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SPIN WAVE THEORY OF TWO-SUBLATTICE UNIAXIAL
HEISENBERG FERRIMAGNETS WITH EXTERNAL MAGNETIC
FIELD. II. THERMODYNAMICAL PROPERTIES
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In Part I of this paper the spin-wave theory was applied to a two-sublattice uniaxial
Heisenberg ferrimagnet in an external magnetic field parallel or perpendicular to the aniso-
tropy axis. In the free-particle approximation the field-dependent reference states, ground
state energies and spin-wave energy spectra for the different magnetic phases were deter-
mined. The results obtained in Part I are employed in this paper in calculating the depend-
ence of the total and sublattice magnetizations and susceptibilities on the external magnetic
field and temperature in the long-wavelength low-temperature approximation.

1. Introduction

In the first part [1] of this paper (hereafter denoted I) a two-sublattice Néel-type
Heisenberg ferrimagnet with uniaxial nearest-neighbour exchange anisotropy and ex-
ternal magnetic field parallel or perpendicular to the anisotropy axis has been considered.
Using the spin wave formalism the field-dependent reference states (spin deviation vacua),
ground state energies and spin-wave energy spectra for the different magnetic phases
have been derived in the free-particle approximation, and the zero temperature critical
field strengths for the magnetic phase transitions have been determined. The results ob-
tained in Part I will be utilized in the present paper to calculate the total and sublattice
magnetizations, the magnetic susceptibilities and the specific heats in the different phases,
and to discuss the dependence of these quantities on the temperature as well as’ on the
external magnetic field strength. The influence of the spin-wave interactions in the lowest-
approximation of the Holstein-Primakoff mapping will be investigated in a separate

paper [2].
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2. Thermodynamical calculations

The Hamiltonian (I.9) of Part I has been brought to the diagonal form

H = Hy+A4H,+ Y (EMoy o +EP By B + .. 6))
k

where H,, AH, and the spin wave energics E; are given by Eqs (I.11), (I. 29), (I. 31) and
are functions of the angles 6;, 0,. The latter have been chosen in such a way as to mini-
mize H,, in which case the linear term H, in (I. 9) vanishes, in accordance with the
general proof given in [3].

For the Hamiltonian (1) the partition function Z has the form

7 = ¢~ B(Hot4H2) ]._.[ ¢! __e'-ﬂEk(")—l s
b
k,i

1

ﬁ=ﬁ3 i=12 ()

Hence, we have for the system’s free energy

1 1 ;
F= —Ban=H0+AH2+BZIn(1—e'”E”") 3)

k,i

and for the components of the sublattice magnetizations

1 OF
mT) = = 3 2 = ml0)=Am(T) @
where o = x, z and

m;(0) = i (Hy+4H,) %)

i 1T Vv aHiu 0 2)s

1 OE’ | &

Am(T) = m(0) —m(T) = ‘I; ﬁ {ngy, 6)

k,i "

@ 1 —nBEx® ’

{ng’y = FEO ] e . ™

n=1

The parameters Hy, represent the components of the homogeneous external magnetic
field as introduced in the Hamiltonian (1. 1).

One must remember that the derivatives in (4), (5), (6) must be taken only with re-
gard to the explicit dependence on the external magnetic field Hy, i. e., not through
the angles ;. Otherwise, one obtains erroneous formulae for the magnetization and
susceptibility as, e. g., in [4, 5].
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The temperature-dependent part of the susceptibility tensor has the form

A (t) 9 Amia(T)' (8)

and the spin specific heat is given by

e dU ©
dT
where U is the internal energy »
U =3 EXn. (10)
k,i |

In contrast to (4), (5), (6) the derivatives in (8) have to be taken also with respect to
the implicit dependencé on H,, i. e., through the angles 6;.
From Part I it follows that there are in each magnetic phase two branches of the spin
wave energy spectrum: the “acoustical”” branch £, which has a minimum for k = 0, and the
“optical” branch E; having a maximum at k = 0. Both branches are separated by an
energy gap which is at least of the order of ~ I(S, —S;). This is illustrated for the trans-
versal-field case in Table I where the spin wave energies at the crucial points y, = +1
and y, = 0 of the first Brillouin zone are given, for the zero-field and critical-field case
and for p; = p,.

