites of the sublattice 4 ie. (N nRI=1) =1
(! = 1,2, ..., N)similarly, at the sites of the sublattice B — <1\A7r2(21)> =1(=12,..,N)

Resorting to the usual (described before) procedure we arrive at the fourth-order
equation for the excitation energies, which yields the following two-branch dispersion
relation

g = 4 /144 cos 4 (6)
with
A =0, +n/N,.., £ta/NQN-1),
where we have denoted

A = Ep (21— 1)—E; 21-1) = E;, Q) —E,2])

and

4Ty Q=) 2D
= |

The obtained result remains in agreement with that of the pseudo-boson low-tempe-
rature approach [1]. But due to the presence of two branches it differs from the zero-
-temperature dispersion relation calculated for the ferromagnetic ordered system [12].
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4. The numerical results and their discussion

Our main purpose is to study the temperature dependence of the longitudinal magnetic
modes in an antiferromagnetic system. Numerical calculations were performed for an
antiferromagnetically ordered system of Ce*?ions in octahedral environments. The crystal-
-field Hamiltonian for such systems can be expressed by means of only one crystal-field
parameter B,, which is assumed to be positive. The discussion of the single-ion cubic
anisotropy leads to the conclusion that for B, > 0 the preferred direction for an easy
magnetic axis is one of the cubic three-fold axes e. g. (111) [16]. The appropriate distorsion
can change the easy magnetic direction for the (001)-axis if B, > 0. Discussing the
excitation spectrum, however, we concentrate on the contribution due to the predo-
minant cubic crystal field similarly like Wang and Cooper [9]. The ground crystal-field
state is a I';-doublet which gives rise to the anomalous magnetic behaviour of the
system [13].

We choose in our calculation the system orders antiferromagnetically below 7y = 20K.
Since the magnetic behaviour of light-rare-earth compounds are profoundly influenced by
the ratio of the molecular and crystal fields, we consider several values of the energy gap
between the ground I',-doublet and the excited I's-quartet putting 4, = 20K, 30 K,
40 K and 60 XK. Values of the nearest-neighbour exchange parameter F as well as those of
the molecular-field constant are obtained from the crystal-field-only susceptibility x% at
T = Ty [11]. Thus calculated values are given in Table I, (obviously, the exchange
parameters are assumed to take negative values).

TABLE I
4.5IK] ‘ FIK]
20 ‘ 3.592
30 | 3.804
40 4.093
60 4.819

The temperature variation of the sublattice molecular fields remain in perfect agree-
ment with those given in Ref. [9, 13]. For 4. comparable with Ty, the temperature-depen-
dences of the molecular field exhibit anomalies which found their reflection in the
temperature dependences of the considered magnetic modes. The anomalies are most
pronounced for 4., = 20 K where occurs even a crossing of the lower-ying molecular-
-field energy levels [13].

The molecular-field calculations are the basis for obtaining the témperature-dependence
of the longitudinal magnetic modes. The results are shown on Figs 2-5.

The energy spectrum consists of the four branches: each single-ion molecular-field
energy-level transition gives rise via the exchange couplings, to a collective mode, which
splits into acoustical and optical branches due to the presence of the two inequivalent
magnetic ions in an antiferromagnetic unit cell. At T > T the magnetic ordering vanishes
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and consequently, only two of the four branches are preserved. The paramagnetic spectrum
is like that obtained by Kowalewski et al. [12].

At T = OK, only one molecular-field energy level is occupied (I'; for the sublattice 4,
I', for — B) and therefore, the number of the dispersional spectrum branches is reduced
to two, which are the acoustical and optical ones generated by the single-ion transition
from the occupied molecular-field ground state. These modes are calculated analytically.
Our result remains in good agreement with the low-temperature result of Grover [1] for
an induced moment system; and moreover, it is also consistent with that calculated by Rao
and Wang [15] for the antiferromagnetically-ordered induced moment system. One has
to keep in mind, hovever, that the reduplication of the spectrum branches, in comparison
with the result of Grover or that of Rao and Wang, is due to the presence of two possible
intra-level transitions under the action of the operator J* at each ion of the system.

The temperature-dependence of the modes is the same as that of the appropriate
ferromagnetic system. In the interpretation of the temperature behaviour of the excitations
we consider that the modes are temperature-dependent by way of the occupation pro-
babilities of the molecular-field energy levels and moreover, directly via the quantities
which are molecular-field functions: the energy values E; (¢ = I'y, I’ ’1,T2, r '2)‘ and the
matrix elements jf-ln,, J%,r, It is then obvious that all the molecular-field anomalies are
reflected in the temperature behaviour of the modes.
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