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DEFORMATIONS OF HOLOGRAPHIC IMAGES
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Deformations such as elongation and contraction of the holographic images are described
in this paper. These are seen when inclining the hologram plane during recording or reconstruc-
tion, even in the case of the Fresnel and the Fourier processes. This effect has been described by
using the Fresnel transform in corresponding coordinates.

1. Introduction

The deformation of holographic images connected with illumination of the holograms
during their reconstruction and recording with light falling not normally to the hologram
plane is of particular importance for the faithful reconstruction of the holograms in their
back diffracted field. The holograms, when illuminated, produce diffracted beams in
front of them as well as behind them, as shown in Fig. 1[1,2]. These beams carry the
same information concerning both amplitude and phase relations as the beams appearing
behind the hologram. The images in the back diffracted field are considerably brighter
than those in the transmitted field. The pictures observed in the back field appear as
mirror images of pictures in the transmitted field with the hologram as the symmetry
plane. After removal of the silver image from the emulsion the diffracting action of the holo-
gram disappears completely. It is assumed that the “back diffraction” takes place at the silver
crystals which form the photographic image.

The reconstruction of the hologram in the back diffracted field is most convenient
when the hologram makes an angle ¢ with the illuminating beam, as shown in Fig. 1. In
this case a certain distortion of the reconstructed image is observed, the seme for both
diffracted fields. These deformations can be eliminated if the photographic plate during
recording of the hologram is placed so that it makes the same angle ¢ with the axis of the
beam diffracted by the object. Reconstruction from these holograms with light falling also
under an angle permits faithful images to be obtained. The observed distortions of the re-
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constructed images are more clearly seen for two-dimensional objects. For this reason the

investigation of this effect can be of importance for the Fourier process.
Furthermore, such distortion will be largely treated.
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Fig. 1. Reconstruction of the hologram in the back and the transmitted field

2. Deformation of two-dimensional holographic images

2.1. Side band Fresnel holography formed with transmitted light

In order to describe the whole holographic process we introduce cartesian coordinates &,
7 for the object plane, «, y for the hologram plane and 3, # for the image plane. The z axis
corresponds to the direction of the plane wave illuminating either the object during record-
ing, of the hologram during reconstruction.
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Fig. 2. Coordinate axes used in the description of the side band holography

~ For simplicity we restrict our description to a two-dimensional object (diapositive).
This object lies in the plane defined by axes &', #’. The &’ axis makes an angle ¢ with the &
axis, and the #’ axis an angle 8 with 7 axis, as shown in Fig. 2. The light field illuminating

the object is described by the complex amplitude g = K’ exp. (— 12173 z) . The amplitude
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transmittance of the object is D (&, ). The direction of the reference wave makes an angle
a, with the propagation direction z. In the hologram plane both beams interfere with each
other, giving interference patterns. The intensity distribution I(x, y)in the hologram plane
is: I(x, ¥) = |K exp (iker)* wy(x, y)l2 where K exp-(ikr) is the reference field, y,(x, y) the

field diffracted by the object, r = 7 (x sinay+2 cosay), ko =ik, + kk,, and r = ix+jy + Kf;.

We can say that the hologram sees the illuminated object in perspective shortening such
that & = & cos @ and #’ = 7 cos f. Then the object transmittance may given by D (&, 7)

cos &’ COS
after Wellis [3] by paraxial approximation. Then,

5/ 77!

2 (CTEE cos B’ x’y) d&'dy’
s | Yo D cosa ’ cos /3 © 9n cos « cos f3
Ul 27 & 7 d&'dy 1
ff%l (coscx cosﬂ) exp{ 7R (cos a’ cosﬁ’x’y)}cosoccosﬁ @)

where G is the Green function of the Helmholtz equation, and

5/ 2 17[ 2 g/x nly
R=r |1+ cosa) T cos f3 i x2+y? _cosoc+ cos i
& 7 R

= D( N ¢ ) The transmitted and object-diffracted light field y, can be described

The intensity distribution of the interference field recorded by a quadrate detector in the
hologram plane is I(x, ¥). Ignoring terms of higher order we may write the resulting trans-
mittance of the hologram as

=

Ty, 0) = (@ 7)| °

= |K|2— %K’K*C ‘ exp (iZ:Zfl) exp {m (g:;;_y )} D(x, y) exp (—ikr)

o) . . 2
i K’K*C*exp 22/ exp il +y2)}@*(x, ¥) exp (—ikr). 2
2 : A : M

Here,

( §/ '2+ 7], .2 Elx + n/y v
cos & cosa) cosa cosfr d&'dny
i Oy T f cos & cos

In this manner the information about the object which is seen in perspective shortening is
recorded by the hologram.




