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NUCLEAR MAGNETIC RELAXATION IN ROTATING FRAME
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The relaxation times Ty, and T, in the rotating frame are calculated in a weak-collision
case. The dipolar, quadrupolar, spin-rotational, and scalar interactions are taken into account.

1. Introduction

The problem of nuclear magnetic relaxation in a rotating frame has been considered
in several papers (Redfield 1955, Provotorov 1961, Ailion and Slichter 1964, 1965, Jones
1966, Look and Lowe 1966, Strange and Morgan 1970, Mansfield 1971). Redfield showed
that when a spin system is subjected to an intense radiofrequency magnetic field H, the
steady-state nuclear magnetization will be parallel to the effective field H, in the rotating
frame. This effect is called rotary saturation. The approach of longitudinal magnetization
(along H,) in the rotating frame to the steady-state value is characterized by the spin-
-lattice relaxation time in the rotating frame T;, Using the same nomenclature, the trans-
verse or spin-spin relaxation time in the rotating frame is designated T,

In the previous papers the problem of spin-lattice relaxation in the rotating frame
was treated employing a strong-collision approach (Ailion and Slichter 1964, 1965) and
a weak-collision approach (Jones 1966). The last approach is valid if the motional correla-
tion time 7, is much smaller than the spin-spin relaxation time in a rigid lattice.

The purpose of this paper is to calculate T, and T, in the weak-collision case in the
presence of different types of random interactions.

2. Theory

Consider a system of identical nuclear spins I; in the presence of an external magnetic
field H, along z axis and radio-frequency field 2H, cos wr along x axis of the laboratory
frame. The oscillating field can be decomposed to two components rotating in the opposite
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senses in the xy plane. Only one of two rotating components is effective in inducing transi-
tions between Zeeman levels of nuclear spins. The other component, which rotates in
reverse sense to the precession of nuclear spins in the magnetic field Hy, can been neglected
unless Hj is comparable to H, (Abragam 1961). The total spin Hamiltonian in the laboratory
frame may be written in the form:

H = WGy+ Gy +G(1)) )
Go = —viHl, @
G, = —v;H, e—iwtlzlxeiwtlz 3)
1
G@t) = =Z—1 (=" A F (D O]
Iz = Z Izi (5)

where y, is the giromagnetic ratio, Gop and G, are Zeeman interactions of nuclear spins
with the static field H, and radiofrequency field H, respectlvely, and G(t) is a random
interaction. This last can be presented as a scalar product of irreducible spherical tensors
A, and F,,, dependent on spin coordinates and random (e.g. spatial) coordinates respec-
tively. The spin dependent tensors A, called tensor operators, are considered in
the Appendix. The time dependent tensors Fy,(t) are treated as orthogonal and stationary
random functions.

Generally, instead of a single random interaction one should take into account the
sum of all possible random interactions. However, one can consider each of them
separately provided that the time correlations between different random interactions
are negligible. In this case the total relaxation rate (inverse of relaxation time) will be the
sum of the rates following from the respective random interactions.

To calculate the relaxation times in the rotating frame one has to know the appropriate
spin Hamiltonian. For this purpose it is necessary to transform the spin Hamlltonlan 1))
expressed in the laboratory frame, into a double rotating tilted frame (DRTF), in which
the Zeeman terms G, and G, disappear and random interaction gives the only non-vanishing
term Gy(r) of the spin Hamiltonian. “

According to the transformation properties of the tensor operators under rotation
(Eq. (A.7)), the spin Hamiltonian G,(#) in DRTF may be presented in the form:

G(t) = 0x'G()0x = ¥, (—=1)"Dppl@, B, ) Aim Frn8)- (©)

The Euler angles a, f,y for this transformation may be written in the form:

o = @ = wut

@y
COO—(D

Y= @t N

B = arctg<
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with
wo = v Hy
Wy = y,H,
0, = 3H, = V(@ —0) + @®)

where w, and w, are Larmor precession angular frequencies of nuclear spins in the labora-
tory and rotating frame respectively, and B is the angle between direction of the field
H, and H,.

