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A theory of nonlinear optical effects taking into account frequency and spatial dis-
persion in linearly magnetized matter is formulated. The effects are described by axial
magneto-optical susceptibility tensors x7", x755", xffs"» Whose nonzero and independent
elements are calculated by group theory for all crystallographical classes and the isotropic
case. Beside frequency mixing of laser beams and harmonics generation, the feasibility and
conditions of observation of nonlinear changes in magneto-optical birefringence and rota-
tion due to intense light or a DC electric field at both Faraday and Voigt configurations
are discussed closely.

1. Introduction

The properties of matter in external electric and magnetic fields are highly relevant
to science and technology. Basic treatments of the subject are available in Refs [1-6].
For over 10 years, owing to the steady perfection of laser techniques, studies on the non-
linear optical properties of crystals and various other materials have been rapidly developing
by methods of multi-photon absorption [7, 8], optical harmonics generation [7-11],
laser light frequency mixing [8, 107], and other higher multi-harmonic processes [12-14].
Of late, studies have begun on a variety of new nonlinear magneto-optical processes in
numerous materials [15-27].

In the present paper, we propose a theory of nonlinear magneto-optical effects taking
into account frequency dispersion and space dispersion described by electric and magnetic
multipole transitions of arbitrary order. We restrict ourselves to optical processes due to
linear magnetization, in the configurations of Faraday as well as of Voigt. The effects
under consideration (thus, frequency mixing, harmonics generation, and magneto-optical
rotation) are described by axial tensors of magneto-optical susceptibility x{f7" and xijn »
the nonzero and mutually independent elements of which are calculated by methods of
group theory [3, 5] for all crystallographical classes. A discussion is given of the conditions
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in which some of these new nonlinear magneto-optical effects can be made accessible to
observation, and of the information to be gleaned from them regarding the electro-magnetic
macroscopic properties of crystals and isotropic bodies, as well as their microstructure.

2. General phenomenological fundamentals

In the case of an arbitrary continuous medium, Maxwell’s macroscopic electromagnetic
field equations [28]:

1 0B(r,t
VxEr ) = — 280D g gy =, )
¢ 0t
1 0D(r, t)- 4n
VxH(r, 1) = P + " J(r, 6), V- -D(r 1) =4no/r, 1) 2)

where g(r, t) and J(r, t) are the electric charge and current densities, can be derived from
the well-known Lorentz microscopic field equations by applying a suitable statistical
averaging procedure [29].

The electric and magnetic displacement vectors at position r and time ¢ are:

D(r,t) = E(r, t)+4nP(r, 1), 3)
B(r, t) = H(r, {)+4nP,(r, t). @)

In the general case considered here, the electric and magnetic polarization vectors
at the space-time point (r, ¢) can be obtained in the form of the following multipole ex-
pansion [10]:

J pr1 200y )
P(r,t) = (-1 EFV Hn—-11P(r, 1), ®)
n=1 ’
prr 200 g o)
Pm(rs t) . (_1) —2_117V [n—'l]Pm (i‘, t)»:» (6)
n=1

‘where the multipole electric and magnetic polarizations (or moment densities) of order 7
are defined by:

PO(r, 1) = <§ Ms(r,— 1), )
r=1 )
PO (r, 1) = KK %: -{M,S{Q(S(rp —r)+6(r,— r)M,‘,I‘}}). ~ ®)
p=1

Above, summation extends over all N microsystems (atoms, molecules, or their ions)
at positions r,, brackets { ) symbolize a suitable statistical averaging procedure (classical
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or quantal), and 8(r,—r) is the three-dimensional Dirac é-function. In Egs (5) and (6),
V is the spatial differential operator, and the symbol [n—1] denotes (n—1)-fold con-
traction of the tensor operators V*~* and P®™.

Let the p-th microsystem consist of v, point particles (nuclei and electrons) with
electric charges e, (s = 1,2, ... v,) and positional vectors r,,. The 2"-pole electric and
magnetic moment operators of a p-th microsystem are defined, respectively, as [29]:

Vp
Mé;) = Z epsrpsyg)’ ®
s=1
Vp
(n) n My g 10
M, = e st psY ps. X Fps, (10)
s=1

where
YW = [(— 1m0 V(1 r,)

is an operator of order n having the properties of spherical harmonics.
-In the well-known manner we obtain from Egs (1)-(4) the following electromagnetic
wave equations [10]:

DB, O+4n0 - Pr, ) = 4n{Vee(r, 0+

1oJr,) 1_ 0P(r 1)
z - - 11
* ot ¢ o }’ (1n
' ) 4 oP(r, t
OH(r, O)+4n[] - P,(r, 1) = — —} V x {J(r, N+ e;: )} (12)

which, through the polarization vectors (5) and (6), contain all multipole contributions.
Above, we have introduced the scalar Dalambertian operator [] = V?—c¢202%/0t*> and
an analogous tensorial operator {1 = YV —c2Ud?/0t> with U denoting the second-rank
unit tensor.

The general wave equations (11) and (12) reduce to various particular cases for which
solutions can be obtained in both linear and nonlinear approximation [7, 30]. This
requires the explicit prescription of the dependence of the polarization vectors P, and
P, on the electric and magnetic field strengths E and H.

3. Linear processes

An electric (and likewise a magnetic) field varying with the time ¢ and spatial coordina-
tes r can be represented in the form of Fourier components:

E(r, 1) = 3 E(, k) exp {ik, - r—o,0)}, (13)
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where o, is the circular oscillation frequency and k, the wave vector of the a-th mode.
With the aim of obtaining real quantities, summation in (13) is extended over all frequen-
cies and wave vectors, both positive and negative, with w_, = —w,, k_, = —k, and,
for the Fourier transform (field amplitude), E*(w,, k,) = E(—w,, —k,).

Provided the field strengths E and H of the electromagnetic wave are small, the
electric polarization induced in the medium is linear and additive as the vector (13):

P, 1) = Y, Py, ky) exp {i(k, * r— o 1)} 14
where the component of dipolar polarization induced at frequency w, is:

PO(0,, k) = 20,3 ko) * B0, k) + 25045 k) - H(@,, k). (15)

The second-rank polar tensor 1w, k,) defines linear (i.e. first-order) electric suscepti-

bility, the dependence on w, defining frequency dispersion and the dependence on the

wave vector k, spatial dispersion [4]. The (polar-axial) pseudo-tensor y\)(w,, k,) defines

linear magneto-electric susceptibility. Explicitly, the dependence of the tensors on w,

and k, are found by methods of quantum mechanics [8] on resorting to a Hamiltonian
of the multipole form [10]:

0
2"n!

H = Hy,— Z ool {MP[n]E™(r, )+ MP[n]H™(r, O} —..., (16)

where

E™(r, t) = V" E(r, t) and H™(r,t) = V" 'H(r, 1).

With regard to Egs (13)-(16), we derive the following tensor of linear magneto-
-electric susceptibility with multipole spatial dispersion taken into account:

) nam12Ma! gy a1
- Xem (wa; ka = 1 Er—l—'—Xem (wa) [na_ 1]"2 s (17)
ne=1

where we have the component

) (na) () (1)
2700, = f%z ’ {<klMe [y {riMy=|1> + SkIM =) <riM, ll>} (18)

0+ @+ iry, Oy — 0, —ily,

kir

dependent on spatial dispersion only. Above, ¢ is the number density of the medium and
oy the statistical matrix for the transition from quantum state |k ) to state [/} with
Bohr frequency oy and relaxation time I'y'.
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For the case of weak spatial dispersion, we write by (17) in satisfactory approxima-
tion [4]:

2 (@003 k) = 25)(00) +ix(@4) - ko= 25N(00) = ke, + .. (172)

where the second-rank tensor x{.) defines the linear electric dipolar susceptibility in magnetic
dipole approximation (in the absence of spatial dispersion), the third-rank tensor &)
describes the magnetic quadrupole contribution, the fourth-rank tensor &) — the magne-
tic octupole contribution, and so forth.

