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The paper evaluates di�erent variants of the Jiles�Atherton model of magnetic hysteresis, focusing on
the experimental veri�cation of the model's hysteretic component characteristics. Five modelling strate-
gies were examined: the original Jiles�Atherton model, a modi�ed variant proposed by Venkataraman
et al., the approach of Cheng and coauthors, as well as the modi�cation proposed by Pytlík et al.
Grain-oriented electrical steel was selected as a benchmark due to the complex shape of both its anhys-
teretic magnetization and hysteresis loop. Quantitative evaluation of the obtained results enables the
assessment of the quality of hysteresis behaviour reproduction in anisotropic electric steel. Moreover,
it enables veri�cation of the functional properties of di�erent modelling approaches used for inductive
components in electric devices.
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1. Introduction

Magnetic hysteresis can be observed as changes in
the shape of the B(H) loop of ferromagnetic mate-
rials, where B is the �ux density and H is the mag-
netizing �eld, in both the increasing and decreasing
phases. This phenomenon is especially important
in the case of high-permeability soft magnetic ma-
terials, where the nonlinearity and hysteresis of the
B(H) characteristic determine the behaviour of in-
ductive components [1].
Magnetic hysteresis has been investigated since

its discovery by Sir James Alfred Ewing in 1881 [2].
However, it should be highlighted that a general-
ized model of magnetic hysteresis, quantitatively
describing the macroscopic magnetic behaviour of
a wide range of isotropic and anisotropic mate-
rials, excitation conditions, and coupled physical
e�ects, has not yet been presented [3]. Moreover,
recent analyses indicate that a comprehensive un-
derstanding of the physical mechanisms underlying
magnetic, magnetostrictive, and magnetoelastic ef-
fects would necessitate descriptions that extend into
quantum physics of solid state [4].
Nevertheless, due to its ability to connect

macroscopic magnetization to simpli�ed represen-
tations of key domain processes, the Jiles�Atherton
model [5] has become one of the most commonly
utilized tools for magnetic hysteresis modelling in

technical applications [6, 7]. In particular, this
model is widely applied in the design and optimiza-
tion of inductive components such as transform-
ers [8], chokes [9], actuators [10], and sensors [11],
where a reliable reproduction of the hysteresis loop
is required for loss estimation and performance pre-
diction. The importance of quantitative hysteresis
modelling is especially visible in the case of grain-
oriented electrical steels [12] used as core materials
in power transformers and other energy conversion
devices. In such cases, the anisotropic characteris-
tic of grain-oriented electric steel leads to sophisti-
cated shapes of the magnetic hysteresis loop [13],
especially when the material is magnetized perpen-
dicularly to the rolling direction.
Understanding the Jiles�Atherton model requires

taking into account both its anhysteretic and hys-
teretic parts [5]. The quantitative description of the
anhysteretic magnetization curve has been previ-
ously validated for both isotropic and anisotropic
materials [14, 15]. However, di�erent approaches
to modelling the hysteresis loop have been pro-
posed, including the original formulation of the
Jiles�Atherton model and several later variants that
modify the irreversible magnetization equation or
correct earlier editorial and numerical inconsisten-
cies. At the same time, various numerical strate-
gies have been applied to solve the model equations
and identify the model parameters, mostly based
on optimization using stochastic and bio-inspired
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methods [16]. However, a systematic veri�cation
of the di�erent Jiles�Atherton variants against
demanding experimental data for grain-oriented
electrical steels, carried out with controlled numer-
ical accuracy and a uni�ed parameter identi�cation
methodology, has not yet been presented.
This paper is intended to �ll this gap. The pro-

posed approach utilizes previously validated de-
scriptions of anhysteretic magnetization [15] and
focuses on the experimental veri�cation of several
hysteretic formulations of the Jiles�Atherton model
for grain-oriented electrical steel. A two-step iden-
ti�cation procedure [17] is employed, in which the
anhysteretic parameters are �rst determined, and
the hysteretic parameters are subsequently opti-
mized using experimental B(H) loops measured
for the material magnetized in the transverse di-
rection. The e�ciency of the analyzed modelling
approaches is evaluated using quantitative mod-
elling quality indicators. The obtained results pro-
vide guidelines for balancing computational cost
and accuracy when optimizing inductive component
cores in power engineering.