416

Fig. 3

Fig. 3a
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Fig. 3b

Fig. 3¢
Fig. 3. Test image reconsiiucted from the side band hologram (ORWO WP3). a. The same test image recon-
structed from the side band hologram when the object plane is rotated through an angle of 45° during recording.
b. The same test image reconstructed from the side band hologram when the object plane is rotated through an
angle 60° during recqrding. c. Reconstruction of the deformed test imagé shown in Fig. 3 when the hologram
plane is rotated through an angle of 45° during reconstruction
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During reconstruction of such a hologram, when a plane wave falls perpendicularly
on the hologram, there appear three beams: the zero and the two diffracted beams, according
to equation (2). The amplitude distribution 9;,, (9, 5) of either of the diffracted waves con-
verging in the real image plane 5, 2 is given by

12
Yim(o, ) = f f oz T(%, ) exp {T” o(, . 9, ﬂ)} dx dy.

Substituting for T(x, y) from equation (2) we have

: _ _ Y grec _ 2 ) _ im(ai® 1513
Vim(9, #) = 5 K'KC'C* exp ( 7 ) ffexp( 7 %
f,=0 i

X D (%, ) exp (ikr) exp ( izzzf = ) exp {—;f% o (x—2,y—a) }dxdy. (3)

Since o is given by

22+y%  24a? aatya o )

9’=”f2(1+ o T R

equation (3) becomes

Yim(3, #) = A(a, ﬂ)— V[[F (1f1 :Os —, Zflios B) o {Zm' [x (sin}'oz0 e ff—z) =

i
iy, : 4
y zlfz]} dxdy (4)
where
A3, 7)

, R 2 2 in 2 f,

= — %—KKC C* exp (— Zfl) exp (z} j;fz) exp [/1_]"—2 (32—1—;;2)] exp ( Zfl cos oco>
and

| \ (i)’t (_i) }
= x y b, =Y o 7' _ \cosa cos B/ .
F().f1 cosa’ Afycos ﬁ) it f‘fD (cosoc ’ cos ﬁ) o M e

i2n [ Ex ny \| d&dy
St [Zfl ( cos & i cos f3 )] cosacosf
The integral in equation (4) represents the Fourier transform from coordinates x, y to co-

2 cos afy A cos ot
ordinates sin &, cos & f; — A s P . If the angle &, between the direction of the

2 2

reference wave and z axis is small, then sin &y & . This corresponds to the case of a holo-
gram with small rqsolution limit. In our case there were no more than 200 lines/mm on
ORWO WP3 plates and 500 lines/mm on ORWO LP1 plates. The angle &, did not axceed
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10°. In accordance with experiment we can take f; = f;. Finally, from equation (4) we ob-

tain:

Yim(2, 5) = AD*(5 cos a—f1%, cos &, 5 cos f) exp [~ {% {(5 cos a—fyo cos @)%+
' 1

+ A2 coszﬂ}] : (5)

The observed intensity distribution is:
L (5, #) = 9 (55 7Yl (3, 2) = |AI2UD%(5 cos ct—f 2 o5 g, 5 008 ).

This relation describes a reconstructed image which is shortened along the 2 and & axes and
lies nearer to the zero beam. This effect is shown in Fig. 3. There are seen here pictures
reconstructed from a hologram recorded in the above manner. From fihe photographs
in Fig. 3a, b one can see the characteristic contraction described by equation (5).

Moreover, observations show that when the hologram is rotated during reconstruction,
so that it makes an angle with the direction of the reconstructing wave, the observed defor-
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Fig. 4. Coordinate axes used in the description of reconstruction of side band hologram

mation is changed accordingly with the value of this angle. In such case the reconstructing
wave ‘‘seen’ the hologram in the 2y’ plane. It is lenghtened according to the relations

’

G = . This is because the x’ axis makes an angle ¢ with the x axis

and y' =
cos € . cos
and y’ axis makes an angle ¢ with the y axis, as shown in Fig. 4.

