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The free eneigy, pressure, chemical potentials, and radial distribution functions are
calculated for a macroscopic system composed of two different species, in the one-chain approxi-
mation. This approximation, which consists in retaining the simplest infinite subset of terms
of the virial expansion, was proved recently o be able to predict the existence of first-order phase
iransitions and to describe qualitatively the condensed phases in one-component systems.

1. Introduction

Very little has been hitherto done in the microscopic description of many-component
fluids. The generalization of the Ursell-Mayer virial expansion method [1, 2] to many-compo-
nent system has been given long ago (c¢f. e.g. [1, 3, 4] and references quoted there). The
formal method of generating subsequent virial coefficients of the density expansion of macros-
copic properties (partition function and equation of state), as well as the distribution functions,
is thus known for such systems. However, the actual calculation of the terms of the virial
expansion, for systems composed of different species of particles, is fairly complicated
because the labeling of the points of corresponding graphs contains now not only the running
numbers of particles, but also the identification of the species. So far, only some very simpli-
fied models of binary mixtures have been considered, as, e.g., the Ising model description
examined by Heims [5], and the model of Gaussian molecules with interactions only between
different species, developed by Helfland and Stillinger [6]. A semi-guessed equation of state
for mixtures of hard spheres has been proposed by Boublik [7] on the basis of the similar
equation of Carnahan and Starling for a one-component system [3]. Besides, some progress
has been also achieved in the theory of two-component quantum fluids (cf. e.g. op.

We have recently proposed the so-called one-chain (OC) approximation for the equation
of state and radial distribution function for one-component fluid, which proved to be able
to predict the existence of phase transitions, and to describe qualitatively the structure
of condensed phases [10]. This approximation consists in the summation to a closed form
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of some simple infinite subset of graphs (built of one chain only) of the Ursell-Mayer virial
expansion of the properties of the one-component system. It turns out that the same method
may be also applied, without any additional approximations, to many-component systems.
It seems thus worthwhile to perform such calculations, the more that the OC approximation
for one-component system may be considered as some approximate solution of the Percus-
Yevick (PY) [11, 12] and hypernetted chain (ZINC) [13, 14] approximations, which are now
known to yield quantitatively correct results (¢f. e.g. [15--17].

Because both the calculations and the resulting formulae are somewhat complicated
and lengthy, we shall restrict ourselves in this paper to the case of binary (two-component)
sysiems, in order to explain better the details of the involved calculations. A further generali-
zation to n-component system (n arbitrary) will be presented in the second part of this work.

2. Radial distribution functions

We begin with the calculation of the radial distribution functions, which presents
a simpler task than the analogous calculation of the partition function, or the free energy.

Consider the system composed of IV, particles of the species &, N, particles of the
species B, (N = N,+Np), contained in the volume £, and kept at temperature T. The
particles interact with each other through the pair potentials V() (@, b=a, § denote
the species, and ¥, = V3,), which are assumed to be dependent only on the relative distance
r between a given pair of particles. It is also assumed that the quantum effects are negligible,
and the thermodynamical limit

1

N=N,+Ng—>00, L-—>0cc, o= = ?2]\—[— = finite 2.1)

is considered. We introduce also the notion of mole (or number) fractions,
%, = N,N, a =a, B, x,+x = 1. 2.2)

"N, 9, and v denote the overall number of particles, overall number density, and overall
specific volume of the system, respectively. The respective species parameters may thus
be obtained by multiplying (or dividing, in the case of v) these quantities by the mole fraction
of a given species. The radial distribution function g,(r), which describes the spatial arrange-
ment of particlesv b with respect to the particle a placed at the origin of the coordinate
system, may be formally written in the form of the virial series (i.e., the series of the powers

~of g):

In {gab(r)} o E]-T“ Vab(r)} + Zl dm,ab(r)gm, a, b= a, /3 (23)

where the virial coefficients d,, ,, = d,, ., (3 T, ,, %), may be calculated according to
the following prescriptions (¢f. [2]),

(i) d,, 4 is represented by all topologically different, m-point, non-parallel, biconnected,
labeled linear graphs;
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(77) m-point linear graph is constructed by drawing two rootpoints (representing particles
a and b), and m internal points (representing integration variables), and linking these
points by lines in any possible way, with one exception that the rootpoints must not be linked
directly with each other; v

