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A system conmstmg of two ferromagnetic phases is considered. It is assumed that an
exchange coupling’exists' between: the phases. A _variational  procedure is used to derive the
boundary conditions at the phase boundary. Mlcromagnetlc equatlons of motlon are assoclated
with' thess boundary conditions. -

i 1. Introduction

In certain ferromagnetlc alloys dlfferent magnetlc phases can emst 31de by 51de (1sland
-structure) [1] whose spatial extension is so big that the application of the macroscoplc spin-
-wave theory is possﬂ)le for such a system. The magnetic properties of the phases are here
characterized by its exchange constants and its spontaneous magnetization. Starting with
a microscopic consideration the free enthalpy of a system of two different ferromagnetic
phases can be formulated on the fact that an exchange coupling exists between both phases.
A variational procedure of the micromagnetism gives the.appropriate boundary conditions
at this phase boundary. ‘

2. Deséni)tion of the exchar},ge coupling

The exchange interaction in the considered‘system shall be described by a Heisenberg-

-Operator .

5 Y IS8, .- &

l#m : : :
This expression can be represented by using the magnetlzatlon operator
FE(H) = 2 zsla(r—r,) @

with PR :
g = eh[2mc
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which gives
o = 5 ) [ [ asae s e i), ®

The exchange interaction is assumed to be short-range. Thus, the exchange integrals
J(r,r’") vanish when [r—7'| exceeds a length of the order of the lattice constant.

To describe especially the interaction of the spins near the boundary between phase 1
and phase 2, we divide the Hamiltonian (3) into the volume term 3, and the boundary-
surface term # 5. Thus

H = K+ Ao @)
with
1 a N
o, = =5 (2g)® [[ i 1m0 ) ®)
and

#p = —(h)2pup)? [[ dvdv" Ji(r, r”)M1(")M2(7'")-

In this notation M includes the spin operators of phase 1and M, the spin operators of phase 2.
The integrations of the volume term 3, cover the whole phase volume. In the boundary-
surface term # g only the surrounding of the boundary surface contributes to integration
because of the short range of the exchange integral Ji,. To simplify matters the volume
term 2 is not considered.

The influence of the boundary-surface term # g on the equation of motion of magnetiza-
tion follows from

in & (i) = 9, ). ©

With the familiar commutation relations for the components of magnetization we obtain
d ~ Y h A
£M1(7'1) = M,(r)) X s dvJy(r, r) My(r)

Y h 7 Y 7
) x g [ ar s . )
. U“B

By the transition from the operators to the macroscopic magnetization M(, ¢),assuming
cubic symmetry, Eq. (7) yields [2], [3], [4]

. A, 92
M, (ry, t) = yM(7ry, 8) X Mli WIEMI(TD )

h T = 7
+ M,(ry, t) X Sun f dv" Ji,(r", F) M1, t) ®)

where A, is the exchange constant of phase 1; My = |M| is the constant magnetization
magnitude; and y = 2pu/h. The additional term in the micromagnetic equation of motion (8)
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describes the exchange coupling between both ferromagnetic phases. The properties of the
function Jy, indicate that this coupling is significant only near the boundary surface.

A suitable boundary condition should now replace the additional term in Eq. (8). To
this end the operator # g from Eq. (5) is transformed into a macroscopic energy expression,
which is introduced into the free enthalpy of the ferromagnet.

The energy corresponding, in micromagnetic approximation, to the operator #p is
expressed by

Eg = —(hf2up)? [ [ dvdv" Jio(r,v")My(r) My(r"). O
The points 7 and ' are the centroids of small average volumina (containing as usual 30 to
50 elementary cells).
For simplification the following exchange interaction is assumed:
Tia1,7"") = Ky O@+(r —1")]. Q0
Consequently Eq. (9) yields
Ep = —(h|2up)? Ky, [ dv My(r) My(r +a). (11)
The vector @ is to be directed perpendicular to the boundary surface, with |@| in the range
of three lattice constants. This corresponds to a nearest-neighbour” interaction.

Because the quantities M(r) are constant in their average volumes, the expression (11)
can be written as a surface integral over the boundary surface Fj, between both phases.

