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Exchange interactions in one-dimensional antiferromagnetic KCuF; are considered.
An expression for the anisotropic exchange contribution to the Hamiltonian is derived
on the basis of the perturbation theory and symmetry. It is shown how the phenomenological
anisotropic parameters of the model are related to the superexchange mechanisms.

1. Introduction

Recent studies [1] on KCuF; suggest the one-dimensional antiferromagnetic model
for that compound. The spins of Cu** ions along the c-axis are strongly coupled by anti-
ferromagnetic exchange, forming a linear chain, while coupling between the spins along
the g-axis and the b-axis is very weak. The intrachain isotropic interaction is found on
the basis of Bonner and Fisher’s theory [2] as J/k = —190°K, whereas the interchain
isotropic interaction J'/k is of order 1°K and positive. .

On the other hand, Ikebe and Date [3] suggested a strong 1nﬂuence of the aniso-
tropic exchange interactions on the ESR line width.

The purpose of the present paper is to discuss a microscopic model, based on per-
turbation theory and providing a description of the relevant interactions in KCuFj.

2. Microscopic model

We use the resuits of the preceding paper [4], where the third order of perturbation
theory was applied to a pair of ions in the crystal ficld with orbitally nondegenerate ground
levels. The wave functions of the individual ions 4 and B are:

TAtAairm(q/i); TBtBa,I‘jv(‘IB) (1)
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where 7, determines the type of the jon and its nearest environment (i.e. the electronic
configuration and ligand-field group G), I'(I';) are irreducible representations of the
point group G,(Gg), u(v) labels the row of the representation, « is a supplementary quan-
tum number and g—the spatial and spin coordinates of the ion. For the ground level we
use the notation g, and for excited levels n, n’ ...

We take as perturbation the Hamiltonian containing [5] the spin-orbit coupling
terms for the two ions 4 and ‘B and the exchange interaction term between them:

%, = }'AiA ‘ §A+AB%‘B ‘ 3:3—
=2{ Z Ji(nng; niyng)|n ng) <"AnB|} (SA SB) 2

nAnA
ng,n’'B

The index “k” in J indicates to which ion pair AB the microscopic exchange integral
refers.
The second order of perturbation theory glves the terms responsible for s1ngle-1on

anisotropy, the Dzialoshynski- Morlya term D - (S ' X SB) and biquadratic term ](S A SB)2
For the case of spin Su = SB = } the first term reduces to a constant, while the third

term is proportional to (S " SB)' The second term vanishes when the point group of the
pair contains the spatial inversion operator.
The terms arising from the third order of perturbation theory can be divided into

two parts:
Ao+ | ©)
Hy 28 represents those terms whlch for the case S, = Sy = %, either reduce to a constant
(or zero) or are proportional to (SA SB) as is the case for the triple term ](SA SB)
#3) consists of the terms responsible for the anisotropic exchange interactions; for
arbitrary spins, it is of the following form:
#E) =S, 0" 8454 Sp)+{A-B}+
+8, Q'S4 Sa) - §A+{A - B} +
+(Sq - Sp)S4 Q- Sy+{4 - B}+
+84 A+ 8,84 Sp)+(Sa SSa - A - Sy+{d > B}. )
The explicit forms of the tensors are:
z % iy
= — Ml e T s
Q AE,,AAE,,/A{ gn'—nn’ ( 48B gAgB)}

nan 4
(#9g4)

! 2A. ’ T
Q” = — Z AE, AAE { J(nAgB; nAgB)L#’y}

nan’a
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{J (gAgB_; n:igB)znA;nZ)‘lig}

’ 2
¢ _ A
2 - : : AE,,AAE‘,,»A
nan 4 )
’ 2
A=1J ; 4 paga 5
. (gAgB} gAgB)v (AE )2{ gnt-ng . ()
» L y "
where |
E:n’ . <nA]I-:Ain:4>
dE,, = E,,A—EHA. 6)

3. Application of the model to KCuF,

A. Crystal field
The two crystal structure types were established [6] for KCuF; as (@) and (d) (see
Fig. 1). In both, the local point group of the ligand-field for a Cu*+ ion is D;y,. The appro-
priate energy levels scheme is shown in Fig. 2. I\, and I}, are irreducible representations
(d)

(a)
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Dy,  The wave functions

Dy
Fig. 2. Energy level scheme for a Cu** ion in a’ crystal field of symmetry Dy,

Fig. 1. Crystal structure of KCuF; and the charge distribution of electronic holes on the Cut+ions after [1]
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of the orthorhombic (index r) and tetragonal (¢) point groups. Here 7, = #3 and all I'}}’s
are one-dimensional representations. The energy separations after [1] are:

AE, = 9.100 cm™!