4. Magneto-optical processes of order 2

At sufficiently high electromagnetic field strengths, second-order polarization for
which we have:

PA(r, 1) = 3 Y, PP, +wy, kot ) exp {i[(kg+ k) - r—(w,+p)t]} (19)
ab

has to be taken into account. Here, the magneto-optical polarization component at fre-
quency w,+w, of interest to us is: .

P 2,2)(60‘,'4— Wy, ka+kb) = ngt(waa Wy ka’ kb) : E<wa9 ka)H (wa’ kb) (20)

Above, the third-rank pseudo-tensor y2)(w,, wy; k,, k) describes the (second-order)
nonlinear magneto-optical susceptibility, given by the expression:

© ©
2natmop In,!
(2) . . _ g+ np—2 a*"*p
Xeem(was Wy kaa kb) - l" " 1 |
2n,12n,!
ng=1 np=1
X A0 (@, ) [+ 1y — 2]H0e ™ e 1)
Xeem Dy, W) [N+ 1y a b B

where the quantum-mechanical form of the component accounting for spatial dispersion is:

CkIMEPIry <riME|s)y {sIMy™|1)
g;,',:m,) w,, ) = ﬁ S(a, b e e m +
x ( b) hZ ( ) o (wrl+wa+wb+ irrl) (wsl +wb+ irsl)

klrs

+ CKIMENry rIMEPsy {sIMS™ITy
(W=, — i) (0g+wy+ilg)

: 22y

CkIME|ry {riMy?|s)y (sIMEVIT
(wrk—wa— irrk) (wsk_wa_wb_ irsk)

S(a, b, ...) denoting a symmetrizing operator, consisting in summation over all permuta-
ticns of a, b....
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The polarization (20) describes the magneto-optical contribution to bulk second-
-harmonic generation (especially at metal surfaces) discussed by Jha [11]. In the DC
magnetic field case (w, = 0, k;, = 0), Eq. (20) describes magneto-optical rotation i. e.
linear Faraday effect.

Likewise to (19), one can write the following second-order magnetic polarization,
where the component at frequency w,+ w, of interest to us is:

P(z)(w +ap; k,+ky) = 1(2)((0 +oy; kgt k) 2 E(@g, K)E(wy, K ), 23)

with the nonlinear electro-magnetic susceptibility pseudo-tensor y$(w,+ wy; k,+ ky)
defined similarly to (21) in conjunction with (22), where M" has to be replaced by MV
and M by M. :

In the particular case when w, = —w, and k, = —k,;, Eq. (23) describes the magne-
tization induced by intense light observed by Pershan ef al. [16] as inverse Faraday
effect.

5. Third-order magneto-optical processes

In third-order approximation, the electric dipole polarization assumes the form:
PO(r, 1) = § 3 PO, + 0+ 03 ko ke + k) exp {i[(ky+ Ry + k) - r—
abc

— (0, + @y + 0 )t]}. (24)

P consists in general of 8 components. Here, however, we shall restrict ourselves to
writing out the only one of relevance to our considerations, namely:

P w,+ oyt k,+k,+k) =

= Zgzgm(waa @y, DO, ka’ kb’ kc) E(Cl)a, ka)E(wba kb)H(wcs kc) (25)

‘where the fourth-rank axial tensor defining the third-order magneto-optical suscepti
bility is, in the presence of spatial dispersion, of the form:

(3 . .
xgegm(waa Dp, D5 ka: kb: kc) =

2na+n1;+ncn 'n 'n 1
na+nb+nc—3 a*"*b et (ngtnp+ne)
% E E ' 120 1201 Xeeem ((Da’ Wy, COc) [na+
N, 4Ry iin,.:

ng=1 np=1 nc=1

+nytng— 3]k e T T (26)

- The: guantum' mechanical form of the third-order .magneto-electric multipole suscep-
tibility tensor is:
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(ng+np+ne) —
lee‘;m i (waa @y, (Dc) -

= ZS@bo Yy ¢ CKIMONr <rl M5y <s|MEey <Ml
h * Wopt 0+ 0p+ 0,4l (0g+ 0y + o, +ilg) (0g+ o, +ily)

klrst
CRIME\ry (riMEP|sy {sIME™(ty (M
(0 — 0+ il ) (wg+ 0+ + il g) (0 + @ +ily)
KMy riMEsy <sIMERIEy <Myl
(@ — 0y — i) (Ogo— 0 — @y — il ) (Wy+ @+ ily)
CRIMElry (rIME[sy (s\My2iey <LIMEP|T
(0 — 0, — il ) (g, — 0 — 0y — il'g) (Vg — g — W — il tk)} '

@7

Nonlinear magneto-electric polarization, as given by Eq. (25), in general describes
a process of interaction of three waves in a medium leading to the emergence of a fourth
wave, of the frequency w,+w,+®,. At w, = k., = 0, one has mixing of two waves in
the presence of a DC magnetic field, or, in partlcular DC magnetic field-induced SHG,
if w, = w, = wand o, = 0[12, 27, 31]. On putting ®, = w and 0, = 0, = k, = k. =0
in (25), one comes upon a new effect, consisting in optical rotation in crossed DC electric
E(0) and magnetic H(0) fields [32].

6. Fourth-order magneto-optical processes

In centro-symmetric bodies, the third-order magneto-optical polarization (25) vanishes,
and we have to proceed to the next, higher approximation of order 4:

PO, 1) = 35 Y P (0, +w,+ 0.+ 04 k,+ky+k, +kd) exp {i[(k,+

abcd
thytk,+ky) - r—(w,+ 0, + 0.+ wy)t]}. (28)

On restricting ourselves to the magneto-optical component linear in the magnetic field
strength, we have, at the frequency w,~+w,+w,+w;:

PN, + oy + .+ k,+hy+k k) =
" (CO,,, Wy, D¢y Wy ku’ kb’ kca kd): :E(wan ka)E(wba kb)E(mca kc)H(wd» kd)a (29)

= Z eeeem

with the fifth-rank axial tensor, defining fourth-order magneto-electric susceptibility,
in the form:
Xeeeem(was wb’ @, wd; kab kba kca kd) = Z Z z Z ina+nb+nc+na"'4 X

na=1 np=1 nc=1 ng=1

Qratmotnethay 1y 1n In,!
2n,12n, 2,12,

X [Mg+ 1+ 1+ ng— 41k~ ke~ e~ 1 gna L, (30)

(nqg+np+nc+na)
Xeeeem (a)aa WDp, Wy wd) X
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Fourth-order quantum mechanical calculation, taking into account all multipole
contributions, yields:

oty g+ e §
Zg;een?b ! nd)(wa’ Dp, Wy wd) = F S(a’ b’ c, d) Ot X

kirstu
CkIMPiry {riMEisy (SIMEP|EY HMEuy <ul ME9|T)
X (0 + 0, + 0y + 0.+ w;+iT,) (0g+ o, + o, +w;+il )
(0g+o.+wy+ily) (0, +w,+il )
CKIME\ry (rIMIPsy <sIME|ey <M Juy {ul MGA|T
(0 — 0= il ) (g + @y + 0, + 0y +il ) (g + 0, + @4 +ily) (@ +wy+il,;)

CKIMSIry <rIMElsy (sIMEIy <Mt Cul Mgl
(Cork — W, iFrk) (a)sk — W, Wp— iFsk) (wtl +o.+w;+ irtl) (wul + W+ iFul)

CkIMEiry {riMEisy <SIMEty UM uy <ul MLy

(wrk —W,— ilqu) (wsk — W, — Wy — lFsk) (wtk — W, — Wy — W, — irtk) (wul + w4+ iFul)

CKIMEry {riME)sy <sIMEty MYy (ul M|y
(wrk— W, — irrk) (wsk —W,— Wp— irsk) (wtk_ W= Wy —W,— irtk)
(0= 0y — 0y~ 0 — 0y~ il )

(31)

The magneto-electric mixing processes of four wavesin a medium described by Eqs (28)
and (29) lead in particular at w, = w, = o, and w; = k; = 0 to the Third Harmonic
Generation in the presence of a magnetic field observed in semiconductors [19] and
discussed theoretically taking into account the nonparabolic energy band [17, 18]. At
0, =w; =k, =k; =0, Eq. (29) describes frequency mixing and, at @, = w,, SHG
in crossed DC electric and magnetic fields [33]. In particular at @, = @, w, = —w, = o
and w; = k; = 0, Eq. (29) describes the influence of intense laser light on Faraday’s
effect [21] recently observed by Kubota [22] in semiconductor CdS and ZnS single
crystals. At o, = wand 0, = 0, = 0; =0, k, = k, = k; = 0, we have a new nonlinear
magneto-optical effect, consisting in DC electric field-changes in magneto-optical rotation.

