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The small representations for all the double space groups of the class Dg, and the
degeneracy of representations due to the Time-Reversal symmetry are given.

In this paper we present the representations of the double space groups belonging
to the class Dg,. Representations of all the space groups can be found in the book by Ko-
valyov [1] but in the first edition there are many errors.

Examples of substances crystallizing in structures of symmetries D * are given in

" Table 1. The last investigated group, D{,, is the symmetry group of the close-packed

TABLE I
Examples of structure types for the space groups Dy,
- — e _

Symbol of space group .
Chemical 1 Page in Landolt-
ot Hermann- Name | hemical symbo Bérnstein [11]
Schontlies Mauguin | ‘ |

D, | P6/mmm CoSn - 31
D, [ P6/mee beryl Be,Al,Sig0gs | 75
Dt | P6ylmem tysonite LaF, 45
D%, P6,/mmc magnesium Mg 17
| graphite C | 19

hexagonal structures. The group D&, was also investigated in [2, 3, 4];. we consider this
group in our paper for completeness.
The space groups of the class D, have hexagonal lattice I'y. The three basic primitive
translations are
a av3
a1=(a30’0)a a, = __’_—-"0 > d3=(0,0,6)
272
* Address: Zaklad Fizyki Teoretycznej, Instytut Fizyki PAN, Warszawa, Lotnikéw 32/40, Poland.
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(in the Cartesian coordinate system — Fig. 1). The basic vectors of the reciprocal lattice
are ' )

4n (J3 1 4 2n
by = —==>,2,0), b,=—=(0,1,0), b;="(0,0,1).
! aJS(Z 2 ) - a\/3( b b= 20,00
The Brillouin zone for our groups is given in Fig. 2. The point group of our groups, D,
has its elements listed in Table IL. In the second column of Table II we give in terms of the
hexagonal coordinates ([S], p. 7) the position vectors [Q] produced by the operation of
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Fig. 1. Projection into the x.y, plane of the central unit cells for the space groups of the class Dgy. xp, v —

hexagonal coordinate system, x,, y. — Cartesian coordinate system. The axes zy and 2, are perpendicular
to the plane of Figure

Fig.' 2. The (first) Brillouin zone for the space groups of the class Dgy

a given group element upon the initial general position vector (x, y, z). Table II contains
also the matrices corresponding to the elements of Dg, in configuration space (in the
Cartesian system) and in spin space as well as the simplest fractional translations associated
with the point operations in the space groups Dg; *([5], p. 298-304). To obtain the spinor
matrices we have used the formulae given in [7]. We assume the convention that the sign
4 at the spinor matrices defines the “unbarred” eleménts of the double group Dy,
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TABLE II
Point group and fractional translations for the space groups D&
= ——
The point | Hexagonal coordinates g 2
group . of the equivalent Matrix in Cartesian system b = Spinor matrices
element general positions & g
1 0 0
s 9 2) [o 1 q] 0 @ [1 0]
0 0 1 0 1
1 '\/2_’; 0 -
2 - 2
C X—y, X, 3 ’
i S (VST 0 7 * [w 0*]
2 2 0 w
0 0 1
1 3 -
_l, v,
2 2
O x=y,2) 3 0 + o2 2
Cs y X—Y, Z ﬁ _ _1_ 0 Tio (w?)*
2 2
0 0 1 J
-1 0 0
C, . v ,
2 .7, 2) [ 0 -1 0] - + [:) 0.]
0 0 1 ¢
-1 3 .
o b SEk
2 2 _
Ca_‘ (y—x, Ea Z) ! '\/3 1 0 + (wZ)* 0
' 7 "7 0 R e
. 0 0 1
- 1 /3
v
2 2
C;l ,(y:y_xs z) '\/5 1 Ty . =5 w* 0
- — = 0 =10 w
22
S ] 0 1
R 1 0 0 .
Cgi) (x—yx Y, Z) [ 0 -1 0] T, + [9 l]
0 0o -1 g 0
1 3
_Love
2_ 2 0 .
ng) ()’, Xy E) '\/3 1 Ta + [ @ ]
- — 0 i et ] 0
2 2 : :
0 0 —1
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Table II (continued)

The point: Hexagonal coordinates

| Fractional
i translation

- group of the equivalent Matrix in Cartesian system
element: i general positions
|
T_l V3T
-9 2
co® &, y—x,72) V3 L
2 2
L 0 0 -1
-1 35| &
1. ¥
f 2 2
- (x, x—,2) 73 1 o
2 2
-0 0 - 14
L]
; -1 0
e »=x,%7) [ 0y 17,0
0 0 —1.
1 3
LI
2 2
c® G, %2 Vi1,
.2 2
, 0 0 —1
i 0 o
1 *,,2) [ 0o -1 ]
.0 0 -1
- 1 Y
SR E N
2 2
s;1 y—x,%,72) 23 s .
2 2
L 0 0 -1
A 3
i L ¥
2 2
Sgt 0, y=%,72) vioo1o o
2 2
L0 0 —1J
1 0 0
Oh (x, y9E) [0 1 O:I
0 0 -1