The transmittance of this hologram can be now described in new coordinates by

T(x'y') = T( 4 . 2 ) . Consequently, the amplitude distribution of the wave diffracted
cosg cosd/ -
by the hologram which focuses in the s, & plane is:
' i —% - =y [ 2mi [sineg . 5}
Yim(, #) = A(5, 2) fF ( cos @Afy’ cos BAf ) el (cos’s ( oM )
CyA Sdxdy
) T ©)

"~ cos (Mfz’ cosecos 0
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Fig. 5

Fig. 5a
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Fig. 5

Fig. 5a

Fig. 5. Two different test images reconstructed from the side band holograms (ORWO WP3 Plattes). a. The
same reconstructed test images when the hologram plane is rotated through an angle of 45° during reconstruction
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This equation applies to the hologram which contains information about the perspectively
deformed object. The integrand in equation (6) is -

-~ A —y
g (cos aAfy * o8 ,B,'{fl)
' a ’ 2
, ; ( TR ) , ,
£ fD* ( 3 n ) e B i cos 8 1275 P
= cosw ’ cos B P M lfl cosa
Ty ) dé'dy’

cosf ] coswcosf’

On taking the Fourier transform and assuming f; = f, = f, we obtain

Yim (9, 7) = A(s, 7) D* (3005“ S cosa ﬂcosﬂ) "

cos & cosg  €os o

3 4 2 2
. i cos o cos acosf
X exp [—" f {(3 €08 & %o cos & ) i ( cos 0 ) }] @
The observed intensity distribution in the 3, & plane is

cos o Ccos & Ccos
(3 —f 0 ’ ﬁ )l ’

cos ¢ cos & cos 0

Yk (39 ﬂ) = IAlg - |\D?

Finally, the deformation of the reconstructed images depends both on how the hologram
“sees” the object (this is determined by angles & and f) and how the reconstructing wave
illuminates the hologram (this is determined by angles & and 0). In the case when & = 0,
B=0and ¢ #0, 6 # 0 the observed image is elongated in the direction of the 2 and &
axes, and the angle between the diffracted and the zero beam is enlarged in accordance
1 1 '

cose cosd

Images reconstructed in this way are shown in Fig. 5a. The deformation here is opposite
to that observed in the case when @ # 0, # # 0 and & = 0, § = 0, which is shown in Fig. 3a.
It is clear that when o= ¢ and § = 8 the reconstructed images become faithful (Fig. 3).

with

2.2. Lensless transform Fourier holography

In spite of the well-known differences of these holographic processes, when compared
with the Fresnel holography the Fourier hologram retains its ability to record all perspective
contractions too. It is well known that in this manner of recording the holograms the
reference wave is a spherical wave emitted from a guasi point source. The source and the
transmitting object lie in the same &, 5 plane. The light field deriving from interference of
the reference wave with the wave diffracted by the object in the hologram plane x, y is

wx,9) = iC] exp {f% (|x12+1y12>} +410] exp {2 (lezJ&%_yl?),}x
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D L ——L e‘x E—[ & 2—}- ik V2]}X
& R cosa ’ cos fB P SiA cosa I cos f :
27 [ &% 7'y d&'dy’ '
Py , — . 8
Xexp{lfi(cosac fr cos B /) cosacos B @
In aﬁalogy to the above described Fresnel holography, the amplitude transmittance D of
’ ¥ ’
the object is written in coordinates & = and % = fasor The axes of the object
cos & cos f3
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Fig. 6. Coordinate axes vsed in the description of the construction of lensless Fourier hologram

plane &', " make with the corresponding cartesian coordinate axes &, 7’ the angles @ and g,
what is shown in Fig. 6. Introducing the notation
2) }

e B £r 7][ lﬂ
D*”(cosa’“cosﬁ)exp{m(
and applying the Fourier transformation
o - 5/ 77, : P E,x nly dfld?’]l
D , o
ff (cosac cos )exp{ flﬂ(costx * cos 8 /) cosa cos B
~[ x y ;
7 (Z.fl cosa’ Afjcos ) ©)

The hologram transmittance can be described .as

T(x7y)= ]Clz' {]‘ - %'g? (ﬂ'fl :OS-“ ? ]'fl 3:05[3)

_? 5 ad Y _?45 d Jo-
2@(lﬁcosa’ﬂf1cosﬂ) 2@* (Zflcosa’ﬂflcosﬂ‘)}' &)

’

n-
cos f§

5; 12

cos o

we obtain

2
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The last two terms are responsible for the appearance od twin diffracted waves containing
the information.about the object.