In the case when w; = k; = 0, and 0, = @, = —o,, one has the two-photon absorp-
tion in a DC magnetic field observed in semiconductors [20, 22] and discussed theoret-
ically for various models [17]. In general, Eqs (28)—(31) describe new nonlinear magneto-
-optical processes of the Raman type.

7. Nonzero and mutually independent tensor elements of magneto-optical susceptibility

The higher order magneto-optical processes discussed in the preceding Sections in-
volve the presence of a body, possessing some kind of crystallographical symmetry. The.
processes (effects) will, consequently, run variously from one case to another depending
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on which of the nonlinear susceptibility tensor elements ¥, ¥&),, and z{es do not

vanish for the crystallographical class in occurrence. With the aim of calculating (deter-
mining) these tensor elements, we now go over from vectorial notation to indicial notation
of the tensors. Thus,

in place of y2), we write x{7%

in place of 2, we write x5 , and

in place of ¥, we write x5 it

The commas between the indices i, j, k, I, n... (which run through the values x, y, z
of laboratory axes) signify that the tensors possess no permutational symmetry with
respect to the indices. If a tensor is symmetric in a pair of indices i, j, we write (7, j), whereas
if it is antisymmetric, we write [if]. By resorting to methods of group theory [34, 35],
we derived relations between the nonzero axial tensor elements ¥ijx, Xigks a0d Xijkins
not possessing permutational symmetry in the 32 crystallographical classes, 2 icosahedral
classes (Y and Y,), and isotropic medium (K and Kj). Moreover, we calculated the num-
bers of mutually independent and nonzero elements of these tensors as well as of other axial
tensors of ranks 3, 4 and 5 describing the nonlinear magnetic susceptibilities and present-

ing the following permutational symmetries (Table I):

a) 3-rd rank axial tensors: yijx = Xjik = XGipk

eem __ _ ,eem __ , eem
Xije = —Xjik = X[ijik +

eeem

b) 4-th rank axial tensors: yi;xi = Xjiki = XGki »

eeem eeem

eeem __ eeem ee: — . - . .
Kijged = ~Xjijkt = Xrijlkb Aiied = X (symmetric in i, j, k),

eeeem eeem eeeem

) 5-th rank axial tensors: xi;iin = Xjikin = XGipkins

eeeem eeeem eeeem

Xijgin = — Xjigin = XLijlkln

eeeem __ ,eeeem __ ,Leeeem __ , eeeem __ eeeem
Xijgin = Xjikln = Xijikn = Xjijkn = X(@j)(dn >

eeeem __ _ ,eeeem __ ,eeeem __ __,eeeem __  eceem
ijjan = —Xjijin = Xijw = — Xjiln = X[iji(kbn >

eeeem _ . eeeem

Xiiein = X(orn (Symmetric in i, j, k), and

eeeem- eeeem

Xiskin = X(innn (Symmetric in i, j, k, D).

The number of independent elements of an axial tensor of arbitrary rank, for the
group G(g4, g, ..., gy), is given by the formula [37]:

1
V=g Z 2°(g)x4(2), (32)

greG



The number of non-zero (N) and independent (I) elements of nonlinear

eem eem eeem eeenm eeem

Class X 3 k X[ij] 4 X(i:]) k,1 X[i,j] X,1 X(ijk) 1
N|.I N I N 1 N I N I

1 (cq) 27 | 18 | 18 9 | 81 | 54 | 54 | 27 | 81 | 30
T (04) 27 | 18 | 18 9 | o o 0 0 0 0
n (Cg) 13 8 | 10 5 | 40 | 26 | 28 | 14 | 40 | 4
2 (Cy) 13 8 | 10 5 | 41 | 28| 26 | 13| 41 | 16
2/m (Cop) 13| 8|1 | 5|0 |o o |0 | o |60
222 (D,) 6 3 6 3 21 15 12 6 21 9
m2 (Cy,) 6 3 6 3 20 | 13| | 7 20 | 7
mmm (D, ) 6 3 6 3 |0 0 0 0 0 0
4 (o) (K 4 | 10 3 | 39 w | 26 | 7 35 8
% (s;) 1 4 | 10 3 | 50 | | 24 | 6 20 | 8
4/m (Cyy) | 4 | 10 3|0 0 0 o 0 0
422 (D) 4 1 6 2 |21 | 8 12 | 3 21| 5
4m (Cye ) s 1] 6] 2186 | w | & | w]| 3
Fom (D) i 1 6 2 L2 | 7 12 | 3 20 | %
4/mom (D) 4 1 6 2 | o 0 0 0 0 0
3 (.c;) 19 6 | 10 30 7 | 18| 2| 9 67 | 10
3 (56) 19 6 | 10 3 | o 0 o 0 0 o
32 (D5) 8 2 6 2 | 37| 10| 20| & 37| 6
3m (cav) 8 2 6 2 | 3 | 8 22 | 5 30 | 4
3n (DBd) 8 2 6 2 | o 0 0 0 0 0
6 (cg) 1 4 | 10 3139 | 12| 26 | 7 3% | 6
3 (csh) 1 4 | 10 3| 32 | 6 16 | 2 32 | 4
6/m (Cgy) 11 4 | 10 3,0 | 0o | o |o o | o
622 (D) 40 1] 6| 2| 20|7 | 12| 3 | 21| &
6mm (Csv) 4 1 6 2| 18 | 5 u | o4 w | 2
B2 (D§h> 4 1 6 2 | 16| 3 8 1 16 | 2
6/mm (Dgy) 4 1| 6| 2|0 0o | oo |o]o
23 (1) 6 1 6 1121 5 12 | 2 21| 3
w3 (1) 6 1 6| 1|0 o | o o | o | o
432 (0) ol o 6| a3 | 2] 1] 21| 2
%om (Tg) 0 0 6 1| 18 | 2 12 | 1 FER R
win (0 ) 0 0 6 1|0 0 o 0 0 0
Y 0 0 6 10 21| 2 12| 21| 1
T, 0 o 6 1] o0 0 0 0 0 o
id 0 0 6 1| 20| 2 2 | 1 21| 1
K, 0 0 6 1|0 0 0 0 0 0




