Vol. A37 (1970) I8 ACTA PHYSICA POLONICA Fasc. 1

THE CLASSICAL PATH APPROXIMATION IN THE THEORY OF LINE
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The problem of the atomic line broadening by foreign gases is investigated in the low
pressure region in the classical path approximation. An extension of the impact theory is worked:
out. The general formulas are specified for the Lennard-Jones interatomic potentials.

1. Introduction

The present paper is devoted primarily to study the problem of the atomic lines broaden-
ing by foreign gases in the low density region. The stimulus has been given by the recent
research on cesium lines broadening by inert gases performed by Ch’en and his coworkers.
[1,2,3,4]. The most interesting experimental result is the non-linear dependence of the
half-width and the line-shift on the density of the gas even in the low pressure region. We
will attempt to show that it is possible to understand these results without introducing any
new physical assumptions apart from those generally accepted in the papers based on the
impact theory. Particularly, we will assume the binary collision approximation to be valid
although in somewhat modified form as compared with the impact theory. We will. limit
ourselves to the investigation of an isolated atomic line perturbed by the collisions of the
radiating atom with the perturbers, which are considered to be independent. We will also
assume, that the interaction of the radiating atom with a perturber is realized through an
interaction potential, which for a given atomic state, depends only on the relative distance.
On this ground, the theory will be worked out along the lines putted on by Fano [5] and one
of the present authors [6]. The general quantum-mechanical description of the theory is
given in the second section, where the basic formulas are derived.

The essential features of the classical path approximation are discussed in the third
section. The conclusion is, that we do not improve the accuracy of the calculations by taking
the solutions of the Newtonian equation of motion instead of the straight lines trajectories.
In the next two sections, the contributions of close and distant collisions are considered
separately. As a by-product, the well-known formula of Anderson [7] for the line shift and
half-width is rederived.
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In the last section, the formulas are specified by assuming the interaction potential to
be one of the Lennard-Jones family. It seems remarkable, that we meet some difficulties in
interpreting the experimental data in the very low pressure region when using those potentials.

2. General treatment

The intensity distribution function is, under the physical assumptions discussed in the
introduction, given by the following formula

(o]
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where the indices i and f stand for the initial and final state, respectively, and where x denotes
the deviation of the frequency of the emitted or absorbed light from the transition frequency
of the unperturbed radiating atom, i.e.

% = O F Wy 2

We have assumed here the transition frequency to be positive for the emission and negative
for the absorption spectra. Besides, here and in the following, the upper plus or minus
sign corresponds to the emission and the lower to the absorption spectra, whenever the choice
in our formulas is required.

. The Fourier conjugate of the intensity distribution function namely the function U(), is

given by
Uylt) = [Tr{o(h)e™ ™™, | 3

where the trace is to be taken over all states of the one-perturber motion and g(%;) is the
one-perturber density matrix. Quite obviously, we assume here the existence of some
potentials, v; and v, which represent the interaction between the radiating atom in its
initial and final states and a perturber. To these potentials correspond the one-perturber
Hamiltonians %; and Ay, which are given by

i = hoto; @
and

with %, denoting the kinetic energy operator.
"The intensity distribution function is most conveniently presented in the following
form

1 Im Py (x)

Jip(x) = 7t [xFnVytRe Oy (x)]2+[Im Dy(%)]2’ ©

where V' is defined by

sz =QTr {Q(hi)(vi’—vf)}’ ]
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while the complex function @(x) is given by a rather complicated formula, namely

. f ‘%ft@ ekixt f et Uy(t'+t) dt’
o) i , ®)
f e—ixt lf]’;f(t)dt

0

which will be, nevertheless, greatly simplified in the binary collision approximation. The
function V,’f(t), which occurs here, is defined as follows

Viglt) = Q Tr {o(h)e™ (v~ vy)e™ ™. O

In these formulas we have denoted by 7 the perturbers density, i.e. the perturbers number NV
related to the volume Q.

The formula (8) is useless as long as we do not assume that the density of the gas is
low enough. Would it be the case, we may dissolve the function _[_f(t"-l-t) into the following
product

Uglt' +1) =~ Tg(t") Uy(0) (10
so that we arrive at
Dy(x) ~ —n f d—i'l’;(—tz exi# [Jy(1)ds. (11)
0

Moreover, in the low density region the function Ug(f) does not deviate appreciably from
unity. Thus we obtain the following formula '

qu‘f(x)w _nfé%(t). exixt g (12)
0

which has been already proposed by Fano [5] in a more general fashion. Still, detailed
investigation indicates that we may improve the accuracy within the binary collision. In
fact, we may replace the function Ug(t) in (11) by some better approximation, namely the
following one

UP(t) = exp { ( Fid— % P) t}, (13)

where A and I are the line shift and half-width calculated in the impact approximation.
The resulting expression

s3]

Dy(x)~ —n f 2V () ex TP (1) dt (14)
0

requires the knowledge of the two-particles collision amplitudes only, although we have
taken into account, to some extent, the influence of the whole gas on the colliding system.

