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Here we consider an analytically tractable model of a two-level quantum system subject to random
shocks and prove that it decays asymptotically to a trivial state, that is, to a state in which the two
levels have equal probability of being occupied. In a two-qubit system, if the shocks affect each qubit
independently, the equilibrium density matrix becomes a simple product of the one-qubit equilibrium
density matrix, regardless of the form of the initial state. This has potential applications to entangled
qubits in quantum computers.
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1. Introduction

If we type “disentanglement” into our favorite
browser, we will be provided with links covering
almost every type of human endeavor. If we re-
fine the search to “disentanglement in quantum
mechanics”, we will find references to works from
many domains of quantum mechanics application.
It therefore makes sense to recall the meaning of
separability, correlation, and entanglement.

When dealing with a system composed of two
subsystems, in the Schrédinger description one says
that the state ¥ of the whole system is an entangled
state when there do not exist two states ¥; and ¥,
such that ¥ = ¥; ® W,. In the Heisenberg represen-
tation things are more complicated. From [1] or [2],
we recall that

Definition 1. Consider a composite quantum sys-
tem made up K subsystems. A quantum state of the
composite system, described by a density matrix p is
separable if it can be written as

N
p= Z#k (1 (k) (i(k)| © .. @ [ (k) ) (Wrc ()|
k=1
(1)
Here, for k=1,...,N, |i;(k)) denote a state
in the i-th subsystem (here i=1,...,K), and
{pr : k=1,...,N} are positive numbers such that
Zszl i = 1. The definition in terms of density
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matrices is similar, but more general, because densities

may not be pure states. The state p is separable, clas-

sically correlated, or mixed, whenever
N

p=> pkpr(k)® ... pr (k). (2)
k=1

Now, for k =1,...,N, {p;(k) : i=1,..., K} denote

states in the corresponding Heisenberg representation,

and {ur : k=1,...,N} are positive numbers such

that 70, jp = 1.
A state p is called entangled if it is not separable.

Also, making use of the Bloch representation (or
using Pauli spin matrices as basis vectors for a class
of density matrices), we shall see that the asymp-
totic behavior of any density matrix can be obtained
from the asymptotic behavior of the time evolution
operator acting on Pauli matrices. So proving en-
tanglement may not be easy. Nevertheless, there is
a partial test — the purity test — that discrimi-
nates between pure and non-pure states. Given a
state p, it is a pure state if p? = p. Therefore, if
Tr[p?] < Tr[p] = 1, the state cannot be a pure
state. Example (37) presented in Sect. 3.1 is an ex-
ample of a separable but non-pure state.

The reason for considering the density matrices
is clear. Even though we work out the time evolu-
tion of the system in the Schrédinger representa-
tion, when we need to make predictions, we have to
compute the expected values. We do this in terms
of traces with respect to the density matrices. Since
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the system evolves in a random environment, first
we compute the trace with respect to the density
matrix for each possible random evolution, and then
average over all possible random evolutions.

The aim of this paper is to determine the time
evolution of a single qubit subjected to a random
perturbation, where the effect of the perturbation
manifests itself as a flipping of the unperturbed ba-
sis states; the switching occurs at exponentially dis-
tributed time intervals. Once we find the explicit
time evolution for any random sequence of shocks
and any initial state in the Schrédinger representa-
tion, we transport it to the Heisenberg representa-
tion to determine the corresponding time evolution
of density matrices.

After that, we consider two identical, non-
interacting, two level sub-systems (say, qubits), in
an arbitrary initial state (density matrix), immersed
in the heat bath described above. We show that in
this model of heat bath, the system evolves into a
trivial product state.

For applications in quantum information the-
ory and quantum computer design, a worrisome
issue is the presence of thermal noise, which de-
stroys the entanglement necessary for the quantum
codes. Therefore, a simple model displaying this
phenomenon might be interesting.

