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THEORY FOR MOLECULES WITH ONE OPEN ELECTRONIC SHELL
“ IN THE GROUND STATE
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Department of Chemistry, Emst-Moritz-Arndt-University Greifswald*
(Recéived June 24; 1969)

An invariant approximate. model with complete neglect of differential overlap (CNDO)
in the SCF LCAO-MO theory for molecules with one ‘6pen electronic shell is derived. The ex-
pressions for the Hartree-Fock-Roothaan matrix and the proof of the transformation behaviour

- to orthogonal transformations of the basis set of the atomig basis wavefunctions are given.

1 Introductzon

Many compounds in chemlstry are molecules or molecular systems with one or more
open electronic shells representing systems with a rather large number of atomic centers
and electrons. In such cases quantum chemical approximate (semi-empirical) methods
become suitable and useful in the determination of the electronic structure and other interest-
ing'molecular properties. Unfortunabely such important ‘physical criteria like the correct
transformation behaviour of the matrix elements and the invariance condition of the secular
equations: and. the energy with respect to: orthogonal (unitary). transformations havé not
always been proved for approximate: procedures.. SR .

‘Some years ago an invariant approximate model for closed shell- electromc systems
has been published [12, 13] and one on the basis of different molecular orbitals for different
spins for open-shell electronic systems [13]. Several modifications of the mentioned model
do-exist in the sense of applicability of useful empirical approximations for some matrix
elements sometimes failing the invariance concept. The developed model and its modifica-
tions have been applied with encouraging success. [1, 2, 4, 5, 8, 11, 13].

Also Roothaan’s theory for systems with one open electronic shell [15] has successfully
been used in an approximate procedure for the investigation of the electronic structure of
s-radicals and co-ordination compounds [3,6,7,9,10] but without any treatment of the
invariance concept and the transformation behaviour of the matrix elements. It is the aim
of this paper to formulate an invariant approximate model.
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2. Foundations

The matrix elements of the Hartree-Fock-Roothaan operator and the formula for the
total electronic energy described in the LCAO formalism by Roothaan’s pseudo-eigenvalue
equations are expressed as follows [15]:

qu = Hpq+qu_qu+qu’ @)
1
Ba= 5 [,,Z Dl po(Hpg+Fp) — pZ (Dbpa+1Db,59 Qs ] y @
. g »d

All matrix elements and f possess the meaning as cited in [15]. The only difference in the
explicit formulation arises due to the deviation in the normalization procedure for the
open-shell molecular orbitals — normalized to unity in this paper — and due to the other
definition of the density matrices as seen:

H,, = {pl|H|g, (32)

1
Ppy = Z [(pQIrs> Y <Psqu>] * Drys, (3b)

1
Ope= Z [a<ptIIfS>— 5 ﬂ<pSqu>] * Do, (3¢)

1
Ry, = 9 Z [SprDr,rsQsq+ QorDr,p6550)s (3d)
r,$
Spe = <Pl (3)
and
Drpe = Depg+Dope =2 21 cuigt2f 21 Comlity: (3g)
k c cl.sh m C op.sh

In his paper Roothaan [15] established the invariance of all operators of the Coulomb,
exchange, Coulomb coupling and exchange coupling type with respect to a suitable unitary
(or orthogonal) transformation of the molecular closed-shell and open-shell wavefunction
among them. If the molecular wavefunction shows transformation invariance between the
atomic basis functions it is possible to derive the transformation behaviour of the expres-
sions (1) and (2) by introduction of a new set of basis functions X;,: related to the original
set X, by the equation (4):

X, = 2 Ou Xy (4)

It follows for the single matrix elements:
H;w == PZq OﬂpHpqO;l’ (52)
P, =X 0,P, 05", (5b)

b214
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Q;w = Z O”PQMO;,I, (5¢)
D5q

R/’w =2 OﬂpquO;’l’ (5d)
p’q

D;':l"’ = Z OI‘PDT:PQO;'I’ (Se)
0,9

S;’w = 2 Onpquo;'l' (5¢)
D9

Analogous expressions are obtained for the matrices Dy, and D, ,,. By means of the
relations (5) it can be verified the Hartree-Fock-Roothaan equations as well as the formula

for the total electronic energy (2) satisfy the invariance condition in the following way:

2 (Fu—aSwen = 2 (Fpg—aiSpe)cei =0 ©)
v q
1 14 r’ ’ ’ ’
E= 5 [Z D},,,,,(fﬁ'w-i—F ) _'Z(DZ‘,W +f. Dam)QW]
254 By
1 — _ — _
= 9 [Z OupD;‘,pqoqvloﬂp(HM +F, pq)oqvl - Z Oﬂp(Dg‘,pq +f Dg,pq)oqvl : O#PQMOWI:I
P i
1
=35 [Z D;',Pq(HM‘l'FM)—‘ Z (DE,M +fi D&M)qu] . ™
bsq bsq

Now we are able to develop the invariant approximate model.

3. The invariant approximate model

As mentioned in the first section of this paper each approximate step to be introduced
in the theory of electronic structure of molecules in order to develop an approximate model
should be in agreement with the correct transformation behaviour, i.e. with (5). The ideas
to be used in the derivation of the invariant approximate model for molecular systems with
one open electronic shell are analogous to those of the invariant approximate model (CNDO)
for molecular systems with closed electronic shells [12, 13].