2. Experimental measurements

The modelling was based on experimental results
of measuring the magnetic hysteresis loop B(H),
previously presented in the literature [18]. The
investigated material was a high-permeability,
grain-oriented Fe�Si electrical steel with approxi-
mately 3% silicon by mass. The sheet had dimen-
sions 0.3 × 30 × 300 mm3 and a standard surface
coating typical of transformer core materials.
The magnetic hysteresis loop was obtained using

a single sheet tester based on a Magneto-Optical
Kerr E�ect (MOKE) microscope and magnetome-
ter [18, 19]. The sheet was placed inside a mag-
netic frame with a laminated yoke closing the �ux
path, and driving and pickup coils were wound
around it. The sheet sample was cut with its long
axis perpendicular to the rolling direction of the
original electrical steel. Before measurement, the
sheet was demagnetized. A triangular magnetic �eld
waveform at a frequency of 0.5 Hz and an ampli-
tude of 200 A/m was then applied along the sam-
ple length, thereby magnetizing the material in the
transverse direction.

3. General concept of the Jiles�Atherton

model

In Jiles�Atherton model, the e�ective magnetic
�eld magnetizing the material, He, is described
as [5]
He = H + αM, (1)

where H is the external magnetic �eld, M is the
total magnetization of the material, and α is the
Bloch's domain coupling factor. Next, the anhys-
teretic magnetization Mah is calculated from the
following equation [15, 20]

Mah (H) =Ms

π∫
0

dθ e
1
2 (E(1)+E(2)) sin(θ) cos(θ)

π∫
0

dθ e
1
2 (E(1)+E(2)) sin(θ)

,

(2)
where Ms is the saturation magnetization of the
material. For the axial anisotropy in the material,
the energy components are given as [15]

Eaxial (1) =
He

a
cos(θ)− Kan

µ0Msa
sin2 (ψ−θ) , (3)

Eaxial (2) =
He

a
cos(θ)− Kan

µ0Msa
sin2 (ψ+θ) , (4)

whereas for grain-oriented anisotropy, the energy
components are [21]

Eaxial (1) =
He

a
cos(θ)− Kan

µ0Msa

×
[
cos2 (ψ−θ) sin2 (ψ−θ) + sin4 (ψ−θ)

4

]
, (5)

Eaxial (2) =
He

a
cos(θ)− Kan

µ0Msa

×
[
cos2 (ψ+θ) sin2 (ψ+θ) +

sin4 (ψ+θ)

4

]
. (6)

In (3)�(6), Kan is the dominant value of the aver-
age energy density of the axial magnetic anisotropy,
a quanti�es the density of the domain walls, µ0 is
the magnetic constant, and ψ is the angle between
the direction of magnetizing �eld H and the mate-
rial's magnetization easy axis.
It should be highlighted that when the dominant

value of the average axial magnetic anisotropy en-
ergy density Kan is equal to 0, (2) reduces to the
Langevin equation in both component cases [5, 22],
i.e.,

Mah (H) =Ms

[
coth

(
He

a

)
− a

He

]
, (7)

representing the anhysteretic magnetization curve
of an isotropic magnetic material. Next, hysteresis
is introduced to the model by the di�erential equa-
tion, generally stated as
dM

dH
= f

(
Mah,

dMah

dH
, k, c

)
, (8)

where k describes the average energy required
to break the pinning sites and c quanti�es the
reversibility of the magnetization process. More-
over, phenomenologically justi�ed parameters are
commonly applied, namely δ (determining if the
magnetizing �eld H increases or decreases) and
parameter δM (guaranteeing that the incremental
susceptibility remains positive) [23]. Finally, after
solving the di�erential equation (8), the magnetic
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�ux density B in the material is calculated on the
basis of the following equation
Bah(H) = µ0

(
Mah (H) +H

)
. (9)

It should be highlighted that in the anisotropic case
there is no antiderivative for integrations in (2).
However, from a numerical point of view, solving
(2)�(6) is relatively simple. It can be done e�ectively
by the trapezoid method or the adaptive Simpson
method. On the other hand, solving (8) may be chal-
lenging and requires the use of the Runge�Kutta
method with advanced sampling and approxima-
tions [24].
Identifying the parameters of the Jiles�Atherton

model is commonly carried out in the optimization
process during the minimization of the target func-
tion T . Here,

T =

n∑
i=1

[
Bmeas (Hi)−Bsym (Hi)

]2
, (10)

where Bmeas are the results of experimental mea-
surements, and Bsym are the results from modelling
for a given set of parameters; both quantities were
evaluated at the same magnetizing �eld Hi. Due
to the sophisticated form of the target function T
and the possibility of local minima, the di�erential
evolution algorithm is considered an e�cient opti-
mization method. In the presented research, the de-
fault di�erential evolution optimisation method [25]
was used, where the generation of new candidate
solutions involved adding a scaled di�erence of
two random population members to a third one,
and then mixing this result with the current solu-
tion, retaining it only if it performed better. The
number of population members, NP, was equal
to 420.