The time dependence of the expectation value {(Q) (¢) of an operator Q = (I,, )
can be calculated on the basis of the theory of density operator ¢, which gives

| (0> (1) = <Qo(1)). ©

Starting from the quantum mechanical equation of motion of density operator in.
DRTF

do

= = —ilG(0, ] (10

and using the method of successive approximations up to the second order (Abragam
1961), one can get :

d
K (BB (s
BOY =} | A6, [Ge—v. OTds (12)

where (B(Q)), is the statistical average of B(Q) at the thermal equilibrium.
If {B(Q)) is the linear function of {Q) then one can calculate the relaxation times
T1, and Ty, in the rotating frame from the following equations:

1 <BIL)

T, <L) 13y
1 <BU,)

T, I e

The explicit form of (B(Q)> may be obtained by applying Egs (6)-(7), (12), and
(A8)~(A10). Taking into account only the secular part of (B(Q)>, one gets

B =3 X <Fu|*> (@0.(8)*

X [ Atws [Asmes QIDi(madg+m'e,) (15»
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where j(w) is the reduced spectral density

T P OFAD)
jlw) = J <|Flm|2> e“tdr. (16)

Under the assumption that the correlation function {F,,(0) F ,’fn(‘c)> obeys the rela-

tion
* Sl
<Flm(0)Flm(T)> = <|Flm| >€ Te (17)
one can get
(o=t 18
W) = ——
d 1+co21:i (18)
where
n1 | j(w)do = 1. (19)
0

In the detailed calculation of the relaxation rate in the rotating frame presented
below we consider separately the relaxation contributions produced by different inter-
actions. In the first approximation we neglect the interference of different types of inter-
actions (Blicharski 1969). The interference effect in nuclear magnetic relaxation in the
rotating frame will be considered elsewhere.

3. Dipolar relaxation

We consider a system of two identical and equivalent nuclei of spin I. The Hamil-
tonian of dipolar interaction between these nuclei can be written in the form

Gt).= ¥ (=D"Aanlli L)F2-n(l) (20)
with '
Fau(t) = —2hyir™>Co,(0(9), ¢(1)) ' (1)

where 0(¢) and ¢(z) are the time dependent angles defining the orientation of internuclear
vector F = ry, joining the two nuclei, with respect to the laboratory frame.

To calculate the dipolar contributions to the relaxation rate in the rotating frame
from the Eqs (13)~(15) and Eqs (20)~(21) we have to find the average values <|C,m|2> and
A4 (4, Q1. In the calculation we assume isotropic molecular reorientations. Under
the last assumption one finds

1
2 - e — .
Cuf®> = Tl (22)
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From the commutation relations for the tensor operators- 4, (I;1,) it follows that

: -1 :
1
[Azm [y, 11T = s DICSmIUROKIED: (24)
Finally from Egs. (13)~(15) and (21)~(24) one finds the general expression for T,
and Tp,:
2 4 -6
i I+ 1)h Z A2B)
GO
x m'2j(mwy,+m'o,) (25)
2 4 -6
A Z T
T,
x(m'+2) 3—m)j(mo,+m'w,). (26)

Introducing Eqs (18), (A.10), and Table II into Eq. (25) one gets a formula for T,
identical with that presented by Jones (1966), whereas Eq. (26) leads to the following
expressions for T,,

.

1 II+Dh*y* 53 15
— = ~(3cos® -1’1+ — sin? 28— +
T, s |aBeos Bt 5 e
3 ; 9 | T,
+osintp + = sin’® 28 5 +

4 1+4w%: 4 1+ wit?