T3

73

T3

T

71

Spinor matrices

!
I~
g
N
*
1
o e
[3)
I

-
S =
-
L

H+

w? 0
0 (w)*
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Table II (continued)

The point
group
element

Se

0y

Tz

Hexagonal coordinates
of the equivalent "
general positions

Matrix in Cartesian system

Fractional
| translation

»

Spinor matrices

(x—y,%,2)

G, XY E)

—x,52)

,x,2)

(x,x~y,2)

(«E:‘ y—x, Z)

(x~3,7,2)

O, x, 2)

QvN[§|N|»—-

s

|§I N‘)—n

O =
QN

i
—

|
!

$1 © N = Nl

o N~ Nl§i CRMIE Nl§,
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gl
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TABLE III
Point wave vector groups for the space groups of the class Dgy
Point k P, Elements of &},
’ &, Cél), I, cél) I= g,
I | 00,0 Co, CCH =0, CI=571, GCwI=d,
@ CG=C, CCOH=cO, ciU=s7, GcPI=73,
0, 0,7 Dgj, Cd = C,, cgcg) =‘C;(2), Ci = ay, C§C§1)I = a;,
G=CL e =cp),  CiU=5,, CiC = oy,
| CG=CY G =cl), CiI=8, CicI = o
|
K i 0,0 |
%" "Y' &, (Ss_]')3 =_0'h_, Cgl), _ (Ss'—l)chl) = 02"
i £l Dy, . | Ss—l, (Ss—l)4 =_Ca—1’ S;ng) = o-{_,_-_(S;l)“CQ):Cz(s),
H v 0,—‘—:- (53_1)2=Cs, (Ss—1)§ =5, (S;I)ZCQ) — Cga)’ (Ss—1?5c £1) =0,
( n n ) |
M —s——,0
v o | & €W, L o1 = o,
g h ’ = ' y —
L | il B 712_ ,—7-z— : Co, Czcz(l) = 02(3)’ Col = o, CZC?(I)I =%
(\2 4/3a’ ¢
&, C = Gy o5 0,Cs = o[,
A (0, 09 k) CGD CG’ C: = E_S—_l’ GICG 4 E;’ “1C§ = 0‘2’
Ci=GC; C3=C7Y, 0Ct =05 0C=o0;
A , e, Cs, 6/Cy = o,
P_ _',0, k) ) C3p ’ —1 /1 l8
| <3a % G=GY ogG=g9
T *%,0,0) 0
(1 g, = 7,
S (k, 0, 'Zz—) sz 8’ C2 )’ Gh’ C3 )Uh Z
(4
z s = 1
\/3 sz €, C;(l)) Ops C;(l)gh = 03
& k 7 '
R e
< V3 > | |
4 k )
T —— —,k%,0
3a '\/3 (3) (3)g, = o
| [4m k& A, Cov % G s €300 = o
S' = sk, —
l a '\/ 3 ¢
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Table III (continued)

Point k P Elements of 2,
‘ 7T 7 k ,
& @ V3’ Caw e Ce 5 Cy03 = 0y
— . -
o *k, k', 0)
| gt .
ﬁ k’ kls —C— Cs £, - Op
7 *,0,K) o .
k
0 k’ = kl ) Cs &, O3
| V3
| [4n k K i
& | 3a '\/:9,- bup I Cs &, O'1

Our method of finding the representations of the space groups is based on the ab-
stract definitions of the double group G* of wave vector k and was described in [8, 9]. An
abstract definition of the group Dgy, adapted for the double group Dgy, is given in terms
of the generators Cs, CS9, I (see Table II) by the relations .

Cé=5 (CCY2=35
(C(zl))z == é, IC6 = CGI,
=g ICY =cPr

These relations can be obtained from the relations given in [12] using the explicit
form of ‘the spinor matrices (Tab. II) for the generators of the double point group.

The symmetry points, lines and planes of the Brillouin zone for our space groups are
listed in Table III. The occurring point wave vector groups &* are presented, the elements
of the groups being expressed in terms of the generators of the groups. The relations giving
elements of the point wave vector groups through generators are adapted there for the
corresponding double groups.

The four-dimensional representations at the point A of the Brillouin zone, appearing
for two space groups, have been obtained by multiplying one of the two-dimensional
representations at k = k, by some representation at k = k [10].