AE; = 10.400 cm—

AE, = 12.000 cm™*
and AE, is of order 103 cm=! [7].

Knowing the wave functions, we can easily calculate the matrix elements of the angular

momentum operator L;, i.e. the vectors Lf,,,,.

B. Symmetry considerations

The point group Gy of a crystal field acting on a pair k of two Cu*+ ions is the inter-
section D, N G,, where G, is the local point group of the midpoint on the line joining
the pair. Then a local z-axis of the system of two ions is chosen along the line joining the
ions. .

We obtain the following point groups for the two neighbouring ions in (d) type struc-
ture: D, 0 Dy, = D,, for ions along the c-axis;. and D, 0 C,, = C,, for ions along
the g-axis; whereas in (a) type structure both G’s are C,,.

The term V., = ——2Je,‘ff.§Al -§B in Eq. (2) has to transform according to the regular
symmetric representation I'y of the group Gy. For the zero-order wave functions of a system
consisting of two ions, we can choose those antisymmetrized linear combinations of the
wave functions (1) of the unperturbed Hamiltonian which transform according to the
irreducible representations of the group Gy.

Hence, an arbitrary state of a pair |nyng) from the basis defined above has to trans-
form like the tensor product of the irreducible representations corresponding to the indi-
vidual states |ns> and |np):

Iy @y, = (D*QDHR(I,, @I, )

The product representation (I’,f:1 X I",fIB) is reducible and we have to decompose it into

the irreducible representations I'; of the group G, as desired:
(D°®DY® Y. al’. ®)

Using the relations for the characters of the reducible product representations {r;- ri}

np>
[8], we derive the following rules for the various states of the pair:

State Reducible product representation Irreducible representation

[nang> B T Gy = D2 | Gx = C2»
for ng = ng=-1a, 1b, 2, 3, 4 ry Iy

|nang> (Taby Ty +{Thy, Tot} rF 2I',
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for

ny ng p is

la 1b 1

la 2 2a

la -3 -3a 9
la: 4 4a

2 2 4

2 4 3.

3 4 2.

The matrix elements {n4np|V,,|n ng > are non-zero only if the direct product I, ® I'y ®
® I, contains, on decomposition, the representation ry. Here, I', and I, are representa-
tions according to which the “bra” and “ket” transform respectlvely We thus have the
general condition: TI'; = F,, and for the two spemal cases:

1% (ugalVuliags #0 05 =T, (10g)
since the I'*’s here are one-dimensional, the condition (10a) reduces to:
ng =iy; - (10b)
2°. (nugplVixlgagsd = O for all n, except
n, =gy, for Gk=D2,’,‘» 7
ni = g4 or b for Gy=Cy,. - (10c)

From the above and Eq. (5), we see there exist the following relevant exchange inte-
grals: for both Gy’s : J(00; 00); J(20 20) J(30 30) J(40; 40) and, additionally, for
G, = C,, J(10;00) = J(00; O1). :

Finally, we obtain the components of the tensors as:

0t = 8,12J,,(10;00) , (1-;1,)
Jij = AE,, Yij
where the following coefficients y;; are non-zero:
(c+ /3¢ (/3 =¢)
Vix = AE4
. (c— /3N (e /3 +¢)
yyy - AE3
ccl -
-4 11
Yoz 4E, (11a)
Q=0 N Y)

Q?j = "812/31'] : (13)
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where the following f’s are non-zero:

A\ 2
Bre = J,(40; 40)(M)

AE,
Byy -— J(30; 30) <—i3ﬁi>2
B.. = J(20; 20) (ﬁ;)z | (13a)
Ay = 41°B;; e

where the coefficients ' correspond to f with all J(n0; n0) changed to J(00; 00).
A detailed discussion of the terms included to the part # of the Hamiltonian (3)
with regard to the symmetry considerations is to be found in [4].