3 2 3 g T
+35 (cos 3 cos f) & 55 +5{sin A sin lf 5 +
2 2) 1+ (wo+w,)?t? 2 1+ (00— w,) 12

4B Te B T,
. +2sin? feos*t +2sm sin® = 5 +
P 2 14+(wo+20,) 12 k 2 14+(wy—20,) 7>
9 T
+ - sin* 2 : +5 sin? B cos* «b
4 1+4w 2 1+(2a)0+a)e)
+ 5 sin? g sin* « P % , +2cos® o f ks

+
2 1+(2(o0 )% 2 1+(2a)0+2w )12

s P T,
+2sin® =
2 1+ Qwy— Za)e) @7



228

As a special case we can get from Eqgs (25)-(26) and (18) the well-known expressions for
relaxation times 77 and T, in the laboratory frame (Abragam 1961). Namely, for w, = 0
B =0, and d¥(0) = 6,,, (5, — Kronecker’s delta) it follows that:

2

1 1 1 m? .
T, 114/ 0e=p=0 5Ty 1+m?c} ‘ L
m=1
_ +2
1 (1 1 (m+2)(3—m)
T, \Tp)o,=p=0 20T, 1+mlwi®
m=-=2
. 3+ > + Z 9
B 1075 1+wi®  14+40i? )

where T, is the asymptotic value of 77 and 7, in the exterme narrowing case w,t, < 1
{rapid motion)

1 ,
i 2U(I+D)h2y*r 01, (30)

D

In the case w, > ,, which usually take place under experimental conditions, one
can get

1 1 [3sin®fcos*f  3sin*p
T,, 10T, 1+’ 1+4w3?
N 243sin’f  8§—6sin® g 31
14w 1+4wd
1 : 30 sin? B cos>
— = 3(3 cos® B—1)*+ 71327*—@
T,, 40T, 14+ wirs
3sin*f  20—6sin®’p  8+12sin? ﬂ] 32)
14403 1+ w3t 1+4wi7>

Using Eqgs (31)-(32) one can easily find that in the case wy > |w——w0| > w, the values
Ty, and T, are equal to T; and T respectively, whereas for w,7, < 1 all four considered
relaxation times are equal to Tp. The last situation can be present in liquids of low viscosity.

Normally Tj, is determined at exact resonance, for w = w,, f = nf2 and w; <€ @,.
The same definition can be applied for Ty,. After substitution of f = #/2 and @, = o,
into Egs (21) and (32) it follows that

1 1 3 N 5 . 2 33)
T,, 10T, |1+t  14+0i2  1+4wicl
1 1% 3 14 20
— = 3+ + s — 34
Fpe 40TD[ 1+40?t2 1+ w5t 1+4cogri] (34)
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where the expression (33) is identical to that quoted by Look and Lowe (1966). One can
easily observe that in the case w7, <1 it follows that Tj, = T,, whereas for wyt, < 1
each of the relaxation times is equal to T7,. -

4. Quadrupole relaxation

As an example we consider a nucleus of spin I = 1. This nucleus, possessing the
quadrupole moment eQ, can interact with the gradient of electric field eq produced by
molecular surroundings. If we assume the axial symmetry of the electric field tensor. then
the Hamiltonian of the quadrupole interaction may be written in the form

+2
Go® = T (=1)"4n(DF> (1) (35)
Fan®) = 220 ¢, 0, o) (36)
2m 2[(21 i 1)h 2m > \

where 0(¢) and ¢(¢) are the time dependent angles defining the orientation of the symmetry
axis.

To calculate the quadrupole contribution to the relaxation rate we observe that
in the case I = 1 the tensor operators A,,(I) obey commutation relations similar to those
for the tensors A,,(I;, I,), namely:

3
[Aon(D), [A5D), 1] = n m*(L,) (37

. 3
[AzD), [A3,(D, 111> = g (m+2) G—m) L. (38)

As a final result one gets the quadrupole contributions 1 [T1, and 1/T,, which are similar
to the dipolar ones. ‘

1 3 2 2
T,, 40 (e ;f Q) 7 ()’ mevo + e, (39)
1 ‘ . e
1 3 (€*q0\? @) o2 ¢t N )
5% = g(;(?) Z (dpm(B))* (m' +2) B —m)j(mwo+m'w,). (40)

In the extreme narrowing case (w,7, < 1) and for § = 0 and B = m/2 the asymptotic
value of the considered times are equal to T o> Where

1 _3(eq0\
]TQ == < ) Tes (41)

AN
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One can easily see that Eqs (27)~(29) and (31)—(34) are valid also for quadrupole relaxa-
tion contributions for nuclear spin I = 1 provided that one replaces T}, by Tj,. Moreover,
if there is not axial symmetry of the electric field tensor then T, may be expressed in the
form (Abragam 1961)

130\ (o

where 7 is the asymmetry parameter.