The time derivative of V(t), which is present in both (12) and (14), will be computed
in the classical path approximation in the next section.
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3. Classical path approximation

The so-called classical path approximation is neither defined uniquely nor it has to
be connected with the classical paths, which are actually followed by the perturbers. In
order to see the real meaning of this approximation, we shall consider two different formulas
for the rate of change of V(). The first is the following one

AVt . . 5,

WD — i e (o(h) P57 ()P DS, (15)
where ¥ is a shorthand for
V= v;— Vs (16)
and V7(¢) is the corresponding Dirac operator, i.e.

7'() = exp {ihot}f/exp {—1hgt}, 17)

and so are the potentials v;(z) and v}(t), which define the operators S; or S; with the help
of the time-ordering. operator P, in the following manner

t
Sip(®) = Pexp {—i [ vjp(t)drt’}. (18)
0
The second formula, which we wish to consider here, is the following one
dVy(t) _ ;0 Tt {o(h:) Vve (0)S7 (0)S:(2) — Si (£)S:(£) v
—ar = W Tr {e(B) Vlor (S5 (05:(0) =S5 (Si(t) i ()], (19)

with v;'(£) or v}'(t) defined as follows
while S;(¢) or Sy(z), which are already defined by (18), may be shown to be equal to

Sip(®) = (Pexp i [ vjip(t)de)™ eay
0

It is remarkable that starting from the formula (15) we arrive in the classical limit at the
straight line approximation, while in the second case we have to assume that the perturbers
are moving along the trajectories resulting from the Newtonian equations of motion with
the forces determined by the potentials v; and v;. The detailed analysis shows that an in-
finite variety of the classical path approximations may be reasonably justified. It is then
clear that we do not improve the semi-classical calculations by introducing the solutions of
the corresponding Newtonian equation of motion. Instead, we shall try to check the validity
conditions of the straight line approximation as they are essentially equivalent to those of
any other form of the classical path approximation. This problem is discussed in the Appendix,
where the necessary mathematical framework is developed, Still, the physical picture in-
volved here is very simple, for we require the de Broglie’s wavelength of the pertuber to
be, on the average, small compared to the dimensions of the effective range of the interaction.
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This is the case when the long- and intermediate-range forces are weak enough. The contri-
bution of the short range forces is given properly by the classical path approximation, if
they increase in an evidently abrupt manner with the decreasing interatomic distance. In
this case the detailed form of the short range interaction is namely unimportant and the
quantum-mechanical result is essentially equivalent to the semiclassical one.

Under these assumptions we may evaluate the rate of change of V(t) as follows

where S(¢) is defined by
S(s) = exp {—i [ V(R,)d’} (23)
0

and the position vector of the perturber at time ¢ is related to the initial position vector R by
R, = R-+vt. (24)

The bracket in (22) means that the average is to be taken over the Maxwellian distribution

of velocities.
Let us now assume that the potentials v; and vy are central, i.e. they depend on the

interatomic distance R only

Vit = inl Rl (25)
Moreover, we shall consider R as a function of the impact parameter b and the time 7,
namely
R(b, 7) = (b*+v%7?)t, (26)
with the time 7 defined as
= —Rv/v% 27

Substituting now (22) into (12) we arrive at the basic formula

B (%) = innv foodb2 f°° dr fdz exp {—BV[R(®, 7)]} X
0 0

XV [R(b, 7)]Sy(z, T—¢; D)V [R(b, T—1)] exp {— ixt}, (28)

where the function S; is defined as follows
121
S, (tq, ta3 b) = exp {—1 f VIR(, t')]dt’}. (29)
23

Let us add that the formula (7) leads, in the classical path approximation, to the following
result

7, — s | db [ dv exp {— BV IR, DNV IRG, 1), (30)
0 —00
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which, when combined with (28), completes the set of relations required for the numerical
computation of the atomic line shape. These two formulas will be, for practical reasons,
simplified by introducing the average velocity v instead of averaging over its distribution.
We do not expect that this simplification, most commonly used in the pressure broadening
calculations, may remarkably affect our results. However, we were not able to evaluate
quantitatively the error introduced in this way.