susceptibility axial tensors x§%, xii and x{fkim

XePEhe | XeEEe [XeBoTn | N ST XSS
N I N I N I N I N I N I
243 | 162 | 162 | 81 | 243 | 108 | 162 | 54 | 243 | 90 | 243 | 45
243 | 162 | 162 | 81 | 243 | 108 | 162 | 54 | 243 | 90 | 243 | 45
121 | 80 | 82 41 | 121 | 52 | 82 28 | 121 | s | 121 21
121 | 80 | 82 41 | 121 | 52 | 82 28 | 121 | 44 | 121 21
121 | 80 | 82 41 | 121 | 52 | 82 28 | 121 | w4 | 121 21
60 |39 | &2 21 | 60 | 24 | 42 15 | 60 21 | 60 9
60 | 39 | 42 21 | 60 | o2& | 42 15 | 60 21 | 60 9
60 | 39 | 42 21 | 60 | 24 | 42 15 | 60 21 | 60 9
119 | 40 | 82 21 | 117 | 26 | 78 w |15 | 22| 109 | M
119 | 40 | 82 21 | 117 | 26 | 78 4 115 | 22| 109 | 11
119 | 40 | 82 21 | 117 | 26 | 98 4 | 115 | 22| 109 | 11
58 | 19 | 42 1|56 | 11 | 42 8 | 54 10 | 48 4
58 | 19 | 42 11|56 | 11 | 42 8 | 54 10 | 48 - | 4
58 | 19 | 42 1|56 | 11 | 42 8 |54 10 | 48 4
58 | 19 | 42 1|56 | 11 | 42 8 | 54 10 | 48 4
231 |54 | 16 | 27 | 229 | 36 | w2 | 18 | 227 | 30 | 213 | 15
231 | 54 | 146 | 27 | 229 | 36 | 2 | 18 | 227 | 30 | 213 | 15
14 | 26 | ™ w | 12| 16 | 10 | 110 | 14 | 96 6
14 | 26 | 7 | 12| 6 | 1 | 110 | 14| 96 6
14 | 26 | W | 12| 16 | ™ 10 | 110 | 14 | 96 6
119 | 32 | 82 19 | 117 | 20 | 78 12 | 115 | 16 | 101 7
M9 | 32 | 82 19 | 117 | 20 | 78 2 | 115 | 16 | 101 7
119 | 32 | 82 19 | 117 | 20 | 78 12 | 115 | 16| 101 7
58 | 15 | a2 10 | 56 | 8 42 7 | 54 7 | &0 2
. 58 | 15 42 10 | 56 8 42 7 | 54 7 | 80 2
58 | 15 | 42 10 | 56 | 8 42 7 | 54 7 | #0 2
58 | 15 | 42 10 | 56 | 8 42 7 | 54 7 | &0 2
60 | 13 | 42 7 |60 | 8 42 = | 60 7 | 60 3
60 | 13 | 42. 7 | e | 8 42 5 | 60 7 | 60 3
54 | 6 42 4 | a8 | 3 42 3 | 42 3 | 24 1
54 | 6 42 4 |48 | 3 42 3 | 42 3 on 1
54 | 6 42 4 |48 | 3 42 3 | 42 3 | 24 1
S4 3 42 3 48 1 42 2 42 1 0 [¢}
54 42 3 |48 | 1 42 2 | a2 1|0 0
54 3 42 3 48 1 42 2 42 1 [¢} o}
54 | 3 42 3 | 48 | 1 42 2 | a2 1|0 0

TABLE 1



590

where y, as well as

°(g) = — Z (—D%(gHa(g?)...x(g”) (33)
and ~
x(g) = £1+2cos ¢, (349

denote characters of the element g, in the irreducible antisymmetric vector representa-
tion of the group G, reducible tensorial representation taking into account the permu-
tational symmetry group of indices P(py, ps, ... Pn,), and reducible vectorial representa-
tion of the group G. Summation in (32) runs through all elements of the group G (of which
thére are N in all), and in (33) — through all Np elements of the permutation group of
the tensor indices. By /;, /5, ..., [;, we denote the lengths of the cycles into which the
permutation of tensor indices p € P, being the element of the group P, decomposes,
whereas ¢ is a factor, taking the following 2 values: if the permutation p € P leaves the
sign of the tensor element unchanged, then ¢ = 2; if it does not, then g = 1. The signs
“4” and “—" in (34) are, respectively, for proper and improper rotations by the angle g,.
By using Wigner’s projection operator [38]:

6. =% rwi 69

9reG

we find the tensor elements or linear combinations of elements transforming according
to the various irreducible representations of the group G, or in other words, the transfor-
mational properties of the tensor. This operator, acting on a linear combination of tensor
elements, sifts out therefrom the part belonging to the u-th column of the representation o.
The irreducible representation is of dimension f,, whereas y,(g,) denotes the character
of the element g, of G in the irreducible representation o.

By resorting to (35), we previously determined [36, 39] the transformational proper-
ties of the tensors Yigks Xigwa and xi5kr, which served for finding the relations existing
between their nonzero elements and for determining the numbers of their nonzero ele-
ments. The results thus obtained are listed in Tables II-IV. By taking into account the
relevant permutational symmetry in the results of Tables II-IV, one quite easily obtains
relations between nonzero elements for the other axial tensors of ranks 3, 4 and 5 describ-
ing the nonlinear magneto-optical susceptibilities. In Table I, we list the numbers of in-
dependent and nonzero elements of the axial tensors of ranks 3, 4 and 5 describing those
susceptibilities.

8. Nonlinear magneto-optical birefringence and rotation

For an anisotropic medium the electric and magnetic properties of which are de-
scribed, respectively, by the second-rank electric permittivity tensor & (element ¢;;) and
magnetic permittivity tensor g (element y;;), we have the following fundamental relations:

D(r,ty=¢- E@rt), B(rt)=pu-Hr,t), (36)
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TABLE 11

Non-zero and independent elements of the axial tensor x?f}f‘k for all crystallographical classes. The tensor
elements are denoted by their subscripts x, y, z only

Number of

Number of
Glass non-zeIro independent Elements
elements elements
1.(¢4) 27 27 223, XX, XXZ, XX, 27, J¥%, YZT»
1(¢,) XXX, KXY, XX, XX, XYY, IIX, IXYs
JYYs X22y 22X, ZXZ, Y22, 22J, ZJZ,
XYz, X2¥, yXZ, Y2X, ZXJ, ZI%,
n (cg) 13 13 222, 2XX, XXZ, ¥2X, ZY¥, JY% YZ¥s
2 (Cy) XYz, X2y, yXZ, YJIX, 2XY, X
2/m ( Cgh)
222 (D, ) 6 6
w2 (C Xy%y XBY, JXZ, ¥IX, ZXY, ZyX
mmm (,Dah)
4 (C4) 13 7 22%,
& (8,) 2XX = ZYY, XXZ = yyz, X2X = JI¥,
4/u (04)1) Xy%Z = yXZ, yZX ==XZY, ZXy =~ZyX
6§ (C)
& (O
6/n (Cgy)
422 (Dq) 6 3 X2 ==YXZ, JZX =-XZy, ZXy ==ZyX,
4mm (C‘w)
Fam (Dpy)
4/ mumm ( D#l)m
622 (Dg )
6mm (CGV)
Bm2 (Dih)
6/ mmm { Dah)
3 (CB) 21 9 222,
3 (SG) ZXX = ZyY, XXz = YYZ, XBX = Y2,
XyT =-yXZy JIX =-XZY, XY ==Y,
XXX =-XyY =-YXY =-y¥X,
IIY =-yEX =-XyX =-XAY,
32 (»DB) 10 4 XXX =-Xyy =—yXY ==Yy¥X;
3m (C;v} Xy% =~yXZ, Y2X =-X2Y, ZXY ==ZYX,
3m (Djd/
23 (T ) 6 2 Xyz = y2X = ZXy, XZy = ZyX = yX3,
w3 (Ty)
w3m [ Oy 6 - 1 XyZ = J2X = 2Xy ==yXZ =-X3y ==2JX.
432(0)
B3m (T4)
Y
Iy
K
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TABLE III

Non-zero and independent elements of the axial tensor xff}?k’l, for all crystallographical classes. The tensor
elements are denoted by their subscripts x, y, z only. In order to reduce space, elements shared by various