Let us now detail the basic assumptions of the
model. We consider two identical, non-interacting
two-level systems coupled through their initial den-
sity matrix. The time evolution of each system is
described by the same Hamiltonian H, and the ef-
fect of shocks on the states are represented by the
following matrices on the canonical basis

H:€10’ V:01.
062 10

In (3), H represents the Hamiltonian of each com-
ponent, and V the unitary operator describing the
effect of the shocks produced by the heat bath. The
basis vectors for each state will be denoted by the
customary |1) and |2), such that H|i) =¢; i) for
1 =1,2. And the effect of V' on the same basis vec-
tors is given by V1) = |2) and V|2) = |1).

The model of the heat bath considered here is
similar to the one derived by Clauser and Blume
in [3]. The system starts at some initial state ¥ (or
| 7) depending of the notation convenience), evolves
according to H for a random time 71, at which the
perturbation given by V acts instantaneously and
flips the spin of the system. After the shock, the
system again evolves according to H for another
random time 7o, at the end of which another in-
stantaneous state flip occurs according to V. This is
repeated infinitely many times. The instantaneous
perturbation may be a more elaborate operator that
changes the state of the system instantaneously, but
the model we considered here allows for full analyt-
ical computations and suffices to convey the essence
of the thermalization process.

3)
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The proposal underlying the paper [3] can be ex-
tended to the theory of random quantum evolutions
of systems with a finite number of levels, as in [4].
The assumptions underlying the model are the fol-
lowing:

(i) The two sub-systems do not interact. That

is, each evolves according to the Hamiltonian
in (3).

(ii) The heat bath affects each sub-system inde-
pendently. That is, the shock events each sub-
system experiences are independent of each
other (we may assume that they are equally
distributed).

The assumption (ii) is natural if we think of the sub-
systems as spatially separated. Thus, even if they
respond similarly to the heat bath, their responses
are independent of each other.

Now let us recall some statistical properties of
the noise. We assume that the times between shocks
are independent and exponentially distributed, with
frequency A (or the mean inter arrival time 1/X).
If we write 7, = ), 7% to denote the time of
occurrence of the n-th shock, the shock counting
process N(t) can be modelled by {N(t) = n} <
{T,, <t <Tyi1}. One sets Ty = 0 to ensure that
when the experiment is started, no shocks occur.

Statistically speaking, the process is character-
ized by saying that N(0) = 0, i.e., that for any ¢
and s > 0, the random variables N(t+s) — N(s)
have the same probability distribution as N(t), and
that for any t; < to < t3 < t4, the increments
N(ty) — N(t3) and N(t2) — N(t1) are statistically
independent. Furthermore, for any ¢t > 0,

(At) oA
n!

P(N(t)=n) = (4
Not only that, if 0 < T < Ty < ... < T, < hl...
denote the (random) jump times of N(¢), then times
7 =11 and 7, = T,, — T,,_1 are independent and
exponentially distributed with parameter A. Be-
sides, {N(t) =0} = {t <T1} and {N(t) =n} =
{T,, <t < Ty41}. To finish, the conditional distri-
bution of 11,75, ..., Ty, given {N(t) =n}, is uni-
form in the sector 0 <t <ty <..<t, of the
positive orthant in R™ with the density n!/t™.
This means that for any continuous function, say
h(Ty,Ts,...,T,), we have

E[h(Tl,TQ, TN () = n)

nl [t tn th—2 pt2
Tﬁ/dt”/ dt,H/ / dtg(t1,ta, ...
0 0 0 0

We shall put this to a good use below.

The stochastic nature of this thermal bath model
is simple but intuitive, which — combined with the
spin flipping perturbation — makes the model an-
alytically tractable. Many properties and applica-
tions of the Poisson process are discussed in [5]
or [6], and a more physical flavor in [7] or [8]. For our
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needs, it suffices to say that the process N(t) has
right-continuous trajectories with left limits, that it
is constant between jumps, and that all jumps are
of size 1.

At this point, we pass a quick review of the litera-
ture. The literature about disentanglement is rather
large. To put it into context, for several reviews on
entanglement, see [2, 9, 10], and for the experimen-
tal determination of disentanglement, consider [11].
Overlapping themes in the list of references include
the relationship to decoherence, blind source sepa-
ration, Bell’s inequalities, the nature of a two-state
system, and the nature of the thermal bath. To be-
gin with, see [12] for the problem of entanglement,
and consider [13, 14] for the creation and stability
of entangled states.