5. Spin-rotational relaxation

As a simple example we consider a nucleus of spin 7 in a linear molecule with molecular
angular moment J. The interaction between the magnetic moment of the nucleus and the
magnetic field H, = H'J produced by molecular rotation, called spin-rotation inter-
action, may be written in the form (Ramsey 1956, Abragam 1961)

G0 = —yd - H,() = —¢/I- J(t) (43)

where ¢; = y,H’ is the spin-rotation constant and the components of J(¢) are random
functions of time. The above expression may be written as a special case of Egs (4),
namely

G = =Z_1 (=D)"A 1l DF 1 (1) (44)
Fip(®) = —crAy(J(0) (45)

To calculate the spin-rotational contributions to the relaxation times 7;, and Ty,
it is necessary to evaluate the double commutators and spectral density of the correla-
tion functions in Eqs (15)-(16). From the commutation relations (A5)-(A6) and Bloch
equations for the vector J in the field H, it follows that

[A1uD), [ATD), 1,11 = 30 +m) Q—m) L “4n
_
(FinOF () = 3eI( +1)pe ™% = (48)
l 27,
)= ———"—F73 49

1+(w —_me)21§

where o, is Larmor precession angular frequency for the vector Jand 7; is the correlation
time for the spin-rotational interaction.

Y



Using the above-presented expressions and Eqs (13)~(15) one can find that

R | A 12 7
— = KIJ+1)) (Ao (B m'j(mwg +m'w,) =
T, 6 E
mm’
. 2 sin* b 2 cos* b
1 sin” 2

= | + —
2Tg L1+ ity 1+ (wg—w,— 0’15 1+(0o—w;+0,) 15

1 1 i r A ’
— = — I+ (o (B (1+m") 2—m)j(mwe+m'w,) =
5 E y
1 sin? f. 2sin” B
= — |2cos? + +
4Ty ﬁ+1+a)821:12 1+ (wy —wy) 213
2 sin* B 2 cos* lj
2 2

_— + — -
L+ (wo—w;—w)’t;  1+(we—w;+ w.) 17
DN
— = - I+ D1,
7.~ 3 KT +1)),

Under the resonance conditions (f = 7/2) and for w, < Ia)o——w J! one finds

1 1 1 4+ 1 )
Ty, 2Tx\l+0?13 " 1+(0g—w,)’t;

1y il 1 L 1 )
T3, AT \1+0lty | 1+(wy—w)’1))

6. Scalar relaxation
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(50

(1)

(52)

(53)

64

Consider a system of two non-identical nuclei of spins I and S, where I is the resonant
spin and § is the non-resonant one. These two nuclear spins may be coupled via elec-
tron spins. This coupling, called indirect spin-spin interaction or scalar interaction,

may be expressed by the following Hamiltonian (Gutowsky and McCall 1951)
Gge = —JsI- S

where Jig is the scalar coupling constant.

(55

In the case of a sufficiently fast spin exchange characterized by the exchange time
constant 7, (where 7, < Ji3' < 7;), the above Hamiltonian may be treated as time dependent
perturbation where J,g = Jig(¢) is a random function obeying the following relation
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{Solomon and Bloembergen 1956)

_b
J IS(O)J (0> = Jise (56)

There is also a second mechanism which gives a fast modulation of the scalar inter-
action. Namely, in the case of spins I = 1/2 and S > 1 the quadrupole interaction leads
to very short relaxation times 7, and 7, for spin S (7, < J;g'), whereas relaxation times
T, and T, for spin I are much longer than those for spin S. Under these circumstances,
the spins S may be considered as a part of the lattice and the components of the vector §
in the Hamiltonian (55) may be treated as random functions (Abragam 1961), where