_classes have been assembled under one capital letter

Number of ! Number of
Class non-zero independent Elements
elements elements
1 (oy) 81 81 A = xooxx, yYYY, 222%, XXYY, JYAKX, XXV, JXYX, XYIX, JEXXy,
XX22, ZZXX, X2XZ, ZX2ZX, X2ZZX, 2ZXXZ,
Y322, ZZYY, J2ZYZ, ZYZY, JZZY, ZIIZG
B = xxxy, XXyX, XyXX, JXXX, JY¥X, YIXIs JXIYs XITT»
X2%Y, X2YZ, XYZ%, Y2ZZX, Y2ZXZ, YX22,
22Xy, ZXZY, ZXJZ%y 2ZYX, ZYy2X, ZYXZ4;
D = XXX2Z, XXZX, XZXX, ZXXX, 222ZX, 22XZ, 2ZXZZ, X222,
XYY2, XYZY, XZYYy ZYIX, ZIXY, ZXITs
YIXZ, YXIZ, JXZYy JYZX, JZIX, J2XV3
E= Yyyzy YYZY, JZIYy ZYIYs 2ZZTY, 22IZy ZYZZy JILUZy
IXYZ, XKL, XJ2X, XXZY, X2XJ, XZJX,
Y2XX, yXZX, JXXZ, IYXX, ZXYX, ZXXY,
T (cy) 0 0
o (c,) 40 40 D and E
2 (cy) 41 41 A and B
2/m (Cpy) 0 0 o
222 (D,) 21 21 4
m2 (C,,) 20 20 B
wm  (Dyy) 0 0
4 (04) 41 21 F= XXXX = yyy¥, 2223,
' XXyY = YYXX, XyXy = JEIX, XyJX = YXXY ,
: XX22% = yY2Z, X2ZX2 = YZYZ, X22ZX = YJZIY,
2ZXX = ZAYY, ZXZX = ZYZY, 2XXZ = ZYYZ}
G == 22Xy =-23yX, 2XyZ ==2YX2Z, XZZY =~Y2ZX,
XY2Z =-yXZZ, ZXZY =-ZJZX, XZY2Z ==Y2%XZ,
WKy =-YJJL, ¥XYX ==yJXY, XYXX ==JXT¥, XXX ==XYJ¥,
T (sy) 40 20 H= X000 ==Y3¥Y,
XXyy =-yyXX, XyXy =-JXyX, XyyX ==yXX,
¥X2Z =~yY2Z, X2ZXZ =-=YZYZy; X2ZX ==yY2ZY,
ZZXX ==22YY, ZXZX ==2ZYZY, ZXXZ =-ZYYZ,
J= 22Xy = Z2y%, 2XyZ = 2yXZ, X22y = Y22X,
Xy2Z = yX22Z, X%y = ZyZX, XZYZ = YZXZy
XXy = JYJX, XXX = JyXY, XYXX = JXYY, YEXX = Xy¥J,
4/m (Cyp) o} 0
422 (D, ) 21 11 F
s (C,) 20 0 | & )
Tan  (Dpy) 20 10
4/omm (D) 0 0
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TABLE II1 (continued)

Humbsr of Numbexr of
Class non-zeTro independent Elements
e¢lements eloments
3(C5) 73 27 L= z22%, XXX = YJ¥y = XXYY + XJXY + XJ¥Z.
XYY = YIXX, XJXY = JXJXy XYYX = JERXYy .
XX2Z = Yy2Z, XZXZ = YZYZ, X2ZX = YZIY,
ZZXX = ZZYY, ZXZX = ZYZY, ZXXZ = ZYYZ,
M= XXy =-yyyx =-/3Xyx + Xyxx + yxxx/,
XAJE ==JYXYy XXX ==yXJJ, JXIX ==XJJF,
22Xy ==ZZYX, ZXY% ==ZYXZ, XZZY ==YZZUX,
Xy%2Z ==yXZZ, ZXZY =~ZJLX, XZYZ =~Y2XZ,
P= xXX2Z =-Xyy2Z =-yXYZ =~YYXZ,
XAZX =-XYBY ==YXZY =~YYZX, |
XZXX ==X2YY ==Y2ZXY ==YZYX, !
2XXX =—ZXYY =-ZJXY ==ZIIX, ; §
Q= Jy¥z ==~yXXZ S=XYXZ ==XXYZ, ‘
I3y ==yXZX ==XJIZX =~XX3J, )
JZYY =~YIXX =~XZJX =~X2XY,
ZYYY =-BYXX =-IXJX =-IXXY,
3 (8g) o 0
32 (D;) 37 14 L and Q
3m (C5,) 36 13 M_ahd P
3m (D5q) [ [}
6 (cg) 41 19 L end M
6 (Czp) 32 [ P and Q
6/m {Cgp) 0 o
622 (DG ) 21 10 L
6m (Cc) 20 9 M. :
6m2 (DBh) 16 4 Q '
6¢/mum ( Dgy) [5) o
23 ('1‘) 21 7 XXZX = JYYY = 2Z2%y : i
XXYY = JyaZ = 22XX, JYXX = XX2Z = zz;yy,§
\ YRy = Jayz = 2XZXy JXJX =| x2X% = %32y
XYYX = Y2AY = ZXXZ, YXXY = X2ZX = oyyg, |
w3 (Ty) 0 s}
432 0 .21 4 XXXX = JYYY = 2222, !
XYy = Jy2z = 2ZXX = JYXX = XXBE = 2ZYY,
= J2y2 = ZXZX
XY7x = Jaly = pxes = Jaby T 3uE = ay,
n3m- (Q) 0
wu (74) 18 3 XXYY = JY2Z = ZZAX m~YYXX =-XXZL =-2ZYY,
XJXy = J2JZ = ZXZX =-JXJX =~XZXZ =-ZJZY,
Xyyx = yB2y = 2XXZ =-JXXY =-X2ZX T~ZY¥%,
; 21 3 X = yyy’y = 222%Z = XXyy + XyXy + XyyX,
Yy = JYEX = XX2Z = Z2XX = JYZT = ZZYY,-
XXy = JXJX = XZXZ = 2XZX ® YIJZ = ZYLY,
XYyX = yEXy = X22X = ZXXZ = Y2ZY = ZyYS,
¢ [
Kg o
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TABLE IV

Non-zero and independent elements of the axial tensor xﬁf}f{'ﬁ,n for all crystallographical classes. The

tensor elements are denoted by their subscripts x, y, z only. In order to reduce space, elements shared
by various classes have been assembled under one capital letter

Number of Number of
Class non=-zero independent Elements
elements elements

1 (cq) 243 243 A= zz223,

T (¢) XX¥XZ, XKXZX, XXZAX, XZXXX, 2000, YYJ¥Z, I,
IIZYYs JZIIY s ZYIVYs 222XX, ZZXZX, ZZXXZ, ZX2ZXLy
ZX%ZX, 7XXZZ, XZZZX, XZZXZ, XZX2%, XXZZZ, ZZZYY,
22Y%Y, 2ZYYE, ZYZYZ, ZYTLY, ZYYLZ, YILLY, JIIYL,
y2y2z, yyzzzs

B = xxx72, XXXZ¥, XXyXZ, XXYZX, XX2ZXY, XXZYX, XJXXZ,
XJXZX, XJ2AX, XZXXY, XZXYXy XZYXXy YJXXXZ, JXXZX,
JXZXX, YZXXX, ZXXXYy ZXXIX, ZXYXX, ZJXEXy JJJXZ,
JIIZX, IIXYT, YYXZYs YYEYX, YIZXY, YXYIZ, JXYZYs
IXZYYs JZITXy JZYXY, JZXYYs XYIIZ, TIILYs XILITs
X23¥Yy ZIIXy 2YIXY, ZYXYYs ZXYVY3
ZLIXYy ZZLYX, ZIXLY, ZZXYZ, ZIYZX, ZZYX%, ZXZLY,
2XZy%, ZXYZL, ZYZZX, ZYZXZ, ZYXZZ, XBZLY, XZZYZ,
X7y2%, Xy2%Z, 222X, JZZXZ, Y2XZZ, JX2ZZ}

Dy=xxyy%, ¥XYZY, XXZYY, XYXY%Z, XJX2J, XYJZX, XyyXzy
Xy2XYy XYZYXy XZXYYy X2ZYXY, XLZIYXy JXXJZy JXXZY,
JXy2X, JXJXZ, JXZYX, JXZXY, JYXXZ, JYX2X, JYLXX,
J2XXYy JIXJXy JELYXXy ZXXYYy ZXJXYy ZXJYXy ZYYXX,
ZYXYXy ZYXXY}