C. Reduction of #$) for Sy =85 =1
We have shown [4] that by applying the formulas:
88,8 =% {5ij§l+5jl§i_5il$j}+ 3 i (15)
one obtains from Eq. (4): | N
AG=Tr[30+ 30 +4- 101 Gu S0+
+8 l Z l}l(Ql]+QlJ Qu+2Au) (Sl +Sl)+

i,J;l

+%Z;,S§4(Qil+Qli)Sz, R (16)

irrespective of the concrete form of the tensors Q% Q°, Q° and A. The tensors 'Q"z and Q°
exist only for G, = C,,, whereas Q” and A exist for both G;’s. But since they are diagonal,
the second term in Eq. (16) has to vanish. completely—~As the expression under ‘“‘trace”
is a scalar, the first term contributes only to the isotropic part of the Hamiltonian. Finally,
the anisotropic exchange contribution to the . Hamiltonian has the following form for
both cases Gy = D,;, and C,,:

AT = kaSASB+JkySASB+ J; 8488 amn

and
Ju=0%. (18)

D. Remarks on superexchange theory ..

Let us refer the index k = 1 to a pair along the c-axis and k = 2 to a pair along
the a-axis in any of the two types of KCuFj; structure. The two pairs k = 1 and k =
are not equivalent because of the different charge:distribution of the two Cut* ions and
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the intervening fluorine ion (see Fig. 1). Our Ji(nung; nyng) can be interpreted from the
viewpoint of superexchange theory [9]as J;~“~° — the 180° cation-anion-cation exchange
interaction integrals. To each J;, the followmg three mechanisms contribute: a) electro-
static exchange between the two 3d" ions, of necessarily positive value and usually very
small, b) correlation superexchange D, c) delocalization E. Goodenough predicted (Table
XII of [9]) two possibilites: 1° — D, E are negative or 2° — D, E are none. It seems rea-
sonable to assume that the ease 1° occurs for a pair kK = 1, and the case 2° for a pair
k=2

Using the values for AE given in the text, for ¢ = 0.578, ¢/ = 0.816 [7], for A =
= —935cm?, the theoretical value for free Cu'™ ion [10] and taking the spin-orbit
reduction factor for the ion in the crystal environment as 0.75 [7], we estimate the following
orders of values for the integrals of Eq. (18):

Ji. ~ —1071J,(40; 40)
Jiy & —1072J,(30; 30)
Ji, ~ —1073J,(20; 20). (19)

4. Comparison with the purely phenomenological approach
Kurzyniski [11] obtained, by group theory, general formulas for the bilinear spin
Hamiltonian allowed by the symmetry of an ion pair. For the case S = { and G, = Dy,
or C,,, Kurzynski derives the following two terms: .
Hy = By($2$7-8/S)). (20)
By transforming our Eq. (17) to the form (20), we obtain a reduction of the number of
effective parameters to two:
BIIcO o —;— Jllcz
Bis = — 3 (Jy—Ji)- (21)

The part H, in (20) is precisely what is called the “pseudodipolar” term resembling the
form historically proposed by Van-Vleck.

5. Conclusion

We have discussed the problem of anisotropic exchange interactions between two
Cut*ions in KCuFj. Starting from a model based on perturbation theory and on perfor-
ming a group theoretical analysis, we derive an expression for the anisotropic exchange
contribution to the spin Hamiltonian. Our phenomenological parameters are related with
superexchange mechanisms. However, the question of the strength of the superexchange
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integrals Jy(n0; 70).in KCuFj still remains open. The inclusion of 5, into the total
Hamiltonian of the antiferromagnetic chain of spins will permit further investigation of
the magnetic properties of KCuF;.

The author wishes to thank Docent Dr L. Kowalewski for his numerous, stimulating
discussions ‘and for critically reading the manuscript. The author . is also- indebted to
Dr T. Lulek for his helpful comments. ,
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