7l
(S0S.(0)> = 1S(S+1)e” = (57)

N |
(5:(0)SL()) = §S(S+DeF e = (58)

Taking into account both mechanisms of the scalar relaxation and Eqs (A11)-(A12),
one can present the Hamiltonian (55) in the general form

Gs() = Y (=D"A4,(DF (1) (59)

m=—1

Fin(t) = —=Js(DA41(S@)- (60)

Moreover, according to Egs (56)—(58) and (60), the correlation function may be written
as follows :

f=l

CF 1 O)F L, (0)) = 3J7sS(S+ 1)e ™S wm (61)

where 7, is the effective correlation time for scalar interaction

(1 _1 1
|—=T+—, (m=0)
l= Te1 e (31 (62)
e e e A (m= +£1).
Te2 Te T2

The scalar contributions to the relaxation rate of spin I in the rotating frame may be
calculated from Eqgs (13)~(16), (46)-(47), and (61)-(62). As a result of the calculation one gets

1 m'*t,,

1
— = - JES(S+1 dD(B))? = 63
T, =37 (S+1) ;, (dm(B)) T ooy — Moy + ' @) e (63)
1 1 1+m)Q2-mr, -
— = - J;S(S+1 E Ao (B " 64
T,, 6 1sS( ) () 1 +(mw, — mog+m' o)1k 64
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After substitution of df,)(8) from Table IT into Eq. (62) one can obtain an expression
for T;, identical to that quoted by Strange and Morgan (1970), provided that 1/z, = 0,
whereas T,, may be written in the form

1 1 T,y sin® ﬂ 2t,, sin® B
— = = JAS(S+1) | 27, cos? f+ - ERL Tl
AR s L v = 5 1+ (w0 — 5) 2,
4B B
27, sin* = 27,pc0s* =
b ) A% 3 (65)

1+ (g — ws— we)z‘fcz 1+ (wo ws+0.)*t2,

In the case of w; < ]wo—wsl and under the resonance condition (8 = 7/2) one gets

Ll essin( ey fe2 (66)
Ty, 3 1+l 1+ (wo—we)’ts

L lessin(—Ta e (67)
T2q 6 o 1+ @, cl 1+(w0 a)S)ZT::ZZ .

7. Discussion and remarks

It was found that in the presence of dipolar and quadrupole interaction the relaxation
time 7;, under the resonance conditions is equal to T}, provided that w,z, < 1. The same
equality T;, = T, is usually fulfilled in the presence of other considered interaction. Thus,
if the molecular motion is not slow (w,r, < 1) one can measure T;, instead of T,.

In the case of very slow molecular motion and in the presence of a sufficiently high
radiofrequency field (a) > 1) it follows that Tj, » T, and

1
= = — (dGyB)*. : (68)
ng T2

One has to note that a transversal component of the precessing nuclear magnetiza-
tion in the rotating frame may be damped even in the case of a perfectly rigid lattice.
The damping may be produced by-the dipolar interactions, which cause the nuclei to get
increasingly out of phase as time progresses (Goldburg and Lee 1963). In the above case

one finds
I 1 3cos? f—1|
<._> =<_> Jielcosiien] 9)
TZQ RL TZ RL 2

where the’ relaxation times (75),,; and (T3p)gy for a rigid lattice are proportional to the
inverse of the resonance linewidth in the laboratory and rotating frame respectively.
The spin-spin relaxation time T,, in the rotating frame could be measured using an
additional receiving coil aligned along the direction of the ficld H,. The received signal
in this case should be proportional to the transversal magnetization M| in the rotating
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frame. Under the resonance conditions and for M, (0) = M, one can get

t

M ((f) = Mge T cos wt. (70)

The above equation may be a basis for the measurements both of the relaxation
time T}, and the amplitude of the radiofrequency field H,.
The author wishes to express his thanks to Dr J. W. Hennel for valuable discussions.

APPENDIX

In the calculations it is convenient to use the tensor operators 4;,, built on the basis of
spherical harmonics 'Y, multiplied by the factor (4n/2/+1)!. These tensor oﬁerators
can be constructed by polarization of the spherical harmonics, i. e. by introducing the spin
components I, I,, I, in the place of the position variables x, y, z, respectively (Edmonds
1957).