(¢33) the given graph is biconnected (i.e., is a “‘star” graph [2]), if (after drawing the
completing direct line between two root-points) it may be made disconnected by removing
at .least two of its lines;

(iv) the given graph is non-parallel, if it cannot be made disconnected afier erasing
both root-points;

(v) every internal pomt is labeled by the number j (j =1, 2, ..., m), identifying the
integration variable ascribed to the point (these numbers must be dlfferent for different,
points), and by the label (A = «, f5), identifying the species;.the labels (a, b) of the root-
points are determined by labels of the function gg;

(vi) to every internal point of the graph, labeled 4, the factor x, is associated;

(vii) to every line of the graph, labeled (i2) and (j») (including the root-points a, b),
the factor:

Janlrg) = exp { =V, () [kT} =1, 1 = |r;—7}] (2-4)
is associated; :

(viiz) the value of the m-th virial coefficient d,, , is obtained by collecting the contribu-
tions from all the relevant graphs (multiplied by 1/m,! mg!, where m,, m; denote numbers
of  and f points vespectively (m,,+mg = m), and integrated over f dry ... [dr,. Anexample
will be given below.

Now, the OC approximation consists in retaining for every d,, only one type of graphs,
such that all the points of the OC graph are connected into one chain, i.e., every internal
point is connected with two other points (internal or root) only. Of course, all possible
labelings of such a graph must be taken into account. For the one-component system
the calculation of the contributions from such”graphs is quite simple (¢f. [10]), because
in this case the contributions do niot depend on labeling (the same is true for more complicated
one component graphs [2]). This, is, however, not the case for many-component system.
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Fig. 1. Examples of differently labeled OC graphs from de,qp

Neverthless, it turns out that, at least for OC graphs?, the contribution from a given graph
‘also does not depend on the detailed arrangement of labels, the only relevant property being
the number of different bounds (lines) & —at, & —Plor B —a), and f—p and, of course, the
number of points @ and points f. We shall demonstrate this on a simple example.

1 The same property holds true also for the graph of the hypernetted chain type.
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Consider two graphs (4) and (B), from Fig. 1. These two graphs are evidentely different

with respect to the labels. Write down the contributions to dg,s from these two graphs,
according to the rules stated above:

A= il 2' x“xﬁ f dr,.. f drg, /. m(ral)f m(rlz)f wﬁ(rzs)f ﬁﬁ(/rsel) X

X SpaPas) * faa'55) fas(Ted)> (2.5)
i
B 121 xéx% f dT]_... j d’rﬁf m(ral)f wﬁ(rlz)f ﬁoz(rzs)f m(’l‘34) X
X faa(15) fap(¥'56) fps(Teb)- (2.6)
Introduce the Fourier transforms y(¢) of the Mayer functions f(r):
vulg) = fdre"f () Lv=a,p, @2.7).

ie., [() = @) [ dge ™ "y, (q)
Vat(D) = V,al)-

With the help of these functions, it is easy to find that the contributions 4 and B are identical
with each other, and equal (the properties of the Fourier transforms of convolution are
used) to:

A= B= gy gpabien) f dge=1 0ol ulg) Plyesla)Ppasla). (29)

On the other hand, the contribution from the graph (C) from Fig. 1, calculated in the same
way is:

€= gy 57 by f dge=1" = [y4a(q) * [735(0) et (4) (2.9)

i.e., C # A, although the graphs (4), (B) and (C) contain the same number of a- and [-points.
It is also easy to check that any exchange of the numbers 1, ..., 6 (e.g, the numbers in the
parentheses in Fig. 1) between the internal points, with the labels «, § unaltered, does not
change the values 4, B, C. According to the above results, we may reformulate the prescrip-
tions (vii) and (viii), for the OC approximation, as follows:

(vii) to every line joining the points 4 and », (4, » = a, ) the factor y,(g) is associated:

(viii) the value of the m-th virial coefficient d, w.ap 01 the OC approximation is obtained
by collecting the contributions from all the differently labeled OC graphs multiplying
them by the factor [(2m)3m,!mg!]~ lg=ia (ra=m) and integrating over f dq.