The small representations occurring for the double space groups D} *arelisted in Tables

1-23. Table 1V indicates Wthh among Tables 1-23 corresponds ‘to the particular group
G* for a given group Dg; * . We exhibit in our Tables only the matrices of the irreducible
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unitary representations for generators {B|z(B)} of the wave vector groups G*; here z(f)
is the simplest fractional translation associated with f§in the group and is given in Table II.
Below the Tables the Time-Reversal degeneracy is described, no comments meaning no
T-R degeneracy. ' i

TABLE IV
Tables of the irreducible representations for the space groups Diz*

' 4 K HMVL A P T § Z RT S U a« B y &€&

Dy 1 1 58 52 7 7 11 12 13¢ 132 [5¢ 152 172 17« 19 20e 202 21 22 23
Diy 1 20 5% 62 7 8 11 12 132 142 159 162 17« 182 19 - 202 20e 21 22 23
Diy 1 3 5 52 7 9 11 12 13213% 154 162 17« 17% 19 202 20% 21 22 23
Dy 1 4 52 6v 7 10 11 12, 132 140 15 15% 172 18> 19 20% 20 21 22 23

1 The planes &, f, y, 6 and & are determined by the following pairs of lines T—Z‘, S—R, T—A,
X—A and P—U, respectively.

TABLE 1
{Cl}* fcy {1}
> 1 1 +1
3, 4 1 -1 +1
{ -1 1 y +1
7, 8 —1 i LT +1
| - e » &
| =
1 3
1. V3 1 o 1 0
9, 10 2 2 +
Vs 1 0 ~1 0 1
2 2 | | ! |
o - |— -3
1 3
_1 1/2_ 1 0 1 o
11,12 Ao "
3 1
A0 o 0 —1 e
2 2 : ¥ L a
i 6] 0 1] 1 0]
=+
13, 14 oo 2 | _1 o] * o 1]
T o 0] " 0 1] 1 0]
15, 16 +§
| 0 o* | L -1 0] L0 1]
—w 0] L 5 ; 1 0]
: +
17, 18 | 0 o] | i g | o 1

* In some Tables we omit for simplicity the simplest fractional translation associated with the
rotational part of the given generator.
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TABLE 2
{Csl0} {CWz} {110}
1 S5 = _
1 0 0 1] 1 0]
N . _
o : Lo 1 | 1 0] | 0 —1]]
w> 0 | 0 q "1 0]
3,4 +
0 (0H* ] | 1 O | 0 —1]
; w* 0 | 0 1] "1 0]
- +
51 \ 0 (w)* | 1 0] Lo —1]
»w 0 0 1] "1 0]
_|_
.8 | 0 o* | -1 0] Lo —1]
T 0w 0] - 0 1] "1 0]
b Jr— N N i
2o | 0 o] [ -1 0 | 0 —1]
2 i 0] - 0 1] "1 0]
3 : +
11, 12 | 0 —i] | -1 0] Lo —-1]
The Time-Reversal degeneracy: 3-4, 5-6, 7-8, 9-10, 11-12.
) TABLE 3
{Cel} O {1/0}
o 1 0 1 1 0
1,2 . , +
-1 0 1 0 0 -1
= . 3 - . £
0 — o-—‘—/~ 0 1 0 O 1 0 0 O
2 2
1 W3
—— 0 1/- 0 1 0 ¢ 0 0--1 0 ©
2 2
3 L
1
0 Vi, L 0 0 0-1 0 0 1 0
) 2
3 1
- ﬁ 0—-— 0 0 0-1 0 0 0 0—1
[ | 0 i 1 0
4,5 . +
1 0 i o} B S|
0 0 o O 0 0 0-1 1 0 0 0
5 0 0 0 o* 0 0 1 0 0 1 0 O
—w 0 00 0-=1 0 0 0 0-1 0
0 —0* 0 0 1 0 0 o 0o 0 0-1

The T-R degeneracy: 4-5



TABLE 4
{Gsl7} {clo} {10}
1,2 ‘ 0 1 r o 1 0
+
‘ -1 0 0 —1 0 -1
i 1 | va K 1 ]
0 — v 1 0 0 0
5 5 1 0 0 0
Vi o1 ,
0 Y n= -1
0 ——|n; 0 0 o0 01 0 0
3 N
] v 0 0 0 0-1 0 0 0-1 0
) %) ’ ‘
31
V31, 0 0 0 0 1 0 0 0-—1
S 2 2 - - — — o
| 3
o 1 i 0 1 0
4+
43 1 0 “lo i (=]
0 0 w 0 0-1 0 0 1 0 0 0
0 0 0 o* 0 0 0 01 0 0
6 —» 0 0 0 0 0 0 1 0 0-1 0
0—w* 0 0 0 0-1 0 0 0 0-—1
The T-R degeneracy: 4-5.
TABLE 5
{871 AP
12 1 +1
3,4 . I +1
1 ¥ 10
56 + 2 2
’ “lvi oo
Ve sl 0 -1
D 2
' i 0 0 1
4 _ 0 —i -1 0
w 0 0 1 ] :
+
S 10 o+ -1 0