The following assumiptions are made:

1. The assumption of zero overlap

lifp= 8)
Spq=<P|‘Z>=6pq={0if£¢Z’ (

where 8, is the known Kronecker symbol. For X, and X, it holds in general X, € 4 and
X,EB (4 and B denote atomic centers).
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2. The complete neglect of differential overlap (CNDO) for the electronic-
repulsion integrals

'pg = <‘pslrQ>'6psyaré‘= ?ABapsarq (9)

with X, X;€ 4 and X,, X € B.The special case y,45 = y44is also contained in formula (9).
As y,4435 yqpare mvanant quantities towards local orthogonal transformations of the basis
set of atomic wavefunctions.

~ By means of these apprommatlons one obtains the. following expressions for the matrix

elements Pﬁ;‘, PﬁqB, Qﬁ;‘, ME, RAA and RAB g
Pof = — DT,quAA+ <DT,AA7AA+ ZDLBB?AB') Spe  for X, X,E4,
: ‘ BEA ' ‘
P — _ ;D},P;,jz,qg for© X,€A4 and X,EBA +B). (10)
Qpe = — 5 PDopgyaa+ta (Do,AngAA + Z Do,BBVAB) Opg - for X, X, €4,
B#£A
0B % Bosias for X,€A and  X,EB(A # B). (11)

o RﬁqA e ocDqu (DE) AAVAA -I- Z DO BB'}’AB) - ﬁ Y44 (ZDO,MDT,ﬂﬁ‘

B#A
A . o - B
+ ZDT,prDO,rq) - LZ- ( Z Z v48Do, v Dr g+
B#A r
B
+ Z yABDT,p,DO,,q) . for X, X,EA, 12)

B#A4 r

“ . v e " . v V
RyE = §'DT,pq (DO,AA'}/AA+ Z Do.geyas+Do,peyss+ Z DO,AA'}’AB) -
S BZd AZB

- g— (EA: Do, Drqyaa+ i Dr1,:Do.rg ?’BB) % ( Z Z vaB X

4 -
X DO,prDT,rq +A§B Z VAB " DT’p,Do’,q) for Xp eA and Xq € B(A # B).
r -

The given relations (10), (11) and (12) are symmetric for a simultaneous mterchange
of the p-, g-and A-, B-indices satisfying one important property of the matrix of the Hartree-
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.Fock-Roothaan operator. The proof of the transformation behaviour takes the formin the
following way using abbreviations for the invariant terms of the expressions!:

¢ = y4aDr,aa+ 2 va8Dr, 8>
BZA

& = Y44Do,4a+ 23 V4800 8B (13)
BZ4

& = veeDosr +AZBVABD0,AA~

1 ’ 14
Pyl =— 5 Y4aD1u+ T0p = — VAA Z 0,pDr1,505" +
2
A A
+£ 2 050,05" =230, P o O, (14)
Psq »sq
pir L o, — 1 N 07Dr 0 =S Y 0, PE205
w = — 'Q’VAB T = —2“7ABZ Z wT,pg” qv —‘Z Z wpt pg
b4 q ? q (15)
B B N
== 5 V4aDowt by = — o= Yaa Z 0,D0,p0p" + €1 X
y 20
& R AA-1
X Z 0,4,51_,qu,, = 2 OMP .24 041' s (16)
b9 y 204
B__E'D' __ﬁ - BOD 0—1___ £ BOW BO—I
w = B) YABVOw = 3 Y4B w0,pqYey = wpg Yav -
» 4q ? a
(17

A A
R = Do 5 a3 Dosebe+ Y Drablow) -
[ [

- LZ‘ ( Z i VABDEJueD;",ev + Z i VABDE’",MQD&Q")
B4 ¢

B#A ¢

4 4
=aé; Z OIIP’DT:PQOQ_”I - % Y44 (Z OﬂpDO,prOr_eloerDT,rq O;;’l'l'

b.q 2t
7,0

A
1 The quantity D, 44 is defined as follows: D g4 = 3, D, It possesses the property of being
¢

invariant to local orthogonal transformations:

D,AA ZDTT'—EZOTIDJS st Z‘sstDt: ZD

T LS
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4B
i Z OupDT,prOrzlo DOM 1) - %( ZZ 7"4”3105‘” vé,pr_',xl

2q B#A Pg 70
7,0

A B ‘ . A
X 07! 01005 + 3 3" 450,01 0:;09;05,,4_0;‘) =Y OuRs05,
B#A4 p,g 10 bsq

(18)

= ’ ’ E ’ ’
Ry = 7 (§1+52)DT,W % ( Z Do,uoDr,eyaa+ Z DT,ueDo,evVBB) -

- 7f— ( Z Z DO,pgDT,gv')/AB+ Z Z DT,;teDo,evyAB)

B#4 o : A#£B e

= A B AR B
74 - . —
T Gitly ; Z ,Of‘gD T’PQQWL_: %( ; : Z OupDo;pr,Orelo?erDT,rq X
N . g . S St q

e

X qu Vaa+ Z Z OﬂpDT,prOr—elo DO,rquv VBB) -

o.r
q

ﬂ Aul v ®A B3
4 (B S ooz o 3 30,050
q

A#B oy B#4 p or
? q

oo ‘A . B
% 002 D107 m) = § 2 0REE0 (19)
q

Employing the made approximations for the H,,;-matrix from [12, 13], and considering

the obtained transformation behaviour of (14)~(19)we see that the total Hartree-Fock-
-Roothaan matrix of the proposed approximate model must show the desired transformation
properties in the same way. Since also the validity of the invariance to orthogonal transforma-
tions can easily be verified for the expression of the total electromc energy the approximate
model satisfies all the necessary conditions of being an invariant one.
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