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INTERFERENCE EFFECT IN NUCLEAR MAGNETIC RELAXATION
FOR THREE-SPIN SYSTEM. IV
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Department of Experimental Physics, Pedagogical College, Opole**
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The interference of intramolecular dipole-dipole interaction and anisotropy of electronic
screening in nuclear magnetic relaxation is taken into account for a three spin system. The
influence of spin-rotational interaction is also considered. The presented results show that,
owing to the interference effect, a non-exponential time dependence of nuclear magnetization
may appear.

Introduction

In the previous papers I-11I (Blicharski, 1967, 1969) the interference effect for like and
unlike two spin systems in a liquid was discussed. It was shown that non-exponential in a liquid
was discussed. It was schown that non-exponential relaxation may appear, owing to the
interference between dipolar interaction, anisotropy of elecironic screening and quadrupolar
interaction. In the present paper the interference effect is considered for molecules containing
three equidistant identical nuclei of spin 1/2. The intramolecular dipole-dipole interaction
and anisotropy of electronic screening is taken into account. The previous result on relaxation
in a three-spin system published by Hubbard (1958) can be obtained as a special case from
the presented theory.

Theory

Consider a system of three equdistant identical nuclei of spin I; = § located at the
corners of an equilateral triangle (e.g. NFj).

In the presence of a strong external magnetic field Hg, which defines quantization axis z,
the Hamiltonian # for the considered system can be written as a sum of static Zeeman
interaction G, and time — dependent perturbation G() produced by intramolecular dipole-
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-dipole interaction G“, the anisotropy of electronic screening G°, and spin-rotation

interaction G”

# = h(Gy+G(»)

where
Gy = —w, Z Ii,
G = G¥e)+6°(2) + G'(e),
2
=3 3 48R0, B,
i>f m=—2
I |
Gd(t) = Z _Z lA;’"(i)F(_i)m(@“ ¢i)7 (i9j =12, 3)5
G(t) = —cd -,
with

Ad) = —d [I,:‘I;'— %(Ii]i +I f;)], (I = L4iL),
AL = —d[ILr +1L 1),
AYY = —dILI,,

. 1
.43(‘) = — '3—3,[3,
ofi 1
A = 3%

Fy(6, ®) = 3 cos?2 61,

Fi.0, ) = %sin 6 cos 0 e+i?,

Fouylh, @) — %sinz foz2i,

d=n%,—-3, s=wydo,

wg + yHy —1is the angular fragmency of Larmor precession,
y — gyromagunetic ratio,
Ao’—anisotropy of electronic screening,
¢y — spin — rotation coupling constant,
1;; = ro— internuclear distance,
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I — molecular angular momentum, 0, @,; and 0;, D; are the angles defining
orientation of the vector 7; and symmetry axis of screening tensor of the i-th nucleus res-

pectively in the laboratory reference frame (x, ¥, 2).
The components of the vector I and the angles 0

i» Py

f;, @, are random functions

of time because of molecular motions. The expectation values <(Q) of the nuclear spin
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(magnetization) Q = I, I_as a function of time can be calculated on the basis of Redfield’s
density matrix (Redfield, 1957)

<Q>(t) = Z' sz’ Uaa' (t) (16)

where the matrix elements of the density operator are deterrained by the equation

dOay . ~
d;“ +1Wyy = Z Raa'ﬁﬂlo‘ﬁgl (17)
88’
&aa’/z Coo _aga" (18)

a? . denotes the equilibrium values of the density matrix o, R, pp 18 the relaxation matrix
given elsewhere (see Blicharski 1969), and w4 = @, —w; is the angular frequency of transi-
tion between the eigenstates |«) and |f)> of the static Hamiltonian Gg; Gola) = w,[a).

To calculate the relaxation matrix R 5 one has to know the correlation matrix

as’f

P s = (G 44(t)G 5t +7)> which can be expressed as a linear combination of the correla-
tions functions <F,,(2),.(¢-+7)) for F,(t) = F,(0(t), P(?)) given by

3 EFSe)> = PP L+

— (FalOF L4 = 5 Pofeos fle (19)

where 8 are the angles between the inter-nuclear directions 7;; (8 = 0, 1n, 27m) or the angles
between r;; and the axes of symmetry z; of the electronic screening tensor (f = %n) or the
angles between the axes z; of screening tensors for different nuclei (8 = 0) and P, (cos B)
is Legendre’s polynomial of the second order, and 7, is correlation time for molecular
motion. We have used in the calculation the representation |a) = |y I3 /1) in which
the matrix elements of operators IZ, I, have diagonal form, where Iy = I + I, I = Ly +1
and I is the projection of total angular momentum I on the z axis which is parallel to the
static external magnetic field H,. The eigenfunction |¢) can be expressed by the eigen-
functions |m, my myy = |m;> |myy Imgy in the “‘decoupled” representation in the following
form

loy = | IIm) = Z {mymomgy (L ymymo| s, my +mg) (I lgm, +-mg, my] Im) (20)

my, g,

where
m = my-+my+msg,

(IIym,mg|Im) are Clebsch-Gordan coefficients (Edmonds 1957). The complete set of eigen-
functions |&) has the following form