B = xxxxx, JYIYs

AXXAYy WAAYXy XXYXXL, XJXAK, JXXXX, JIYIXy JIIXYs
JIXYY s JXIIYs XIJYIYy BLLIX, LZIXZy BEXLL, ZXLILTy
XZZ%%, ZLLZY, BZLYZy ZLYZZ, ZYZLLGy JBZLZ, XXXJY,
XXJXYy KXJIXy XJXJXy XYAXY, XJJXX, JXXXY, YXXJX,
JEYEX, JYXIX, JIVEXy JYXIX; JIXXY3 JXIXYy JEYIX,
JEXYTy XJJIZy XYIXYy XJXIY, XXYYYy XXXZZy XX2XZ,
XX22X, XZXZX, XZXXZ, XZZXX, ZXXXZ, ZXXZX, ZXZXX,
ZZXXXy JIJ2Zy JILYZy JIZZY, JZYZYs JZYITy JZLHY,
ZYII%y ZYIZY s BIZYYs ZZYYY s XXZZYs XXZYZ, XXYZZ,
X2XZY, XZXYZ, XZZYX, XZZXY, XZJX%, XZYZX, XyXZ%,
Xy2XZ, XYZZX, ZXXZY, ZXXYZ, ZXZYX, ZXZXY, ZXYZX,
2XyX2%, ZZXXY, ZZXYX, ZIZYXX, ZYXXZ, ZYXZX, ZYZXX,
JXXZZ, YX2XZ, JXZIX, JZZXX, JZXZX, JZIXZ, JY2EX,
Yy2X%y JYXZZ, YZYZX, YZYXZ; YZEXY, JALYX, YIXYZ,
Y2X2%Yy JXYZh, JEZYZy YXZLY, ZYYZX, BYYXZ, ZYZXY,
ZYLYXy BIXZYy LYXIJZy Z2IYX, ZIYXYy BLAYY, ZXYYZ,

ZYy ZXZYYy XYY2Z, XYZYZy XYZZYy X2ZYYy XZYYZ,

w (cs) 121 121 4, By and Dy
2 (c,)

2/m(0212

222 (Dy) 60 60 By
m2 (Cay)
mmn (D, )
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TABLE IV (continued)

Number of
Class non-zero
elements

Number of
independent
elements

Elements

4 (0,)
% (s,)
4/m (Cy

11

61

XXXXZ

ZXZZX
XZX22Z

xxyzy
XYyXz
XZYyX
ZXyXy

1'15 XXXy Z

XXy ZX
XZXXY
YXEXZ
ZYXXX
222Xy
ZyXZ%
XZy %2

ZXXXX :

=
=
=
=

YYYYZy XXXZX
ZIYYYs 2BIXX
ZY%LY, ZXXZZ
y2y2zZ, XZZX7Z
JyXZZ, XXZYY

ZLZYYy ZZXXZ = ZZYYZ, BZLXLX
2YY2ZZ, ZXZXZ = ZYZYZ, XXZZZ

YYZXX, XyXJ% = JXyXZ, XyXzy
YXXyZ, Xyy2X = yXX&Y, XYZYX = YX2Xy, XyZXy
J2ZXXYy X2Xyy = JZyXX, XZyYXY = JZEYX, 2XXYY
ZYXYX, ZXYYX = ZYXXY}

nnunwwnu

=

=
J2Zy%, X22ZX = Y222ZY, XXYYZ = ¥y

=

JIVZYy XXZXX = JYZYY, XIXXX = JBYYY,

=~yyyXZ, XEXZy=-yyyaX, XX2Xy =-YJZYX, XXJXZ S~YJXJ%,
~JYXZY, XXZYX ==JY2XY, X2XYX ==YZYXY, XLYXX =~JZXy¥,
~Y2YyX, XYZXX ==JX&YY, XJX2X =~JXJZ¥, XJXXZ =~yXyy%,

~XJIY 2

YXXZX =-XyyZy, YX2XX =-XyZyy, JZIX =-XIyy¥,

=2XyyY, ZXXJX =-ZyyXy, 2XYXX =-IJXYy, ZXXXy =-2ZyyyX,
—~2Z%yX, 2ZY2X =-22ZX2Y, 22ZXYZ =-2ZZYX%, ZYZXZ =-=2XZyZ,
=-ZXy2Z, ZY22X =-2XZ2Y, X22ZY =~JZLIX; XZZYZ =~YZZX3Z,
==Y2X22%, XYZ%Z =-yX2Z%§

422 (D
4un (cyy)
%zn (D)
4/ mmm (th

30

3 (¢;)
3 ()

233.

81

XXYXZ
ZXXYX
¥z
Xy ZXX
22y 2%
2y 22X
Xyz22
= XXXZ2%
i XX2ZXZ
XXZ2ZX
X2XX2
XZXZX
pose.d
XYY
XXyxy
AXYyx
Xyxxy
Xyyxx
xXyxyx
yrIXY
yxXyX
FRYXX

YyxxX

Gy = ~xxxy7
~XXXZY
~¥Xx2Xy
-XZXXy
~zZXXxy

yyyxz =
yyyax =
YyZyX = XXZY
= yzyyx =
= Zyyyx =

nnun

=-YyXyZ, XXyZX =-yyXZY, IXZYX =-JY2Xy, XZXJX ==yZyXY,
~ZYYXYy JXXXZ =~XYYYZ, YXXZX =-XYyZY, YXZXX ==XyZJ¥,
~X2y3y, ZYXXX =-2XJYY, XyXXs =~yXyJZ, XJX2X ==yEJZY,
~yXZYY, XZYXX ==32XYY, ZXYXK =~ZYXYY, BILXY S-Z2ZYX,
S-22XZYy 2ZXYZ =-%2yXZ, ZYZXL =-IXZY%, TYXZZL S-ZXYZZ,
—-2X22Y,y XALZY S—YLLZX, XLIYZ =~Y2ZXZ, XZYLZ =~YIXZZ,

~yX2223

==XYZY% ==JXZYZ =~YYZXZ, ZXXZX =-ZXYZY

==XZYY2Z =~YZXYZ =~YZYXZ, ZXZXX ==ZXZYY

~XYY2% =-yXyLZ =-YYX2Z, XZLXX ==XZZYY =~yZZXY =~YZIYX,

~Xy22Zy ==yX2ZY =~-YY2ZX, LXXXZ =-2XYYZ

=¢BYXZY =~Lyy2X,
==2yyXZ,
=-2YZyX,

~XZYZY =~Y2XZY =~Y2Y2X, ZZXXX ==Z2XYY ==ZZYXY ==ZZYYX,

== 3 /37IVX + 3IYXY + TYRY + yEIYY + wyyyyl »

% /23577% + 29YYXI - IYXIY .= IXITY - XyYYY/ s

3 /29995% = J3YXY + 299%Y y-yXY¥Y - XYY Ly

%/-wyyx + 2YYYXY + 2YIXYY = YEYIY ~ xyYYI/
L /2yyyyx - yyyxy - yyxyy + 2yxyyy - xyyyy /,
3 /~yIYIX = IIIXY + 2yyXyy + 29x3YY - ¥yyyy/s
% /-JIIIX + 2YYYXY - YIXYY + 2yXYYY = XyyYY/s
% /29Y33X = JIYXY = IIXYY = IXIYY + 2xYyyy /»
3 /-3II5X + 29YYXY - YYXYY - YIYYY + 2xy3yy/s
g /-9IIYE - yyyxy + 29yxyy - YWy + 2xyyy3/s

g’ /-YIIYX = YYIYXY - IYEYY + 2yxyyy + 2xyy3y/,

IIIIX, JIVEY» JIXYY s YXIIT> XIIIY 3
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TABLE IV (continued)