Other topics are also worth mentioning:

- For the possible existence of disentanglement-
free states, see [15].

- For different theoretical issues related to dis-
entangling, see [16-24].

- For the dynamics of disentangling, see [12, 25].

- For disentanglement after spontaneous emis-
sion, see [26].

- For different models of the thermal bath,
see [27-31].

- For a review of both theoretical and experi-
mental results and several models of thermal
bath, see [32].

- For the thermalization of a photonic qubit,
see [33].

- For thermalization of two-level quantum sys-
tems, see [34].

- For systems interacting with a bosonic heat
bath, see [35], but also see [36], where the au-
thors replace the heat bath by successive scat-
tering with a moving particle.

- For thermalization and information scram-
bling in quantum superprocessors, see [37, 38].

- For the relationships between disentan-
glement decoherence, and dephasing, con-
sider [39-44].

- For disentanglement and
see [45, 46].

- For relationship to Bell’s inequalities, see [47].

teleportation,

J

These comments can be summarized as follows

Evolution operator
Uo(t)7
Uo(t —T,) VU(Ty, — Troe1) V..V Uy (TY),

If we introduce the notations dyn()n} to denote
the binary random Kronecker delta, which assumes

- For potential application to blind source sep-
aration, see [48].

2. The Blume—Clauser model for the time
evolution of the density matrix

The starting point is the time evolution opera-
tor in the Schrodinger picture. Before a random
shock happens, the time evolution operator Uy(t) =
exp(—itH/h) describes the time evolution of the
unperturbed system. (We use U(t) to denote the
time evolution operator of the perturbed system.)
Suppose that at random time 73 a random shock oc-
curs; since before the first shock the evolution was
according to Uy, by continuity we have

U(T-) = lim U(1) = Jim Uo(t) = Do(Th). ~ (6)

Or, if ¥(0) denotes the initial state, then right be-
fore the collision the state is

¥ (Th—) = Uo(T1—) ¥(0). (7)

Right after the (instantaneous) shock at Ti, the
time evolution operator of the random system is

UT) =VU(Ti—)=VU(Ty). (8)
And in terms of the state vector, it is as follows
U(Ty) = V¥(Ti—) = VUo(T1—) ¥(0). (9)

These equations capture the essence of the mathe-
matical description of the discontinuity of the state
vector and the evolution operator. To continue, dur-
ing the time interval 77 < t < T, the system again
evolves according to Uy, i.e.,
U(t) = U()(t—Tl)U(Tl) == Uo(t—Tl) V Uo(Tl)

(10)
When the next shock occurs at 75, then
U(TQ_) = t%I% U(t) = tl%I?g Uo(t—Tl) \% Uo(Tl) =

Uo(To—T1) V Uy (T1) (11)

Right after the shock, U(Ty) = VU(Tr—) =
VUo(TQ—Tl) VUQ(T]_) And so on and on.

Number of shocks Probability
{N(t) = 0}, e M, (12)
At)"
{N(t) =n}, e*’\tg.
n!

(

the value 1 when the event {N(¢) = n} happens
and 0 when it does not, the previous definition can
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be written in a more convenient form
U(t) = ano Uo(t—=T,) V Uo(Ty—Tp—1) V...

V Uo(T0)8 N ()3 (13)

Notice that the first term in the sum, corresponding
ton = 0, is simply Uy (t)d{n#),01- When considering
states (density matrices) in the Heisenberg repre-
sentation, it is proven convenient to introduce the
super-operator notation,

VEA) =V AVT,  U§()(A) = Uo(t) AT (1),

HX(A):[HvA]v (14)

where A stands for any 2 x 2 matrix. Omitting the
argument of the operators, and keeping in mind that
6{N(t),n}5{N(t),m} = 0 when n # m, the time evolu-
tion in the Heisenberg representation is given by

Ub(t) = ano UL (t—=T,)\VUL(T,—T, 1) VE...
VAU (TS n ) ,m - (15)