The formula (28) has to be reconsidered in order to separate the close collision contribu-
tion, which results in the rapidly fluctuating terms in the integrand. This will be done in
the next section.

4. Close collision contribution

We shall consider here the contribution to the integral over b in the equation (28)
from the interval of the impact parameters smaller than a certain minimal value b, which
will be defined later. Right now we only assume that the function ¥ [R] is, in this interval,
very big compared to the values of x, which come into question. In this case we may reduce
the contribution of close collisions (cc) in (28) to the following expression.

bg )
{D(%)}.. = no [ db? [ dv exp {—BVR(b, )]}
0 —00

XVIR(b, 7)[{1—5y(7, — o0; b)}, @1)

which follows from (28) when the exponential factor containing x is replaced by unity and
use is made of the following differential equation

. 9Sy(ty, 833 b
: (—at—) = —Sy(ts, o3 DVIR(D, 15)]. (32)

On the other hand, the close collision contribution to nl7if is, as it immediately follows
from (30), given by

b2 <)
{nV, = nnw f db? f dr exp {—BV[R(b, )}V [R(b, 7)]. (33)
0 —0o0
Thus the difference of (31) and (33), which enters into the line shape function (6), results in
b3 )
{Py(x)—nV,, = 7w [ db? [ dvexp {—BV[R(b, 7)1} X
0 —o0

XV[R(b, 7)]Sy(z, — o0; b). (34)

The main contribution to this integral comes from the region of large negative times 7,
since then the oscillations of the function S; are not too high. Therefore, we may omit the
Boltzmann factor, thus getting

{@if(x)—nf_/,-f = —innv fbodbg{sl(“’" — o005 0)—1}, (35)
0
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when combining (34) and the following differential equation

i 253055 9 — yiRG, 115,00 5B (36)
1

Finally, omitting the highly oscillating first term in the curly bracket, we arrive at
{¢zf(x)—n7,y c = lﬂn_'l;bg (37)

Thus we conclude, that the close collisions do not contribute to the line shift and their
contribution to the half-width is correctly given by the impact theory.

5. Distant. collisions contribution

The Boltzmann factor is not essential for the distant collisions (dc), for which we obtain
from (28) and (30) the following formulas

(@)Y}, = i | db2 [ dv [ VIR, D)X
b2 -0 0

X Sy(z, T—1t; b)V[R(b, T—1)] exp {Lixnt} (38)
and
(Vg = o [ db? [ dzVR(b, 7). (39)
b3 —00
Using the relations
Sy(t, T—13 b) = Sy(z, 05 b)S;(0, T—1¢;5 ) (40)
and
S,(0, 73 b) = Si(v, 05 b), (41)

we may further simplify the formula (38) in the following way
. o] (o] (o]
(Dylx)}g, = inv [ db? [ dx [ Fi(z, HF,(t, b)dt (42)
b3 —c0 -7

where the function F,(z, b) is defined as .

F (2, b) = VIR(b, £)15,(t, 0; b) exp {Liat}. (43)

Im {Dy(x)}ac = —%— N f db? f dtF,(z, b)

b2 —00

Therefore, the imaginary part of (38) is given by

2

, (44)

while its real part is readily be found from the Cauchy relation
o0

Re {0y (@)} = F - p.v. f Im {@y(x')}dx’

x—x
—00

(45)
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The usefulness of these two relations consists in reducing the number of integrals which
appear in the initial formula (42).

Let us stress, that the Boltzmann factor does not appear in the formula (37) of the
precedent section nor in the formulas (39) and (42). In consequence, the line shape of the
absorption spectra is identical with that of emission spectra.

In the limit of very low density we may neglect the x-dependence of @ so that we do
not need to treat separately the close collisions from the distant collisions contribution. In
fact, in this case, the formula (35) holds in the whole range of the impact parameters, i.e.

Dy(0)—nVy = —innv [ db2(S, (00, — 003 B)—1), (46)
0

which is the well-known formula of Anderson |7].