We are now ready for the calculatlon of the OC approximation for the radial distribution
function of the binary system. The method of construction of the OC graphs for this case is
presented in Fig. 2 and is self-explaining. We shall calculate directly the OC part of the
virial series (2.3) (the formulae for the density-independent virial coefficient d,, would be
much too difficult to write down here, so we include directly the factors ¢ into subsequent
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formulae. Let us first caleulate the factor I'(g) proceeding from an a-chain of the graph.
According to the prescriptions formulated above, it is:

— wopl @ = 2 v=a,p. 2.10
L) = e D Ineml@li =78 0 v =a.p 210)

The complete contribution to g,,(r) from all the graphs of the type shown in Fig. 2 may
be found as follows: let the number of f-chains in a given graph be n(n =10,1, 2, ...).

L - Ly gowloy of

1 2 s ; k7

W 1Ll e ] 1L L] ?
o o
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® o o o
e__o = o -+ o—e -} -+ 4 e 5,-0[(9)
o o o« o \/
o x o«
Tig. 2. Construction of the OC graphs for radial distribution function

Thus the number of ¢-chains must be n+1, and the number of bonds & —f (each bringing
the factor y,5) — 2n. The contribution to g,,(r) will thus be:

(L@ L 5(@) [y a1 (2-11)

Mae

n=0

Let us note that in the above procedure the root-points have been treated in the same way
as other points of the graphs. We must thus substract the terms x0[1+x,y,.(q)], which
proceed. from the first two terms of the single a-chain when there are no f-chains (n = 0),
because such terms do not exist at all in the original virial series (2.3); next, we must divide
the result by (x,0)?, because the factors x,0 are associated with internal points only. The
other distribution functions may be calculated in a similar way, and we get:

gulr) = eXp{ - V;ig)} +¥u(), Lyv=uap (2.12)
where '
W) = @m)=® [ dq P, (g)e=" ", (2.13)

and (we write now the formulae in terms of v = 1/p)

Y (9) = Plq; T, v, x,),

= [M(Q)) %25V ao(Vas —Vau¥ ) 0057 35T %,720) )5 (2.14)
szﬁ(Q) = lf’pa(‘l) = [M (9)]_1?’«/3{[%%(725 *Vaa?’ﬁﬁ)] + v(xo:yaaz + xﬁyﬁﬁ)}v 2.15)
M(q) = (1) _xoayua) (7} ”,_xﬁyﬁﬂ) _xaxﬂyiﬁ' (2‘16)

The explicit indication of the g-dependence of the y-functions, y,, = y,,(9), is omitted in
the above formulae for the sake of simplicity. The formula for &T’ﬂﬁ(q) may be obtained from
(2.14) by interchanging the subscripts o, .
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" Let us also look for the formulae of the radial distribution functions in an infinitely
diluted solution of particles  in particles a (x5 — 0, x, — 1). We casily get:

lim ¥, — -1 @0

lim Py — L2

xg -0 V—Vau
lim Wy = Z2DL = [P, - W1, (2.17)
aa

P? isidentical with the corresponding formula for the one-component system [10]. However,
the correlations between the f-particles do not vanish even in an infinitely diluted system.

3. Free energy

We are now going to calculate the free energy F of the system. The virial expansion
is usually written for the pressure p, rather than for F'[1, 2]; however, it is easy to reformulate
the theory to vield directly F, and the series formulae for ¥ are easier to deal with than those
for p. The virial expansion for F may thus be written in the form:

F=F,—kT i c,n‘gm—i, (3.1)
where -
Fg= —kT{1+a, In (o) 5 In (o/4}) —2, In 3, — 25 In 2}
( A= @ahdmkD)2;  i=a, B, (32)

is the ideal-gas free energy (m, — the mass of the particle of the species i). Note that we
use here the notation in which F denotes the free energy calculated per one particle, so that
the total free energy (the extensive quantity) of the whole system is NF.