J

In each random state of the environment, the sum
reduces to one term determined by the number of
shocks N(t) occurring. For each state of the heat
bath, i.e., for each random sequence of shocks (for
each initial state p(0)), the (random) expected value
of the observable A is given by

Te [p(t)4] = Tx [AU (1) (p(0))] =

Tr [AU(t)p(0)U(t)T]. (16)

We put p(t) = Ufp(0) for the random density ma-
trix at time ¢. If we denote by (p(t))4, the average
value of p(t) over all states of the heat bath, then the
expected value of any observable is obtained by av-
eraging (16) over all states of the heat bath (that is
over all possible random sequences of shock times).
Thus, this is equal to

(Tr[p(t)A]),,. = Tr[AUF ()ave(p(0)].  (17)

Let us assume u(t) = (U*(t))ave and use (15)
and (5) to write u(t) as

%) t tn tn—2 1o
u(t) = e*MZ)\”/O dt,, Ug(tftn)vﬁ/o Aty Ug(tnftn_l)vﬁ/o Vﬁ/o dty, Ul () =
n=0

¢ ¢
et Ug + / ds Ae™** Ug(s) Viu(t —s) = e= Ug + / ds A e (=92 Ug(t — 5) Viu(s). (18)

0

The expression shown in the first line of (18) is quite
useful when (19) below can not be explicitly inte-
grated. Obtaining the first line of (18) from the sec-
ond requires iterating the latter and writing the re-
sult as an infinite sum. In the last expression in (18),
the first term asserts that when no shocks occur
up to time ¢ (with probability e~**), the evolution
is unperturbed. The second term follows from the
application of the Markov property at the time of
occurrence of the first shock, which happens with
probability Ae~**ds in the interval (s, s+ ds). Now
apply 170/0t to the second term of the last expres-
sion of (18), we obtain

0
ihaiz — H*u+ ihA(V! = T)u. (19)
To see how this comes about, consider first

0
ih&(eft)\ Ug) _ _iAeft)\ Ug + eft)\ HXUg (20)

Next, consider
8 t
iha/o ds A e N Ui (t—s) VEu(s) =

t
iR VFu(t) + H* / ds A e =N U (t—s) Viu(s)
0

t
+ih/\/ ds A e Uk (L — s)Viu(s).  (21)
0

Combining these two steps together, we obtain (19).
This was mentioned but not derived in [4].

0

(

2.1. The integration of (19)

To avoid using so many subscripts, let us write
p(t) = u(t)(p(0)) = (U*(t))p(0) as a 2 x 2 matrix

plt) = (‘c‘ 2) , (22)

whose coefficients we have to determine by solv-
ing (19). This is a Hermitian matrix of trace 1. A
simple computation shows that the actions of H*
and V¥ on p(t) are given by

Hp(0) = (1) (_OC 3) ,

VE_T)p— d—a c—b>.
( )p (b—c a—d (23)

Equating the terms on both sides of (13), we ob-
tain two equation systems. The equation system for
a and b is

ga — )‘(d_a)v

5 5t = —Ad—a). (24)

In the equation system for ¢ and b, we put w =
(e1—€2)/h. As above, we obtain

P = —iwb—A(b—c), % =iwc+ A(b—c).

(25)
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The perturbation matrix V' is such that the dynam-
ics diagonal and non-diagonal elements are sepa-
rated. That system is easy to integrate. Note that
by adding and subtracting the two equations, we
obtain

Aetd) — 0 —  a(t)+d(t) = a(0)+d(0).
Naod) — _o\(a—d) =

= a(t)—d(t) = (a(0)—d(0))e 2.

a(t)—d(t) = (a(0)—d(0))e (26)

It is not hard to verify that by adding and sub-

tracting, and differentiating the system (25) again,
we obtain

825112»6) + 2\ (b+c)

+w?(b4c) =0.

O c) L 929 L (2(h—¢) = 0.