TABLE 1
Ye=0 e = *1
Er =182 Ef = S [Z0e+ 1)+ VZ2(5—1)2 +42]
hy=h; =0 B =187 Ei = }Si[Z (e +1)— VZ?(—1)> + 4]
= Ef—E = IZ(SZ——SI) AE = I8, VZ?(x—1)2+4x
Eif = 18,1 +hyo) Ef =18,
chye = hycs h, =0 Ep = TS1(1+”hxc) ' Ef=0
AE = 1(S,—51) | 4E=E

Inthe limitk = 1(@. e, S; =S, ferromagnet) the energy gap vanishes and we have
a simple energy spectrum of a ferromagnetic crystal with an elementary cell correspondmg
to that of the sublattice of the ferrimagnet (x # 1). -

Because our considerations are limited to low temperatures at Wthh virtually only
acoustical magnons exist, we may in the first approximation, certainly neglect the influence
of the optical modes on the thermodynamical properties of the system. The latter will

‘play a substantial role at higher temperatures.

As the spin wave energy spectrum (I. 31) is very complicated, we must make some

approximations in simplifying it for further calculations. One possibility is to expand the
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X s . . - .
spectrum with respect to the ratio T combined with the long-wavelength approxima-

tion. The advantage of the latter approach has been demonstrated for ferromagnets in [7].
In our case the last method consists in the expansion of E;” with regard to the coefficient

K
m, which satisfies the inequality 0 << my, << T Thus, we obtain

E; =} [my+my— N (my—my)® +4m3yi] +o(m3). an

If we restrict the expansion (11) to the first term then we have v,, = 0, 4AH, = 0, and
u,, is given by Eq. (I. 36).
Expanding y, we obtain

' 1 . 1 1
Y= - M =1—— ) (ko) + — (ko)* +... 12)
z 2z 4z
3 o o

Terms with odd powers of ké vanish for lattices having inversion symmetry.
For a tetragonal lattice with lattice constants @ and b formula (12) takes the form

Y = 1=z [a® (k2 +k2) +b*K2] +... (13)

Hence, in the long-wavelength approximation the formula (11) may for a tetragonal
crystal lattice be written as follows:

E; = A+B[a*(k:+k2)+b*kZ]+... (14)
where
A = E; = L[my+m,— v (m;—my)* +4m%], (15)
2z m}
B= ——F——.
V(my—m,)* +4m3

- |4
Utilizing Eqs (3) and (14) and the standard approximation E k) — @ ff k) d3k,

T

O E

where ¥ is the volume of the crystal, we get for the free-energy the approximate low-tem-
perature formula (first approximation):

v . ,
F =H,— R BZs;,(BA)9°"* 16)

where Z,(x) =Y n~%e™™, 8 = KT|B.
- n=1

In the above calculations the following formulas have been utilized:

o]

o I'T(n+1)/2] .
jxe dx=%(n+—l)/2—; a>0,n>-1; an

0

Z®x = (=1)" Z,_,(x) where I'(z) is Buler’s gamma function.
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According to the definition (6) the temperature-dependent part of the magnetization
is given by,

Amy(T) = @nya’ {41,259 + § BB}, Z5,9°%} (18)

where Z, = Z,\BA); i =1,2; a=x,z and

04 1o Atz
) =(=—)={ " )=
aI{io: A2x3 AZZ

_ (1)2u[1—(m; —my)L] sin 0y, 1/2pu,[1—(m;—m;)L] cos 6, 19
— \1/2p,[1 +(my —m,)L] sin 0,, 1/2u,[1+(m,; —m,)L] cos 6, (19)

(B — 0B - llx, /1z~ —
i a-Hiaz B B’2x’ BIZz

= (—22'1u1(m1 —my)Pm?sin 0,, —2z~ 'u,(m, —m,)[*m3 cos 01) 20)

227 py(my —my)Pm3 sin 0,, 2z p,(my —my)Pm2 cos 0,
L = [(m;—m,)* +4m%]~ /2,

(The derivatives A;, and Bm are taken with respect only to the explicit dependence of m,

and m, on H,,.)
For the temperature-dependent part of the susceptibility we have according to (8)

Axaﬂ (4n)_3/2(a2b) 1{ —Z24; AQB-191/2+
+Z32[Aiss— 3 B71(41,By +43B1)]9°% + 1)
+ 3 Zs,2(Biss— % Bi,ByB~ )9}

where

dA dB d
A, = -, B, =TT, Am At B:o’t = Blu ’
T dH, a dH,,( o) ? 7 dH, aH, ¢

H,=H,, (22)
The spin specific heat (9) has in this approximation the form

R % _ .
= @ [Zy), " (4/B)*8 1?2 +3Z5,, - (A/B)S'* +

+ 5 28] (23)

The formulas (16, 18, 21, 23) are generally correct for a spin wave spectrum of the
form (14).
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3. Longitudinal and transversal field case

Our further discussion will be carried out according to the direction of the external
magnetic field.
I h,=0; h,>0 (longitudinal ﬁeld)

We note that in this case the first term of the expansion (11) represents the exact form
of the spin wave spectrum because my, = 0 if h, = 0.