The virial coefficients C,, are connected with the usual virial coefficients B, of the
pressure expansion through the relations:

B, = —(m—1)C, (3.3)

(these relations result from the thermodynamical relation between F and p, and may be
expressed in terms of biconnected graphs in a way similar to that used in the preceeding
Section for the virial coefficients of the radial distribution functions. The difference is
(¢f- also [2]) that the free-energy (and pressure) graphs do not contain root-points and thus
they form closed (directly biconnected) structures (stars [2]). The free-energy graph may
thus be obtained from the radial distribution function graph by linking the rootpoints of
the latter by a direct line (Mayer function f,,(r,,) or its Fourier transform y,,(q) and treating
these points as internal ones?, i.e., integrating the graph contribution over [dr,[dr,. The

2 The labeling of the points may be interchanged with the labeling of other internal points.
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result is to be divided by £ and the limit £ — oo is to be taken [2]. Besides, the graphs
containing two points only must be also taken into account (these graphs correspond to
the first term of (2.3)).

In order to find the contribution to the free energy from all the OC graphs, we proceed
similarly as in the preceeding Section. The main difference lies now in the fact that the
free-energy OC graphs get some new symmetries [2]. Tt would be rather difficult to find
these symmetries for any single graph of the binary system. However, this task may be
easily achieved by considering some subsets of graphs. Consider, for example, the subset

Fig. 3. Construction of the OC graph for free energy. The definition of an arc segment is the same as in Fig. 2.
The existence of the n-fold symmetry axis (marked in the center of the graph) as well as of the symmetry with
respect to the right-left inversion (upper and lower sets of labels 1,2, ..., m) is easily visible here

of OC graphs containing n a-chains (and n f-chains). This subset is represented in Fig. 3.
Such a generalized graph possesses an n-fold symmeiry axis (topological invariance with
respect to cyclic permutations of the labelings of chains) and also is topologically invariant
with respect to the right-left inversion of the sequence of the labelings of chains. The
symmetry factor [2] of such a graph is thus 2z, i. e. the total number of topologically different
labelled graphs is diminished by the factor 1/2n. The procedure analogous to that described
in the preceeding Section leads finally to the following result for the OC approximation of
the energy F the system (divided by the total number of particles):

F—F, 1 :
T = o 587aal0) -+ 2gyep 0) + By (0)] +

+ 2(21;.[)3 f dq {ln |M (q)[?|+ % (%0 aalq) +%5vp5(q)] +

1
+ 57 [%a7a(q) + 2xa%5y25 () a3V 3s (q)]}, (3.4)

where M(q) is given by (2.16). Tt is easy to check that for x5 =0, x, = 1, this formula is
identical with the corresponding formula for one-component system.
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4. Final remarks

Other thermodynamical functions in the OC approximation may be obtained, through
the well-known thermodynamical relations, from the formulae (3.4) for free energy. We
shall write down some formulae.

The pressure (equation of state) is:

P 1 (oF 1 1
T T T (5{) = T [543 0a0) 420,257 5(0) + 23 55(0) ] —

ToxasN v
1

~ SanF qu _{lnv |M (g)fv?] + ﬁ [0%0 ealq) -F 055y 5(q) +

420645 (Y 25(@) — Ve @) Y £8(9) ] —

. .
— 5o avea(q) +2%a5y as(q) + 45y B (q)]}- (4.1)

The next thermodynamical function which may be calculated directly from F is the

entropy S:
oF
i (W)N
»S—S,-d 1

s [%2y4a(0) + 2%y (0) +x750)] —

v

9 VyXa 7 ’
 2(2m)® f q { = 13 T+ 117 [y aal@) +xa705(0)] -+

1 ! 7 !
+ e [x?ﬂ"mym + 22628V apYap+ x%)’ﬁﬁ?’ﬁﬁ]} > (4.2)
where

aM 7 14 7 ! I
2T T — V(XY %Y p6) T XaXp(VaaV 88 +Vad 35— 2V apY ap)

o 1 . ,
yi(q) = WV}W(Q) =77 jr drV(r)e VT s, (4.3)

Other functions, like the internal energy U = F+TS, Gibbs free energy G = F+pv, may
be found when F, p, and S are known. Let us note that both pressure and internal energy
may be also calculated from the radial distribution functions. We write down the formula
for the internal energy of the binary system:

1 [ v
u=§kT+ 9 / d'r{x?sz(r)gm(r) +2%42%p Vas(r)gap(r) +x%VBﬁ(r)gﬁﬂ(r)}a (4-"4-')

being the trivial generalization of the well-known formula for one-component system. The
formulae for F, S, U, etc. written here give these quantities per one particle, i. e., the corres-
ponding quantities for the whole system are, in fact NF, NS, etc. The chemical potential,
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4, of the species v, must be thus calculated by the appropriate differentiation of NF, and
not F from the formula (3.4) itself:

) ron(2) (2]
Ha== INg | Ton, 7\ Oy T O

Mm;]lfaid_ = 11)— [V aa(0) +25735(0)] -+ _26%_3 jf dq { %5 (Vae ()78 (9)]“‘4‘__7,8/3 @ =v7els)

oz 1 ,
+ 2D ik @)t o) (@5)
If we define the standard chemical potential u2, and the activity coefficient JSur by

l‘g = hm luoz’ luaa = ﬂg‘l’len (xazfa) (4’6)

Xg—1

the activity coefficient is:

1
fa;:?“—epr,

4= —f}‘i [Yeal0) —yap(O)] + 55— (2’;)3 f dq {“ﬁ (Ve (9)70 (9) 723 (@) —v7uale)

M
L+ 2 [yzﬁ@)wz;(q)]} ; (4.7)
pe—pa 1 1 1 Vaalq)
S = a0 g f WD (4.8)

#p and f; may be obtained by interchanging the subscripts &, f8 in the above formulae.

It should be pointed out that the formulae given in this Section have been obtained by
interchanging the order of integrations and differentiations. Such a procedure will be correct
as long as the integral in the formula (3.4) for the free energy is non-singular. This is the case
in the gas region (compare with [10]). In the region of condensed phases, the proper rela-
tions are the thermodynamical ones, i. e., the functions D, S, W, etc. should be in fact calcul-
ated by (numerical) differentiations of the (numerical) free energy because in this region the
integrals in the formulae (4.1), (4.2), and (4.5) will be probably singular (M{g) = 0 for
some values of the integration variable ¢). However, this is not very convenient for numerical
computations; on the other hand, these integrals may be calculated in the sense of Cauchy
principal values: such a procedure has been successfully applied for the one-component
system, leading to qualitatively sensible results [10]. It should be also pointed out that the
OC approximation considered in this paper is rather unable to yield quantitatively correct
results [10], [18].

In the first Section of this paper, we have mentioned that our OC formulae for mixtures
might be considered as the qualitative approximation of the quantitative (but much more
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difficult for numerical applications) theories of many-component liquids, like the PY or
HNC integral equations [19].

However, it is possible to propose some simpler formal method, which will not require
any further enlargement of the theory by summation of intricate sets of hypernetted graphs
HNC. Namely, it is well-known that-57'In g(r) may be interpreted as the effective, temperature
and density-dependent two-body potential in the many body system. One can make use of
this interpretation for iterative correction of the OC approximation: in the first step D)
and y®(g) are caleulated in the first approximation (OC) from the formulae (2.7), (2.12)~
~(2.16) (with the use of the original pair potentials 7, ,(r). In the second step —ET'In g{D(n)
is introduced into the formula (2.7) in the place of ¥,,(r), and the y3(q), and giP(r) are
calculated from the same relations. Free energy, and other thermodynamic functions are
now calculated from their proper OC formulae with »$7 instead of y$). This procedure
may be now repeated as long as convergent results are obtained (assuming this procedure
is convergent). From the formal point of view, such an iterative OC approximation with
effective potential is equivalent with the retaining of all the HNG graphs, and with addi-
tional retaining of some more graphs which either have been already taken into account
in the lower approximations, or even do not appear at all in the original virial expansions,
which certainly will introduce some errors. However, the PY method neglects many HNC
graphs and is considered to be better than the HNC approximation (cf. e. g. [14}).

Tt should be remembered that all these approximations are the formal ones (nevertheless,
both HNC and PY method yield quite correct results [15--17], and have been proposed
mainly because of their relative simplicity (the HNC method takes into account only graphs
which may be disentangled by means’of Fourier transformations). From this point of view,
our iterative OC approximation seems worthy to propose because it seems to be sufficiently
simple (much simpler than HNC or PY approximation) to deal with.
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