(27)
The initial condition for the derivatives is obtained
by evaluating (26) at ¢t = 0,

001 (1 = 0) = —iw(b — ¢)(0).

o(b—c) 1y .

o (t=0)=—iw(b+¢c)(0) = 2A(b—¢). (28)
If we write x(¢) for the unknown in any of (28), then
the standard procedure leads to

o(t) = z(0)—r_z(0)

et T gt
Ty—T_ -
i (29)

where 7+ = —\ £ VA2 — w? are the characteristic
roots of the equations.

Now, undoing all the changes of variables, the ex-
plicit time dependence of a(t), b(t), c(t), d(t) turns
out to be, respectively,

a(t) = @(1+e’2“‘) + @(17672»\),

d(t) = @( _ ,2”) + @(14»67215)\)’

b(t) = [6(0)=r—b(0)] &'+ + [~b(0)+r4b(0)] e”_,
Ty —T_

o) - (A0 —rcO] e + [e0)4roc(o)] e
Ty —Tr_

(30)

We have already mentioned that the initial condi-
tions b(0) and ¢(0) are to be obtained from (25).
Notice that regardless of the sign of the dis-
criminant A\?> — w?, the long-time behavior of the
exponential function decays at the rate A. There-
fore, taking ¢ — oo, we obtain that the non-diagonal
terms of p( ) asymptotically vanish, and since
=1, if the trace of p(0) = 1, then

< a(t) bt ) ((a(O);d( ) 0 )
= a(0)+d(0 =
t) d(t 0 (a( )2 0))

) . (31)

N
O =

= O

The last step follows from a(0)+b(0) = 1. An in-
teresting twist appears when we notice that in the
passage from (19) and (23) to (30) no specific form
of the initial matrix was used. We therefore proceed
to integrate the system assuming that the initial
conditions correspond to the Pauli matrices o; (for
it =1,2,3). These are

(o1 (o0 i (1 0
7\1o0) 27\ o) P o 1)
(32)

We add o9 = I and, with an obvious abuse of nota-
tion, denote by o, (t) (with © =0,1,2,3) the result
of adapting (30) to the case where the initial con-
dition p(0) = o, u.

Applying (30) successively to each Pauli matrix,
after some computations we obtain

oo(t) = 09(0) =L, (33)
try _ Atr_ tr— try
o’l(t):w[e e ] oy — [7”4_6‘ r—e ] o1,
ry —Tr— Ty —T—
(34)
tr— __ Stry 2\ tr_
UQ(t):w[e e ]01+(r++ )e oy
ry —Tr— r —Tr—
_ 42X\ etT+
_w% (35)
ry —T—
O'3(t) = 672”0'3. (36)

The fact that the identity matrix is constant simply
means that random evolution preserves unitarity
when the average is taken over all states of the en-
vironment. These identities may prove useful when
studying the time evolution of a state like (1) if we
translate from the bra—ket notation to the Bloch
representation p = (I + 7 - o) for pure states.

Of course, the same applies to (2) if the initial
state of the two-qubit system is a classical correla-
tion of non-pure states.

3. Examples of asymptotic decorrelation

We begin with a simple example of a separable
but not pure state becoming asymptotically pure.
After that, we consider the general state and ex-
amine under what conditions it becomes asymptot-
ically uncorrelated, or perhaps pure.

3.1. Simple separable state

The following state is separable (in the Heisen-
berg representation)

p(0) = %(IU(H ®[2)2[+ 2@ @[1)(1]), (67

In matrix form, the state is given by
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p(0) =

(69-69-69-3)

The left factor of the tensor product stands for a
density matrix of the first sub-system, and the right
factor stands for a density matrix of the second sub-
system. If we work out the tensor products, we ob-
tain the 4 x 4 density matrix

00

o

p(0) (39)

oS o O
O NI

0
00 0

This is the proper density matrix describing a sepa-
rable, non-pure state of a composite system, and it
is also invariant under exchange of the sub-systems,
which is required for systems composed of identical
sub-systems. Since Tr[p?] = %, this p is not a pure
state. To examine its time evolution under the ac-
tion of the random environment, let us first notice
that

O vl O

e |1)(1] in the Bloch representations is = (I+03);

(H—O’g).