Upon specifying for &, = 0 the coefficients m,, ..., m3 as defined by Eq. (1. 37), we
obtain for (15), (19), (20), (22) the expressions given in Appendix A.

The assumption u; = p, = p (though S # S,) leads to remarkable simplifications
of the formulas for the magnetizations and susceptibilities which in this case have the
form:

Am(T) = Amlz(T)+Am2,(T) an )3/2 ey - Z3(BA), 24
MZB—I
Ay, (T) = AYD +452 = @ )3/2 2b 1/2(514)9”2- (25)

II. h,+# 0; h, = O (transversal field)

a) h, < h,, (“scissor phase”)

If we assume h, < h,., we may restrict the expansion (11) to the first term and the
spin wave spectrum will appear in the form (14). For weak’ field strengths the formulas
(I. 22a, b), (I. 23) may be written as follows:

sin 0; = (Z+r)he(w;  sin 0y = (KZ +Dhyfw,
cosf; 2 cosf, =1 (26)

and the coefficients my, ..., m, in Eq: (I.- 15) have the form

my = IS,[Z+(Z+x) (Z + DhEW +Z+R)h[w],

my = IS4[Z +(Z +x) (kZ + Dh3w* +(KZ +Drchi/w],

ms = — 3 1(S;:S)Y*[Z(Z +x) (kZ +1)hZIw* +2],

my = 0. @7

Similarly to case I (longitudinal fied), by means of Egs (27) we can determine all
the coefficients in the formulas (18), (21), (23) for the magnetizations, susceptibilities and
specific heat, respectively. The final expressions are rather lengthy and shall not be given
here explicitly. .

" b) h, < hy, (“paramagnetic” phase)

1In this case the restriction to the first term of the expansion (11) requires the assump-

tion h, > h... The coefficients in the thermodynamical quantities (18), (21), (23) can be
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calculated by taking for my, ..., m3 the values
my = ISy(1+hy), my =1IS(1+xh), my= —%1(S;8)""*(Z+1) (28)

which follow from (I. 25) and (I 15). The results are glven in Appendix B.

c) hy = hy . » B

" As it follows from (I. 45) the accustical branch of the spin wave spectrum may be
rewritten in the form

SR AL 09
[P+(P*—0)"*]"
I_h the case hy = hy. we have
Q= (I°S18,2)(Z* =) (1—73), (30)
P = 1 P2S3[32(1 + hy)* + (1 +xhy)* + 82921, 31)
In the long-Wavelength limit Eq.“(29) may be written. as
. = Ak ‘ 32)
where
aIS,Z[AZ*—1)]"? -

2" P82 +h, )" +(1 +xch,)* +5Z2]'*

In deriving the approximate formula (32) we have assumed, for simplicity, a = b (cubic
lattice).
From (5) and (32) we obtain, after straightforward calculations,

Ami(hy) = % 9% +0(8% (34)
where
P (= 1)'my(m} —m3)—2m(m3 — m3) — 2my(m3 +m3)
- 2_4{ T [(m? = m2)? +4mZ(m, +m2)2—4mi(m1—m2)2]1/2} (35)
my =IS,(1+hy);  m, = IS;(1+xhy,),
my = — 3I(8;S)YHZ+1); my = — LI(S,S,)4Z-1). (36)

4. Concluding remarks

In this paper we have applied the linear spin wave theory of Part I in determining the
thermodynamical properties of a two-sublattice uniaxial ferrimagnet with nearest-neigh-
bour exchange interactions and external magnetic field perpendicular (transversal) or
parallel (longitudinal) to the anisotropy axis of the crystal. From our calculations it fol-
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lows that for the longitudinal as well as transversal fields whose strength (in the latter
case) is far below or above the critical value k.., the spin-wave energy spectrum is in the
long-wavelength limit a parabolic function of the length of the wave vector k. This gives
in the free energy the first term ~ T2, similar to ferromagnets. In the formula for the
magnetization, however, we have beyond the standard term ~ T *l2 also the (uncomplete)
term ~ T°7, in spite of the approximation (14). The latter term is a pure consequence
of the different sublattice spins. _