4. Investigated variants of

the Jiles�Atherton model-based

descriptions of magnetic hysteresis

During the tests, �ve variants of the Jiles�
Atherton model were tested:

(i) the original Jiles�Atherton model [5];
(ii) the Jiles�Atherton model updated by Cheng

et al. [26], where dMah

dH is used instead dMah

dHe
;

(iii) the Jiles�Atherton model updated by
Venkataraman et al. [27] (bulk ferromagnetic
model), where anhysteretic magnetization
is modi�ed to include domain wall motion
e�ects and a more physically consistent
treatment of irreversible magnetization;

(iv) the DIMFH version of the Jiles�Atherton
model [28] (DIMFH � di�erential isotropic
model of ferromagnetic hysteresis), in which
the derivative dM

dH is rede�ned through
a thermodynamically consistent di�erential
framework that ensures smooth transitions

between reversible and irreversible magnetiza-
tion and eliminates the non-physical disconti-
nuities present in the original Jiles�Atherton
formulation;

(v) the Jiles�Atherton model updated by Xue et
al. [29], where the e�ective �eld He is rede-
�ned to include stress-dependent e�ects and
a modi�ed coupling parameter to better rep-
resent magneto�mechanical behaviour in soft
magnetic materials.

The key di�erential equations describing the �ve
variants of the Jiles�Atherton model are presented
in Table I. To understand the most important
changes these variants introduced, the parts of
equations concerning the irreversible magnetiza-
tion Mirr were isolated by zeroing out the parame-
ter c (magnetization reversibility).
In Table I, the following mathematical convention

was used

Mα =
dMah

dH
, (11)

δ =

{
+1, Hend ≥ Hstart

−1, Hend < Hstart
(12)

(Mah−M)δ =

{
max (Mah−M, 0) , δ = +1,

min (Mah−M, 0) , δ = −1.
(13)

It should be highlighted that modi�cations of the
Jiles�Atherton model also signi�cantly in�uence its
numerical complexity. The simplest and most nu-
merically stable implementation is the one used in
DIMFH. On the other hand, the model variant pro-
posed by Xue et al. [29] is the most numerically
sophisticated.
The coe�cient of determination, R2, was used

to quantitatively assess the modelling quality. This
metric compares the modelled �ux density B with
the experimental measurements over the analyzed
quarter of the hysteresis loop B(H). The R2 coe�-
cient is calculated as

R2 = 1− SSres

SStot
. (14)

The residual sum of squares SSres quanti�es the
unexplained variance between the model and ex-
perimental data,

SSres =

n∑
i=1

[
Bmeas (Hi)−Bsym (Hi)

]2
, (15)

and the total sum of squares, SStot, represents the
total variance present in the experimental data

SStot =

n∑
i=1

[
Bmeas (Hi)−B̄meas

]2
. (16)

In these equations, Bmeas denotes the measured �ux
density, Bsym is the �ux density predicted by the
model, and B̄meas is the arithmetic mean of the mea-
sured �ux density values.
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TABLE I

The key di�erential equations stating �ve variants of the Jiles�Atherton model and numerical complexity
assessment.

Model Di�erential form
Numerical

complexity

Irreversible

magnetization

Mirr (for c = 0)

1
Original Jiles�Atherton

model [5]

dM

dH
=

(Mah−M)δ
(1+c) (δk − α (Mah−M))

+
c

1+c
Mα moderate

dMirr

dH
=

Mah−M
δk − α (Mah−M)

2
Modi�ed Jiles�Atherton

model [26]

dM

dH
=

(Mah−M)δ
δk − α (Mah−M)

+ c (1+α)Mα moderate
dMirr

dH
=

Mah−M
δk − α (Mah−M)

3
Venkataraman

model [27]

dM

dH
=

(Mah−M)δ + δkcMα

δk − α (Mah−M)δ − δk cαMα
moderate

dMirr

dH
=

Mah−M
δk − α (Mah−M)

4 DIMFH model [28]
dM

dH
=

(Mah−M)δ
δk (1− c)

low
dMirr

dH
=
Mah−M

δk

5 Xue et al. model [29]
dM

dH
=
δk cMα + (1−c) (Mah−M)δ
δk − α (1− c) (Mah−M)δ

high
dMirr

dH
=

Mah−M
δk − α (Mah−M)

TABLE II

Parameters describing the original Jiles�Atherton model and four modi�ed variants.