N N

e |2)(2] in the Bloch representations is

Therefore, (37) can be rewritten as

p(0) = 5 ((T+02)® (-00) + (-00) & (+02) ).
(40

As the perturbation acts independently on each
qubit, invoking (36), we obtain that

1 1
p(t):§(H®H+H®]I):ZH®H. (41)

In this simple example, both states of the two-qubit
system have the same probability of occurring.

3.2. General case

Here we work out the same example in two dif-
ferent ways, differing in the form used to express
the initial state p(0). The first way relies on the fact
that og = I and the Pauli matrices o; (fori = 1,2, 3)
form a basis for the space of 2 x 2-Hermitian ma-
trices. The second way uses the representation of
separable states introduced in (2). Furthermore, we
assume that the two particles (or subsystems) are
identical, and the representation should be invari-
ant under exchange of particles (or labels). These
two representations are

1 3
p(O) = Z ZM,IJZO C,u,uau & oy, (42)

K
p(0) = Zk:l PPk & P2k (43)

The first representation stands for the expansion
of an arbitrary density matrix in terms of the ba-
sis for the density matrices of the bipartite system.

22

The second representation may be a separable state
if p; 1, is a pure state; otherwise p(0) is a classically
correlated state. Next, we examine each asymptotic
state for each representation.

The factor % has been introduced to set Cp o =1
henceforward. We use the assumption of symmetry
with respect to exchange of particles to simplify the
representation. In Sect. 1, we assumed that the envi-
ronment acts independently on each particle. There-
fore, each element in the tensor products evolves in
time according to (33)-(36), and so the asymptotic
form of the state (42) is

1 1 1
p(c0) = 4(]1@]1) = 2]I®2]I. (44)

To consider the representation (43), we again use
the fact that (33)—(36) imply that any initial single
qubit p(0) as time evolves tends to I/2. Therefore,

p) =" prpralt) ® po(t) —

K 1 1 1 1
(45)

A side remark is the following. Suppose that the
system is initially in a state like (43), and that
the density matrices correspond to pure states, but
the second component is isolated from the thermal
bath. Write the pure states of the second compo-
nent as poy =l +mngy, -0 =1+ Z?ﬂ”&k(j)%‘a
with ||ng k|| = 1. Asymptotically, this state will be

p(t) ~ %H@ []I + (Zk Mkng,k,) ~0'] .

The time dependence of the second factor is oscil-
latory for the coefficients o7 and oy and constant
for the coefficient of o3. The thermal bath destroys
the initial correlation between the two subsystems.
Note that an isolated system may not be in a pure
state unless || Y, pr no k|| = 1.

(46)

3.3. The entropy change due to thermalization

In the particular case of the first example, the
entropy change due to thermalization is simple to
compute. Using S(p(t)) = —Tr[p(t) In(p(t))], with
the conventional 0In(0) = 0, we see from (37)
and (41) that (p(0)) = In(2), whereas in the upper
limit, S(p(c0)) = In(4) = 2In(2). Since a system in
a thermal bath is far from isolated, we can interpret
the increase in entropy as related to the work done
by the environment to decorrelate the system.

4. Conclusions

The model developed above is simple enough to
allow for a full analytical treatment. Its features
contain basic ingredients that confirm the physical
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intuition of the situation, i.e., if the environment af-
fects the qubits independently, the system evolves
to a trivial equilibrium state.

A possible explanation for the fact that, regard-
less of the initial sate of the qubit, the two levels
are equally populated in equilibrium, lies in the na-
ture of the environment effect. All that the random
shock does is to flip the microscopical state. So, in
the long run, its effect is to evenly spread the initial
probability among the two levels.

The model also applies to any number of non-
interacting qubits, arbitrarily coupled through their
initial state. Therefore, in a system of N identical
qubits, in equilibrium the total number of qubits
in the upper level follows the binomial distribution
B(N,1/2).

Notice that the representation (42) applies to any
density matrix for a two-qubit system, whether en-
tangled or separable, thus in the Blume—Clauser
model of thermal bath, the results in (44) or (45)
provide a transparent way of understanding how a
pair of entangled qubits becomes decorrelated under
the action of the thermal bath.
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