The real images are obtained by this method in-two stages: the hologram is illuminated
with a plane wave and then either of the twin beams is focused by a lens. After illuminating

; . : 127
the hologram with a plane wave 4 exp (~» - )J

:) the light field of one of the twin bundles is

IR

Y = % ¥ 127 i
x,v) = %9 - : = {exp | — ——d
) (1_/2 cosa’ A f,cos f}) )
where d is the direction of the diffracted wave. A lens positioned in the way of the beam

produces an.inverse Fourier tranform on it. In the focus plane of the leus, at the distance f,,
the real image of the object appears. The intensity distribution of this image is: ’

I3, 5) = iy (9, A) i (9, 5)

where

Vim(2, 7) = % ACPexp (-« g ri) exp {{j—;— (8% #%) }}(
2 .- Ja
exp {— Ili (ox+ ﬂ;y)} dxdy (11

~ x ¥ E l
‘ffg(zﬁcma’aaCmﬁ>R_E’e, 7

R determinates here the condition as to the size @ of the lens

PE)]
y<e
x}Q'

0

This R is factor governed by the size g of the lens. In practical cases the part of the hologram
which is illuminated by a laser beam of finite cross-section is less than the diameter of the
lens, so we can put R = 1. The integral in equation (11) is the Fourier transform

~ scosa mcosf) ~ X ¥y o _ __12:/_1_ ! l '
m{ m ’nz)iﬂbbﬁwMWAmw%w{zﬁ@””U“W

Making use of equation (9) we obtain:

(R vy ; 2 -2 2 2
~ 3COS% A COoS . 9cosa  ACOS 17T 29 Ccos* e AT COS
Din ( ~——ﬁ—) = D,‘(—- = é) ex_p{ ( + ‘3)}

m m m m A\ m? m?
(12)

Here, m = ol
2 _ .
The resulting distribution of intensity in the focus plane of the lens 2,7 is I(a, 8)

— |K[?D? 9c0s0 _ﬂcosﬁ)
m et *

m
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Fig. 7

Fig. 7a .
Fig. 7. Test image reconstructed from the lensless Fourier hologram (ORWO WP3 Plattes). @. The same recon-
~ stricted test image when the hologram plane is rotated through an angle of 45° during reconstruction
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The observed reconstructed image is magnifield by ratio m as a whole and shortened
proportionally to cosa and cos 8 correspondingly in the direction of the 5 and s axes.
The deformation can be removed by rotating the hologram during reconstruction. Then
the hologram lies in another plane, the coordinates x'y’ of which makes with cartesian
coordinates %,y angles ¢ and 0. In this case we change the hologram coordinates so that

X 44 : Vo - . .
x' = ——and y' = ———, as shown in Fig. 7. The light field in the image plane changes
cos g cos

then in the following way:

Yim (9, #) = %A |CI? exp (ikd)'exl’{ T2 o ﬂz)}

& " ox ¥ _im [ o ay dxdy
Xff'ﬁ(}.flcosoc’ lflcosﬁ)exp{ Al (coss i cos 0 )} cos gcos 0
(13)

From this equation after the same treatment we obtain the transformed transmittance

b (3coscx ﬂcosﬂ)

M\ mcose’ meosd

0 ( 3¢cosa = A Cos ﬁ) s {?ﬂ (32 (;os?a 3 A% cos? B )} 14)

mcos e’ mcos 0 Afi \m? cos?e  m?cos?d

The observed intensity distribution is:

I(5, 5) = |K[2 |D?

( ACOSQ A €08 b )i (15)
i

2
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Fig. 8. Coordinate axes used in the description of reconstruction of lensless Fourier hologram

The image is magnified m-times in all; at the same time it is shortened proportionally to cos &
and cos § in the direction of the 5 and s axes and lenghtened proportionally to cos & and
cos & in the same directions. In the case when @ = e.and § = 6 the reconstructed image
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Fig. 9a. Comparison between the experimental data of the shortened side & of the testsquare and the value
calculated from the undeformed length & by using Eq. (15) for several values of angle «
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Fig. 9b. Comparison between the experimental data of the lengthened side & of test square and the value
calculated from the undeformed length & by using Eq. (15) for several values of angle ¢

becomes faithful with regard to an object seen perpendicularly. For example the reconstructed
image of a lensless hologram deformed during reconstruction is shown in Fig. 7a.

The test image in the form of a square with side & is recorded by varying the angle
or reconstructed by varying the angle &. The observed deformations of & are in good agree-
ment with Eq. (15), as shown in Fig. 9a¢ and 9b.
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3. Conclusion

It is clear that on the one hand a hologram is able to record all perspective distortions
as all photographic recorders do. Independently of this ability the reconstructed images can
be deformed by rotating the hologram during reconstruction. In this way it is possible to
create artifically an elongation of the object or remove the perspective shortening which
was recorded during construction of the hologram. This behaviour of the hologram is
especially reminescent of lens astigmatism. Treating a hologram like a specific lens we can
define the ability to create-deformed pictures, depending on-the angle which the reconstruct-
ing wave makes with the hologram plane, as hologram astigmatism.
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