Including the multiplication factor one gets:

1

Aply .. I) = H I VIP'Ci (A1)
Alm = k=t

A(D) = (- V)¥'Cy, (A2)

where

4r \*
Clm = Clm(09 ‘P) = <2l—+i) Ylm(e’ (P) =

(=) ra-m Y d'*™ sin ge™”
i arm] 0 Geos gy 0 M= 0 (A3)
Ciep = (=1)"Cjype (Ad)

According to the definition of the tensor operators given by Racah (1942), the follow-
ing commutation relations are fulfilled

[Iz’ Alm] = mAlm (AS)'
[L:, 4] = [(Fm) AEm+ D) Apey (A6)
where
I, =1I+il,.

The other definition, which is equivalent to Eq. (A5)~(A6), can be given by the condi-
tion that 2/+1 components of the tensor operator A, transform under rotation of the
reference frame as follows (Edmonds 1957, Wigner 1959)

01; 114lm0R = Z, Dggn’(a, ﬁa Y)Alm’ (A7)'
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where
DR (e, B, 7) = €™ *dD,(B)e™ (A8)
A+mHY(I—m)'F emi—of 1M l—m
([) . _ m' [
d’”""(ﬂ)_[(um)!(l—m)!] Z< b (l—m’—a)( o )X
‘ B 20+m +m ‘. ﬂ 2l—20c—m'—-m
X (cos i) (sm 5) (A9)

G (B) = A= B) = (=D "D (= B) = (=D TP_(n—p)  (A10)

Op is the unitary operator of rotation through the Euler angles y, f and « around the fixed
axes z, y and z respectively. The same operation of the rotation O can be carried out by
- three successive Euler rotations «, f and y around the rotated axes z, y’ and z’/ respectively
(Rose 1957).
. The tensor operators are applicable and very useful in quantum-mechanical calcula-
tions. Taking into account the applications in this paper, we consider the tensor operators
Ay, of the first and second rank (/ = 1 and 2). From the Eqs (A 1)~(A4) it follows that

Ao =1, (A11)
S s

Ay ) = F \'/*3 (A12)

1 1 32—I(I+1)
Ay =F— -1, J_— -], =2 "Y1~ Al3
2ol = = g Ll - 0L = =5 (A13)
Azsi(D) = F /3L +1.L) (A14)
Arso(D) = 313 (A15)

1 1 31,.1,—1.1,

Aol 1) = Lly— S Ly = 1 I = =2 T (A16)

4 . 4 2
Apiiy 1) = F EUd s+ e ) ~ (A17)
Apaapy 1) = /31404, (A18)

Generally the spherical tensors 4, of any rank can be constructed from the tensors of
lower rank by a relation analogous to that for Cy, functions, namely:

1,m,Lym, |l
A= > by, Cmlamalim) (A19)
(1,01,0|lm)

mims

where (/, m 1, m2|lm) are Clebsch-Gordan coefficients. Using Eqs (A 11)-(A12) and (A 19)
one can obtain the tensors 4,, given by Eqs (A13)-(A18).
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The transformation matrices d,(,?m (B) for the considered tensor operators of the first
and second rank are given in Tables I and II respectively, for positive numbers of m’
and m. The missing elements of d,(,{lm(ﬂ) can be easily obtained using the properties of the
symmetry given by Eq. (A10). 3

TABLE I
Ay B)
~_m ‘ ) .
ml \\\\ . ]
sin
1 ‘ cos? — _ﬁ
| \/ 2
sin
0 | == f cos f3
| \/2
TABLE IX
B
- —
w 2 1 0
B B 3
2 4 : 2 P i
cos > | sin f cos > 3 sin?
. B | 38 B 3
1 — cos? — S — — si
sin B co 2 cos b cos 5 . 5 sin 28
3 3 3 cos? f—1
0 } \/Ksinzﬁ —\/§sin 28 I T
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