Thus
Ep = —K12F f daf. M_J.Mz- (12)

In this context, Kj, is a phenomenological parameter the same as the exchange constants

Ay and A,.

3. Variational procedure and boundary conditions

The free enthalpy of a system consisting of two ferromagnetic phases is (see [3], [4]).

om=\?  [o0m\? OMz \?

1 1 1 1 L

: fd'l: [( o7 ) - (é)’r > + ( or ) ] + fd’twal(lnl)-l-
V. V.

1 1

5\ 2 | 2 v\ 2
ol GF) e (58] (58) ]« [ orvamnos
v, V.

N

1
G=—2—

=

+
Do
Sl

+ & f drH2— A4y, f dfM,M,— Ay, f df MM, (13)

1
space F{z) ) F(2)

with the exchange terms particularly valid for cubic symmetry; w, and w, are the aniso-
tropy-energy densities; and the surface integrals describe the exchange coupling between
phase 1 and phase 2. The total field H comprises an applied field and the stray- and the
demagnetizing fields.
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- "A special boundary-surface anisotropy is not considered. In equilibrium the free ent-
halpy G'is a minimum, i.e. the variation 6G vanishes with respect to small deviations -of the
magnetization. For the calculation of G rotations of the magnetization only are considered [3].
Thus

O0M = dpxM with |M| = const. (14)

Consequently the variation 6G is given by [3], [4]

4 du,, . -
86 = f dr (Mlx [ Mlz AM1+ 91""; (Ha+Hg+H;)]) b+

+ f dr (sz[ 4 im, +3X1 (Ha+Hd+H1)]) Syt

} B VI
+ df(’;;lexaM —A12M1><M2)6¢1+ f df( 4y A pr o ;" AmszMl) 39, = 0

Fg) & o : (15)
where H® denotes the applied magnetic field; Hd and H’ the demagnetizing and stray
fields and 9/9,,1, 3/9,, the derivatives normal to the surfaces Fg), Fy (2) (with F{?, Fg)—>F12)
Surface terms which do not relate to the boundary surface Fj, were omltted in Eq. (15).

" Because of the arbitrary choice of the variations oy, 09, the preceding expres-

sions must vanish. According to Eq. (15) this gives two differential equations and the asso-
ciated boundary conditions. For the boundary conditions we obtain

4, M,
ﬁl% MlX —a—nl" —A12M1><M2 - 0
and
oM,
-]A‘;z sz —.A12M2XM1 = 0 (16)
.The differential equations from (15) are written
Mlx Hleﬁ' = O and sz Hzeﬁ‘ == O (17)
with '
H ;= —0G/6M.

With reference to these equations no boundary conditions exist, which connect magnetiza-
tion and magnetic fields. Such boundary conditions appear with the magnetostatic poten-
tial equations, which must be dealt with when solving Eqs (17).

" 4. Dynamic equations

The bound‘éry conditions Eq. (16) are also valid for the dynamic modification of Eq.
(17),as
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which may be derived by means of the Lagrangian formalism [3]
£ .
8fdtL =0 with L = [dv7 (M,M)—GC. (19)
t

In comparison with the static case no additional surface integrals emerge here and thus
no additional boundary condition. In the simplest form, the consideration of damping
leads to the equation of motion written as follows [5]

M = yMx [H ;—oM] (20}

(& damping constant) which is taken from the more general variational procedure

fdtL fdtfdr—éM 0 1)

with the dissipation functlon

F=fcl1?7=%—fd1:M2.

This shows that the boundary conditions (16) apply also for the equation of motion with
damping.

In the phenomenological description of spin-wave resonances it is frequently possible
to consider small deviations from a preferential direction (e. g. large applied magnetic
field).

Expressing the magnetization with

M, = Ml+m; M, = M,l+m, (22
with
Im=0and 'm<LM

(@ unit vector), with the squared terms in the small quantities 1712 neglected, Eq. (16) yields

4, dm,

M, on +Ap(Mymy,— Mym,) = (23)

and
Ay dmy
M, n,
Respectively linearized equations of motion are associated with these boundary conditions.
I should like to thank Professor G. Heber and Dr K. Elk for discussions.

—— Ap(Mymy,— Mym,) =
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