The T-R degeneracy: 1-4, 2-3, 5-6, 7-7, 8-9. *



TABLE 6
{5 {cl
1 0 0 -1
! 0 —1] 1 0
? 0 0 1
+
2.3 10 —(0¥)* 1 o
s i +i
b =l +7
) 0 0 1
+
o 10 —w* 10
~a) The T-R degeneracy: 2-3, 4-6, 5-7, 8-9,
b) The T-R degeneracy: 4-5, 6-7.
TABLE 7
{Cl} {cOp {110}
1, 2 1 1 +1
3,4 1 —1 +1
5 6 -1 1 +1
7, 8 -1 -1
) 01 i 0 1 0
9, 10 +
-1 0 0 —i 0 1

TABLE 8

| culoy opr - uw

[0 o]

TABLE 9

cP} {rlo}
e [ -]
1, 2 . +
-1 0 0 -1 0o -1
[ ) [o 7]
*
1 0 0 i

The T—R degeneracy: 3-4

3,4




TABLE 10
{Cyl} {C®) {0}
01 0 1 1 0
1, 2
1 0 1 0 *lo -1
3, 4 01 + 0 i 1 0
10 i 0 0 -1
The T-R degeneracy: 3-4
TABLE 11
{Cs!} {Gll}
, L ' % +8s
5 | _Cl_ icz
| l g L § B
? _\L 1 0
5,6 e 2 s [
g v 1 t :
V3o 0 -1
l 2 2 | i
i 0 [ 0 1]
7
0 —i b | -1 o] 2
w 0 0 17
8,9 +
0 o | -1 0] i
{y =exp tkr;, L, = exp ikr,
TABLE 12
{C,10} {Uil}
1,2 1 +¢
3 = (&
. Vi1 0 —1
2 2 | |
o -1 +if
w? 0 - 0 1
6 0 (w?)* _——1 O_C
£ = exp ikr,

The T-R degeneracy: 4-5



TABLE 13
etl)} {onl}
1,2 1 +1
3,4 —1 +1
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TABLE 14

{cn

S T

{onl}

b

i 0 01 i +i
5 0 —i —1 0 . —i +i
a) No T-R degeneracy a) The T-R degeneracy: 2-3, 4-5
b) The T-R degeneracy: 1-4, 2-3, 5-5 b) The T-R degeneracy: 2-4, 3-5.
TABLE 15 TABLE 16
{c o) {onl} {0 {onl}.
1 1 +1 0 1 1 0
1 .
3,4 -1 +1 1 0 0 —1
i 0 0 1 2,3 i +i
5 . .
0 —i -1 0 s —i 4
a) No T-R degeneracy a) The T-R degeneracy: 2-3, 4-5
b) The T-R degeneracy: 1-4, 2-3, 5-5 b) The T-R degeneracy: 2-4, 3-5
TABLE 17 TABLE 18
{cP) {onl} {c {oul}
1, 2 1 +1 01 1 0
' 1
3,4 -1 +1 10 0 -1
s i 0 0 1 2,3 i *i
0 —i -1 0 4, 5 —i +1i

a) No T-R degeneracy
b) The T-R degeneracy: 1-4, 2-3, 5-5

a) The T-R degeneracy: 2-3, 4-5
b) The T-R degeneracy: 2-4, 3-5
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TABLE 19
{Col} {o3]}
1; C1' iC2
35 _Cl i‘,;z
0 1 i 0
5
“1 ol o i)™
£, =exp ikry, &, = exp ikr,
TABLE 20 TABLE 21
{onl} l {o,1}
1, 2 +1 1, 2 +{
3,4 +i 3, 4 +it
a) The T-R degeneracy: 3-4 ¢ = exp ikty
b) The T-R degeneracy: 1-2, 3-3,4-4 The T-R degeneracy: 3-4
TABLE 22 TABLE 23
{o3]} {O'il}
1, 2 + 1, 2 +¢
3, 4 +iC 3,4 +if

¢ = exp ikt,

¢ = exp ikt
The T-R degeneracy: 3-4

The T-R degeneracy: 3-4

The authors would like to thank Professor M. Suffczyfiski for suggesting the problem
for his interest in this work, critical remarks and encouragement.
In the Tables we use the following abbreviations:

. — J0 for piZ = {0 for Dg'
17 Ye for D 2T |z for D’

0 for D};2 ie
= , ={0,0,-}), o = exp(in/6).
4 {1 for D" " 2 2GR

6h
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