6. Lennard-Jones potential calculation

In order to get a more realistic description of the interatomic forces than that usually
accepted, we have considered the potentials difference ¥ of the Lennard—Jones family,

{3 (3]

We have accepted here the opposite sign, with respect to the normal form of the L.-J.
potentials, since we wish to restrict ourselves, from now on, to the absorption spectra only.
We would also like to introduce a new set of dimensionless parameters

namely

__ &R, _ xR,
C=2n Tk
v b
S=—0-, =R—o (48)

instead of the old ones*. The potential ¥ will be replaced by a new function u(g, s) according to

vh
V= SR Cu(o, 9), (49)
which is defined as follows
u(o, 8) = (0% +s2)~3— (o2 +s2) % (50y

Substituting now (34) combined with (38) and (39) into the formula (6) we obtain, after
some simple calculations, the following expression for the intensity distribution function

Ty) =22t £, ) 6D

* The Planck’s constant divided by 27 is denoted by A.
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with the function j;; given as

. _ 1 Now(E, &)
& & N0 = o TENd(E, 1+ [NowlC, O 2
where w(, &) and d(, &) are defined by
w = a2+ foodgé‘ foodsu(g, s) exp {—-ié'f u(o, s')ds"} X
a —00 0
X exp {—i&s}|? (53)
and
aée 8§ = =p. v. f Mo E)EE. _op f doo [ dsute, 9, (5
4 E—¢& .
—0 2 —00
while N, stands for
N, = @nR}. (55)

The numerical results based on these formulas will be presented in a subsequent paper.
Some preliminary evaluations which has been published recently by the present authors [8]
indicate, however, that we may expect a reasonable agreement of the theory with the ex-
perimental data on the argon and krypton broadening of cesium lines performed by Ch’en
and others [1, 3]. However, we do not expect to approach very closely the experimental
results using the Lennard—Jones potential. In fact, in the very low pressure region the
&-dependence of w and d may be neglected so that we get the Lorentzian line shape, i.e.

1 Nguw(Z, 0)

= TE= NG, 0P+ NG O (56)

]U(Ea C’ No) ~

in accord with the orthodox impact theory. The values of w((, 0) and d(¢, 0) have been
computed with £ ranging from 1 to 8 as demonstrated in Fig. 1. The dependence of the
line shift and half-width on the potential strength, i.e. on {, is much more conspicuos than one
would expect from some intuitive predictions of Anderson [7]. An even more striking result
is, that the ratio of the semi-half-width w to the line shift d has a broad minimum around
the point ¢ = 5.7 (Fig. 2). The minimum value, of this ratio, which is equal to 0.71, is
slightly above the experimental data, which are given in the quoted papers of Ch’en and
others as being equal to 0.63 and 0.7 in the very low pressure region (the ratio of the ‘‘initial
slopes”™) of the cesium resonance line broadening by argon and krypton, respectively. The
‘computations with some others L.-J. potentials, with & higher than 4, diverge even strongly
with experiment leading to the higher minimum value of this ratio. Moreover, the data on
the helium and neon broadening of cesium lines [2, 4] cannot be explained with the use
of any potentials from the Lennard-Jones family. Thus, the search of some more adequate
potentials is clearly needed.
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APPENDIX

The straight line approximation

The connection between the quantum-mechanical and the corresponding classical ex-
pressions will be established here with the help of the displacement operator in the momentum
space which is generated by the position vector R according to the following rule

[k = exp (iR}[0) (A])

where |k stands for the eigenstate of the momentum with the eigenvalue k/A. Using the
last relation we may transform the quantum-mechanical expressions, like the following one

Viglt) = @ [ d<klo(hy) VSF(2)Si(0) [fed, (A2)

coming closer to the corresponding classical path expressions. In fact, one can easily see
that

Vylt) = Q [ dO|le(h) 1V ISF (OTISHAH]0, (A3)
where we have related the following operator
[0],, = exp {—ikR}O exp {ikR} (A4)

to an operator O. In particular, using the notation of the 3rd section, we arrive at
g ’
[Sisole = Pexp {—i [ vy p(R+ovt'; )dt'}, (A5)
0

where the time-dependent potential v" is given by
Vi sy (R4t 5 1) = exp {ihgt"}vy s, exp {—ihyt'} (A6)

and the velocity ¥ is defined as the ratio of the corresponding eigenvalue of the momentum Ak
to the reduced mass of the colliding particles. The classical path approximation is valid
whenever the angular momentum of the relative motion is, on the average very large, i.e.

ERy>1 (A7)

‘where R, is, in general, the characteristic length of the interaction potential. In this case
we may replace the operators v’ by the corresponding ‘‘straight lines” time-dependent
potentials getting

[S7 T[S 110> ~ S[0). (A8)

Moreover, the density matrix in (A2) should be replaced by the classical distribution function.
Finally, we arrive at the formula (22) of the text for the rate of change of (A2).

The present approach may be extended by the methods of perturbation theory producing
some quantum corrections to the classical path approximation.
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