= 133D,
2> = 11385, B> =031, =11, @
5> =133 =D, 16> =103 —b, D=1} D

8 =13 -4
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The eight simultaneous differential equations for o, determined by (17) can be reduced
to a system of six simultaneous, linear, first order, homogeneous differential equations with
regard to the properties of symmetry of the spin system. We define the following combina-
tions of density matrix elements

x,(8) = 0y,
%9(t) = Gy, -
1 L .
%x5(8) = Vi— (O35 Gag)s

1 ‘
wyt) = th— (Go6+ Ora)s (22)

%5(t) = s
%g(t) = Ogg,
for which the initial conditions are determined as

hew,

16 kT
5=(31V2 -2 -1, -3). (29

2(0) = — , . 23)

The equations governing the time dependence of x,(z) are obtained from (17) for o7, L1,

dv; 9 . ,
d—’; =5 Z an(@oa(t), (G k=1,2, ... 6) (25)
k

Ty = d-2¢ L, (26)
0 4

The matrix elements a,(e) are expressed in the terms of the secular elements of relaxation
matrix R, 50 The coefficients a,(e) are

a;x(€) = ay(e), (27)
ay(e) = 7k, 7—i(—¢), (28)
M= T Te T3ET 9T b

__§+L+i2+§ﬂ
2= T |95 T 3T g7 T g b

5 1, 5
a/33——'—[ﬁ+'2_7"8+ﬁl30:|9
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1 1 1 3
“13=Za14=7023—§a24?§ﬁa

1
Oy = —,
a16 - O,
4 5
Ogp = daagy = 97 e+ 3 Bos (29)
where
e=s/d (30)

(1)) (7) =

and (1/T3),, is the spin-rotational contribution and (1/T%), is the intra-molecular dipole-
-dipole contribution for two interacting nuclei (1/T3), = 3/2T,. The longitudinal component
of nuclear magnetization M,(¢) can be easily expressed by the terms x;(t). For a system of N
molecules per unit volume, we get from equation (16)

M(t) —M, = —;— Nyhs - x(z) 32)

where M, is the equilibrium value of M, (z).
We shall find the solution of equations (25) in the form

r 5
kT,

%(t) = ; die (33)

o} o

Using the Laplace transformation of Eqs (25) and (33) it can be shown that the coeficients d,
are given by

‘ Su(Ay)-.- Sii-1 01 Sipy o St
|- o

B : o

‘ Sﬂl"‘ Sn,i—l 671 Sn,i+1 ne Sm’l(zk)
I1 (%)

J+k

dix =

where Sy(1,) = ay— 1,8;, 7, are eigenvalues determined by the secular equation
det(a; —2;0;) = 0. It is convenient to measure time in units of the spin-lattice relaxation
time T3

L. (%)d (2+ o). (35)
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Then the time dependemce of the longitudinal component of nuclear magnetization can be
written as

t

— A —
M) —My= (M0) =My T cpe " T (36)
where
5 T, » v
L N . 37
*T o, ¢ ZC,-Z.,- 37)
Z 6 = Z Gl =1
3 *
Su@) v oo S1,01
(38)
Syr s v on e e S0,
E s, 0
SR 7} § (7 A
JFk

with 8% = >} 0% which is the normalization factor.
%

Numerical results

The system of six simultaneous differential equations (25)was solved using the ““Odra
1204” digital computer at the Centre of Numerical Computations of the Jagellonian Uni-
versity. The programme for calculation of a;;, (&, §,) and corresponding eigenvalues 4,(¢, Bo)
and amplitudes c,(e, fo) was done using the Jacobi method (Rutishauser, 1966) and the
triangular method (Scarborough, 1966) respectively.

The computation of ¢(e, fy) and A.(e, f,) was performed step by step from & = 0
up to ¢ = 5 with e = 0.05 for §, = 0, 0.2 and 1. Therefore it is possible to present the
obtained numerical data as diagrams 4,(¢) and ¢,(¢) in Fig. 1. Besides, the time dependence
of nuclear magnetization was calculated for the most interesting cases (Fig. 2).

From the presented results it follows that in the case §, = 0 the time dependence
of nuclear magnetization M, () can be expressed as a sum of four exponential functions
with different amplitudes and time constances.

The most interesting region coresponds to &2 2.5. In this region one can expect
a detectable deviation of M _(¢) from the single exponential function. In the case f, = 0.2
and B, = 1 the time dependence M, (¢) is effectively the sum of three exponential functions.
The deviation from pure exponential decay for g, = 0.2 is a little smaller than for gy = 0
but it is still important. In the case 8, = 1 the deviation is very small except for the region
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Fig. 1. Calculated values of Az and ¢ as a function of s for f,=0, 0.2. and 1 respectively
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Fig. 2. Time dependence of longitudinal nuclear magnetization in a semilogarithmic scale for different £ and B,
values.

of & = 5. From the presented theory one can get Hubbard’s (1958) previous results assuming
e= f,=0. In this special case:

_22 a. :—..]E.
6% 16

and finally two exponential time dependence can be obtained. However, the deviation from
the single exponential decay is practically negligible here.

ay, + Gy = — s Grg = 1y = %’ Qg5 = 1 = 0. @y = Qg = Gp_4, 7_;
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It seems that non-exponential recovery of nuclear magnetization in a three-spin
system can appear in some liquid fluorine compounds near the freezing point, at sufficiently
high external magnetic field.

The authors wish to express their thanks to Dr J. W. Hennel and Dr H. Schneider

for valuable discussions.
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