Number of | Number of
Class | non~-zero independent Elements
elements |elements
I = zz222
17 Zauxx'= Z22YY, 22XXZ = ZZYYZ, Z2XLX = ZLYZY, ZXZZX = ZYZLY,
ZXXZZ = ZYY2Z, ZXZXZ = ZYLYZ, XXLLZ = YYZZZ, XZXZZ = YZY2Z,
X2ZX% = YZZYZy XLZZX = YLZZY,
XXXXZ = YYYYZ = XXYYZ + XYXyZ + XYyX2Z,
XAXZX = JYYZY = XXY2Y + XyX2y + XyyzX,
XXZXX = Yyayy = XXZyy + XyzZXy + Xy2yX,
XZXXX = YJZYYY = XZXYY + XZYXY + XZYYX, .
ZXXXX = ZYYIY = ZXXYY + 2XYXY + ZXYIX,
XXyy2 = JyXXZ, XXJZy = JyXZX, XX2YYy = JYZXX, XJXJ2Z = JXyXZ,
XYXZY = YXY2X, XYYXZ = yXXJZy XYJZX = JXXZY, XY2ZYX = JX2Xy,
XyexXy = yXzyX, XZIJX = YZXXY, X2XYY = JZYXX, XZYXY = JZXYX,
2XXYY = 2YYXX, ZXJXY = ZIXYX,. ZXYYX = ZYXXY,
L =Jyy8z =-yXx22z =-XyX2% ==XXJ2Z, YZZYY S—y22XX =-X2ZZYX =-XZZXY,
Y232 ==yXZXZ ==Xy ZXZ =pXXZYZ, ZYYZY =-ZYXZX =-2XY2X =-=2ZXXZY,
JY2ZY =~YX2ZX ==XYZZX =~XXZZY, 2ZYYYZ =—ZYXKZ =-IXYXZ =—-2XXYZ,
V2V % ==Y IAXZ ==XZYXZ =-XZXYZ, 2ZYILYY S=ZYZXX ==2XTYX =-2ZXZXY,
Y2YZY =~Y2ZXZX =~XZYZX ==X2XZY, ZZYYY S-ZLYXKE S-Z2XYX =-ZZXAY,
yyyyy =—%/xx:u:y + XXXYX + XXYXX + XyXXX + yxoux/, .
JYIXX = %/ascxxx;y-r 20XXYX ~ XXYXX — XYXXX - yxaxx/,
JYXYX = -;—/axx:my-myx+ 2XXYXX = XYXXX =~ yXXXX/
JIXXY = %/-m + 200X+ 2XXYAK — XYEXX - JEXXX/ 5
YXYIX = 3-/21cc:cry - XIXXYX = XXYXX + 2XJXXX ~ yxxxx/,
1
yxXYy = 3/-xxxxy-mczyx+ 2XXYXX + 2XyxXX - yxXXX/,
IXYXy = g/-xxxxy+ 2OXYX = XXYXX + 2XYXXX - yxxxx/,
Xyyyx = %/Zsmy-myx—mxx-x;ym+ 2yxxxx /,
XYyXy = %/-xxx:xy + 2XAXYX ~ XXYXX ~ XYXXX + 2yxonx/,
XyXyy = %/-xx:mqy-xx:qx+ 2XAYAX = XYXXX + 2yxxXxX/,
H . .
XXYyyy = -3— /-xxn‘r,yn» XXXYX = XXYXX + 2XYXXX + 2yxxxx/,
! XXXXYy XXXYX, XXYXX, XJXXX, YJXXXX }
32 (Dy 116 40 Gy and Hy
3m -(sz
3m (D34
6 (GIl 1 51 & ad 9y
6 (cﬁh)
6/ (Cep)
622 | D5) 60 25 [
. ((csv)
6m2 Dyy)
6/mmm (Dsh)
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TABLE 1V (continued)

Number of Number of
Class non-zero depéndent Elements
elements elements
25 ( '.E) 60 20 XXXYZ = JYY2X = Z2ZXY, XXXZY = JYYXZ = 222YX, XX2ZXy =YYXYZ=ZZYZX,
w3 mh) XXYXZ = JYLYX = Z2ZXLY, n-,yzx = yyzXy = 22XYZ, XZXYX SYXyZY=232XZ,
XZXXy = YXYYZ = 2YZZX, XZYXX = YX2YY. = ZYX22Z, XYZXX =YIZXYY=2XYZZ,
XXZYX = JYXZY = ZZYXZ, XYX2X = JZYXY = ZX2Y%, XyXXZ = JZYYX=2XZ2ZY,
FXXXZ = 2YYYX = X2uUTY, JXXZX = ZYJXY = XZZYZ, YXZXX =2YXYy=XZY2Z,
Y2XXX = BXYYY = XyZ2%, ZYXXX = XZYYY = YXZLL, ZXYXX =XYZYY=Y2ZX2Z,
ZXXYX = Xyy2y = YJ22XZ, ZXXXy = XyyJyz = JZZZX.
432 (0) 60 10 (XXXYZ = JYYIX = 2Z2ZXY =-XXXZY =~YYYXZ ==ZALYX,
E;- ("Ed) XXYXZ = yyz?x = 22XZY =-XXZXY =~YYXYZ ==ZZYZX,
win 0, ) XYXXZ = JZYYX = ZX2ZY ==XZXXY ==yXYYZ ==2ZY2ZX,
JXXXZ = ZYYYX = X22LY =-ZXXXY ==XYJYZ =~YZZLZX,
XXyZX = YyZXy = 22XYZ =~XXLYX =—JyXIZy =~2ZYXZy .
XYX2X = JIYXY =ZXZYZ S~X2XYX =-JXYZY ==2Y2ZXZ,
IXXZX = 2YYXY = XZLYZ =~ZXXYX ==XYYZY ==YZZXZ,
XYZXX = JZXYY = 2ZXYZZ =~XZYXX ==-YX2JY ==2YX2Z,
IXZXX = ZYXYY = X2ZY2Z ==ZXYXX ==XY2ZYY =~YZXLZ,
VZXXX = ZXYYY = XY22Z =-2YXXX =-X2YYY =-JX223Z,
b4 60 [} XXXYZ = JYYZX = Z2ZXY =~XXXZy =~JYJXZ ==ZZZYX =
=, XXYZX + XYXZX + JXXZX , ,
!h XXYXZ = JYZYX = ZZALY S~EXZXY ==YYXy2 ==22J2X =
E == XXYZX + XYZXX + JX2XX ,
. XYXXZ =.J2YYX = ZXZZY =-KIZXXY ==YXYyZ =~ZYZLX =
Kh == XYXZX = XYZXX + J2XXX ,
YXXXZ = ZYYYX = XZZLZY =-IXAXY =-XYYYZ =-YZIZX =
==/JXXZX + JXZXX + yzaxxE/,
XXYZX = JY2XY = 22¥Y% =~YYXZY =-Z2YXZ =~XXZYX 4
XyX2X = JZYXY = 2X2ZYZ =-XZXYX ==JXYZY =-ZYZXZ,
JXXZX = ZYJXY = XZZYZ =-ZXXYX =XYYZY ==yZZXZ,
XY2XX = J2XYY = ZXY2Z =~XZYXX =~JXZYY =-ZyX2Z,
JXZXX = ZYXYY = XZYZ%L =-2XYXX =~XY2YY =-Y2XZZ,
JIAXX = AXYYY = XYZZZ =-ZYXXX ==XZYYY ==JXZZZe

which, together with the relations (3) and (4), permit the determination of the light re-
fractive indices 7 ~ (sp) "’

For the sake of simplicity, we shall restrict our considerations to changes in the electric
permittivity tensor due to a strong electric, optical or magnetic field in the presence of
a DC magnetic field.
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8.1. Light intensity-dependent magneto-optical phenomena

From Egs (15), (20), (29) and (3), (36), we obtain the change in electric permittivity
tensor analyzed by means of light of the frequency w,, but induced by intense laser light

of the frequency w; (for simplicity, we omit the dependences on the wave vectors), in
the form:

ey = dn{yiin' (w4, 0)+
+ X?;kezim(wm oy, —op, 0E(o)E(—wp+.. }H #(0). (37

If the analyzing beam (frequency w,) is assumed to propagate along the z-axis, Eq. (37)
yields for the difference between diagonal components:

4 axx(wA) -4 syy(wA) = 4ﬂ{X§;':(Q)A, 0) - X;;nm(wAa O) +
+2[x§§i7?(w,1, oy, —op, 0)— X:;lecle;n (w4, 0f, — @y, 0):|I ut-.. }H +(0) (38)

and for the difference between nondiagonal components (assuming in (37) antisymmetricity
in the indices i,j):

Asxy(wA) - Asyx(wA) = 87'5{)(;;’:(&)/1, 0) +
+ 2%;;?5:7(6014’ wI, - wI: 0)Ikl +... }Hn(O)’ (39)

:where we have introduced the intensity tensor of light inducing the optical nonlinearity as:
Iy = Ewp)E(—w))/2. (40)

Hence, observations of the changes (38) and (39) are found to depend, on the one
hand, on the crystallographical symmetry of the body and, on the other, on the mutual
.configuration at which we experimentally dispose the vector H(0) of the DC magnetic
field, those of the analyzing wave (frequency ,), and those of the nonlinearity-inducing
wave (frequency ;), as well as on the states of polarization of the two waves. The variety
-of these configurations admits of a classification of all nonlinear magneto-optical pheno-
mena. Two fundamental, limiting configurations can be distinguished:

(i) Faraday’s configuration, where the analyzing wave propagates parallel to the
magnetic field H(0) (z-axis), and

(ii) Voigt’s configuration, where it propagates perpendicularly to H(0) (along the x
or y-axis).