Original Jiles�Atherton

model

Corrected Jiles�Atherton

model

Venkataraman

model

DIMFH

model

Xue

model

Ms [A/m] 1 253 676 1 251 250 1 267 751 1 218 503 1 253 199

α 8.8× 10−5 9.4× 10−5 1.13× 10−4 9.2× 10−5 8.8× 10−5

a [A/m] 20.05 20.41 23.77
k(1−c) = 3.857

18.41

k [A/m] 16.53 18.42 25.11 17.51

c 0.343 0.343 0.343 0.847 0.00011

Kan [J/m3] 325.9 338.6 396.9 563.7 384.7

ψ [deg] 89.97 89.05 94.44 108.93 78.73

R2 0.9910 0.9886 0.9258 0.8974 0.9913

5. Results of tests

Five variants of the Jiles�Atherton model were
implemented in OCTAVE 10.2 [30]. The parame-
ters of a model were identi�ed during a two-stage
parameter identi�cation process. First, the anhys-
teretic parametersMs, a, Kan and the ψ angle were
determined by �tting the anhysteretic magnetiza-
tion curve. Next, the parameters determining the
hysteresis (k and c) were identi�ed during an opti-
mization process based on di�erential evolution.
Figure 1 presents the experimental hysteresis loop

along with simulated curves generated by each of
the �ve variants of the Jiles�Atherton model. The
original Jiles�Atherton model and the model up-
dated by Xue reproduce both the steep ascent near
saturation and the narrow loop width with high pre-
cision, while DIMFH exhibits a marginally wider
loop and smoother knee regions.

The optimized parameters for each variant of the
Jiles�Atherton model are presented in Table II. All
models well describe the shape of a sophisticated
hysteresis loop and converged to plausible param-
eter values. However, di�erences emerged in both
the identi�ed parameter magnitudes and the result-
ing quality of hysteresis loop reproduction. In par-
ticular, the DIMFH model can not distinguish be-
tween k and c due to the form of the di�erential
equation. In the other model variants, c is approxi-
mately 0.343. Moreover, the Xue model required an
extremely low c value equal 1.1× 10−4, indicating
that nearly all magnetization changes were treated
as irreversible.
The coe�cient of determination, R2, was used

to quantitatively con�rm the modelling quality, by
comparing the simulated and measured values of the
�ux density B in the analyzed quarter of the hys-
teresis loop B(H). The original Jiles�Atherton and
Xue models achieved the highest accuracy (R2 equal
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Fig. 1. Comparison of the experimental magnetic
hysteresis loop of grain-oriented electrical steel
magnetized in the transverse direction with the sim-
ulated curves obtained using �ve variants of the
Jiles�Atherton model: original formulation, Cheng
correction, Venkataraman modi�cation, DIMFH
and Xue update.

to 0.9910 and 0.9913, respectively), closely followed
by the Cheng-corrected version (R2 = 0.9886). The
Venkataraman and DIMFH models, although still
capturing the general loop shape, showed slightly
lower agreement (R2 = 0.9258 and R2 = 0.8974,
respectively).

6. Conclusions

The presented experimental veri�cation of �ve
variants of the Jiles�Atherton model for describ-
ing magnetic hysteresis in grain-oriented electrical
steel magnetized in the transverse direction indi-
cated that:

� The original Jiles�Atherton model and its
Xue variant achieved the highest accuracy
with coe�cients of determination R2 of 0.9910
and 0.9913, respectively, successfully repro-
ducing both the steep ascent near saturation
and the narrow loop width of grain-oriented
electrical steel.

� The Cheng-corrected version demonstrated
R2 of 0.9886, con�rming that correcting the
convention in the irreversible magnetization
equation maintains high predictive capability.

� The Venkataraman and DIMFHmodi�cations
showed lower quantitative agreement with R2

equal to 0.9258 and 0.8974, respectively, but
revealed important di�erences in the descrip-
tion of the magnetization process.

� In DIMFH, the parameters k and c cannot be
distinguished. In presented research, k(1− c)
is 3.857.

� The Xue model required an extremely
low reversibility coe�cient (c equal to
1.1× 10−4), indicating that in this model,
nearly all magnetization changes were consid-
ered to be irreversible.

From the perspective of practical applications in
electrical power engineering, the choice of modelling
variant should consider the numerical complexity
relative to the required accuracy. The DIMFH sim-
pli�cation provides the most numerically stable im-
plementation, making it suitable for rapid design
iterations. The original Jiles�Atherton model pro-
vides an optimal compromise between computa-
tional e�ciency and accuracy for most engineering
applications. The Xue variant, despite its best accu-
racy, requires a signi�cantly higher level of numeri-
cal sophistication.
The presented two-stage parameter identi�cation

procedure, which combines separate optimization
of anhysteretic and hysteretic parameters through
di�erential evolution, proved to be e�ective for all
tested variants of the Jiles�Atherton model. How-
ever, further research should extend the presented
comparative analysis to include an investigation
focused on dynamic excitation conditions, where
frequency-dependent phenomena become the domi-
nant part of the magnetic hysteresis loop behaviour.
To enable reproduction of the presented

results and to simplify further research, all
scripts used for modelling are available at
www.github.com/romanszewczyk/JAmodel in
the subdirectory �ModelsComparison�.
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