In a transversal field with strength h, = h,, the spin wave energy appears to be
linear in k. Thus, in this case the magnetization behaves like T2

In this paper we were working with a temperature-independent reference state (i. e.,
the angles ; do not depend on the temperature), which results in the fact that, in the
scissor phase the projection of the magnetization on the direction of the (transversal)
magnetic field is at constant field strength a decreasing function of the temperature,
cp. (4), (18). This result remains true in the ferromagnetic case ¥ = 1 and hence disagrees
with that obtained in [4, 5]. A closer inspection shows that the result in [4, 5] is a conse-
quence of incorrect differentiation of the free energy with regard to the magnetic field
strength (cp. our comments of Egs (4)-(6) in Section 2). Anyhow, both results disagree
with that of the molecular field theory (MFA) [8] which (for ferromagnets) predicts this
projection of the magnetization to be independent on the temperature. This problem will
be analysed more closely in a separate paper [9] on introducing a temperature-dependent
spin-wave vacuum.

The author is grateful to Professor W. J. Zigtek for reading and correcting the manu-
script.

APPENDIX A
The coefficients (15), (19), (20), (22) are as follows

1s .~
A= —21 {(z( +8) +(S+x)h,— L},
B =2z"18IS,L™'; L = {[Z(S—1)+(S—w)h}* +45}'/%. (A.1)
Atfx = B;x = 0,
e =3 {1-[2E-D+E-h]L, (A2)

he = 2 {1+[Z(S— D) +(S—1)h,JL7'}.
B, = =2z ', S[ZE- 1) +(E—1)h, L7,

Ha
B,, = — — " Bi,. A3
2 Uy ! A3)

"o —y%(S'—K)ZS 72 Ha ’"
) 2zz = T A1zz

1zz — IS2L3 Iy

I



oo 227 S —x) (452028 1) +(S-x)h.]’}
= I8,
B,Z,zz el E%Blllzz ‘
By

A, = 3 S S +x—L7' 2@~ D+E-1)h.] §-)},

b

B; = B}, +Bj,.

For p; = p, = u the above formulas take the form
IS, M, e s
A= = {Z(1+S8)+2Sh,— L},

B =2z"'8IS,L™', L = [Z*S-1)>+48]">
A =B, =0,
Ay = 3p{1-ZE-DL™, Ay = Fu{l+Z(E-)L}
AY,, =43, =B, =B).,=0; A4,=yu B, =0

B\, = —2z"'uSZ(§—-1L™3, B,, = —B,,.

APPENDIX B
The coefficients in (18), (21), (23) are as follows
A=L1IS[(S+1)+(S+x)h,—L], B = (22)"'IS(Z+1)*S,L !,
L = {[S—1+@-w)h,*+85Z +1)*}'/2.
A=Ay, =0, Ay, =1 p{1-[§-1+@-0hIL),

A,Zx = % ”2{1 + [Sl—' 1 +(§_ K)hx]L- 1}’

Bi, = —(22) 'u SZ+ ) [§—1+(S-x)h,]JL73, B, .= — [iB,,.

A =3 p {1 +i-(-D [S-1+@-0hILY, =

= |3
N

B, = — } piz"'§—x) (Z+ D[S~ 1+@-w)h,JL >,

2
" K & &, - " ~ooarr
Al = =3 7512 S-0SZ+1’L>,  Af = — [ AL,
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(A4)

(A.5)

(A.6)

(A7)
(A.8)

(A.9)

(B.1)

(B.2)
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o pj S(Z+1)*(§-x)

Sz +1)>-2[S—1+E-x)h, L3
1xx ° 22 ISZ { ( + ) [ +(S K) x]} ’

R

n 23

B2xx = T 7 Dixx
Hq

For pu, = u, = u’v we have

1] L.
2] L.
[3] L.
[41.s..
[51 E.
[6] L.

A =318, [§+1+428h,~L], B = (2)'ISZ+1)%s,L7,
L = {§-1)*+8Z+1)*}V2

Ay, = Ay =0, A, =1p{1-@E-DLY, Ay, =3 p{1+SE-DL 1,

B}, = —(22)"SZ+1)*G-1)L3, B, = —Bi,
Illxx = A’Z’xx = 'llxx = BIZIxx = 0.
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