Tables I, IT and IV immediately enable us to predict what kind of magneto-optical pheno-
menon can or cannot occur in a given crystallographical class (see, Tables V and VI).

Obviously, the simplest result is obtained from Eq. (39) for the isotropic body (classes

K and Y) at Faraday configuration, namely:

Agxy(wA) - Aeyx(wA) T 87?{)(:};';(0’,4, 0) +

+ ZX;;;i’:(wAs a)Is L (DI: 0) (Ixx + Iyy) + e }Hz(o) (393,)
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TABLE V

Situations admitting of the observation of third-order nonlinear magneto-optical birefringence, induced

by intense laser light

Magnetic Pl.:opa.gation Tensor elements y(if)ii, relevant | Crystallographic classes admitting
field at: dlrecftlon.of to the birefringence effect of the effect
inducing light
x xXxyyy — yyyyy, xxyzy —yyyzy | 1, 1, m, 2, 2/m, 4, 4, 4/m, 3, 3,
XXZyy — yYzyy, xxzzy — yyzyy | 6, 6, /
Voigt .
configuration » XXZZY — YYZZY, XXZXY — YYZXy all crystallographical classes
H, XXXZY — YYXZP, XXXXY — YYXXY,
- XXXXY — YYXXY, XXXYYy— YYyXyY, 1, 1, 3, 3, 32, 3m, 3m
XXYXY — YYYXY, XXYYY —YYVYY,
x Xxyyz—yyyyz, xxyzz—yyyzz, | 1,1 2, 2/m, 4, 4, 4/m, 3, 3,
XXZYZ — yyzyz, XXzzZ— yyzzz, 6, 6, 6/m
Farada - _ _
o nﬁgui',ation y XXZZZ — YYZZZ, XXIXZ— YVIXZ 1,1, m, 2, 2/m, 4, 4, 4/m, 3, 3,
H XXXZZ— YYXZZ, XXXXZ~— YYXXZ 32, 3m, 3m, 6, 6, 6/m
z
2 XXXXZ— YYXXZ, XXXYZ— YYXYZ, all crystallographical classes

XXYXZ— YYYXZ, XXYYZ—YYyyZ

TABLE VI

Situations admitting of the observation of thitd-order nonlinear magneto-optical rotation, induced by

intense laser light

Magnetic E?OP agatlol; Tensor elements y{f7{ii, relevant | Crystallographic classes admitting
field at: . 1rec."ttlon.o to the rotation effect "~ of the effect
inducing light
x Xyyyy, Xyyzy, all crystallographical classes
Xyzyy, Xyz.y
Voigt - _ _
configuration y Xyzzy, Xyzxy 1,1, 2, m, 2/m, 4, 4, 4/m, 3, 3,
H XyxXzy, Xyxxy 6, 6, 6/m, 32, 3m, 3m
y
- XYXXy, Xyxyy 1,1, 3, 3, 32, 3m, 3m
XYYXYy, Xyyyy
x Xyyyz, Xyyzz all crystallographical classes
Xyzyz, Xyzzz
Faraday .
configuration ¥ Xyzzz, Xyzxz all crystallographical classes
H, XyXzz, Xyxxz

3]

XyxXxz, Xyxyz
Xyyxz, Xyyyz

all crystallographical classes
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Here, the first term describes the usuai linear Faraday effect whereas the next term de-
scribes its nonlinear variation due to intense light. A similar result was obtained pre-
viously by the semi-macroscopic method [21, 40] for liquids where, beside the effect of
nonlinear distortion of the molecules, there occurs an effect of reorientation of the mole-
cules by the electric field of the intense light beam and the DC magnetic field concomi-
tantly.

8.2. DC electric field-induced magneto-optical phenomena

When studying magneto-optical phenomena in the presence of a DC electric field,
the change in electric permittivity tensor with regard to Egs (15), (20), (25) and (29) is:

degi(wy) = 4n{yii (w4 0)+
+Xl?]?kelm(wA9 0’ O)Ek(0)+
+ X (@4, 0, 0, 0)E(0)E;(0) + ... } H,(0). @1

On comparison with (37), the variation (41) is found to contain a new mixed term,
linear in the DC electric field, expressing a new phenomenon of optical rotation in crossed
DC electric nad DC magnetic fields [32]. From Table III, this effect can occur only in
classes without a centre of symmetry; consequently, in studying centro-symmetric classes,
the next term of the expansion (41) quadratic in E(0) has to be taken into account. Tables VII
and VIII give the feasible variants for the observation of magneto-optical effects of the
second order.

A detailed discussion of the experimental conditions for the observation of these
new nonlinear magneto-optical phenomena indicating the materials in which they can

TABLE VII

Situations admitting of the observation of second-order magneto-optical birefringence, induced by a DC
electric field

Magnetic Direction of Tensor elements P relevant Crystallographic classes admitting
field at: electric field to the birefringence effect of the effect
x XXX — YYRY 1, 2, mm2, 4, 4, 4mm, 3, 3m, 6,
6mm
Voigt
configuration y o 1, 2, 222, 4, 4, 422, 42m, 3, 32
Hy 6, 622, 23, 432, 43m, Y, K
z XXZy — yyzy 1, 3, 32, 6, 6m2
x XXXZ — YyXz 1, m, 3, 3m, 6
Faraday
configuration y XXyz — yyyz 1, m, 3, 32, 6, 6m2
H
z XXzZ — yyzz 1, 2, 222, &, 42m, 43m, 23
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TABLE VIII

Situations admitting . of the observation of second-order magneto-optical rotation, induced by. a DC
electric field

Magnetic Direction of Tensor elements x‘[’fﬁ'fd relevant | Crystallographic classes admitting
field at: electric field to the rotation effect of the effect
X S5 = — Y5y 1, 2, 222, 4, 4, 422, 42m, 3, 32,
6, 622, 23, 432, 43m, Y, K
Voigt
configuration _ 1, 2, mm2, 4, 4, 4mm, 3, 3m,
Hy y Xyyy = —yxyy 6. 6m
z Xyzy = — yxzy 1, m
x XyxXz = — yxxz 1, m
Faraday
configuration » Xyyz = — yxyz 1, m
H,
z Xyzz = — yxXzz 1,2, mm2, 4, 4mm, 3, 3m, 6, 6mm

take place will be given in a separate paper. The question is answered by calculating from
Fresnel’s equation the respective light refraction indices, as expressed by the changes in
electric permittivity tensor (37) and (41) and analogous changes in magnetic permittivity
tensor. This represents a quite highly involved problem of Nonlinear Crystallo-Magneto-
-Optics.

In concluding, it may well be worth stressing that the magneto-optical birefringence
phenomena discussed in Tables V and VII primarily hinge on the presence of spatial
dispersion. On the other hand, magneto-optical rotation of the second order (Table VIII)
can be induced in crystals without natural optical activity belonging to the classes 4 mm,
3m, 6 mm, 43 m, Y and K. Light intensity-dependent magnetc-optical rotation can occur
in all classes, as well as in isotropic bodies."
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