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The theory of quantum chaos demonstrates the e�ectiveness of semiclassical methods based on periodic-
orbit correlations for calculating spectral correlations in single-particle systems. However, extending this
approach to the many-particle chaotic models is non-trivial. The development of a dedicated theory in
the thermodynamic-semiclassical limit, where both the number of particles and 1/ℏ tend to in�nity,
is required. In this paper, we address the above problem for a chain of cat maps with local nearest-
neighbor interaction. We study the correlation mechanism between classical periodic orbits, which
becomes relevant in the thermodynamic-semiclassical limit. Our �ndings are supported by exact results
and by numerical evidence obtained for the coupled cat map model.
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1. Introduction

The backbone of the semiclassical theory of spec-
tral correlations in chaotic systems is the Gutzwiller
trace formula [1, 2]. It allows us to represent the
nontrivial oscillatory part of the spectral density
ρosc(E) as a sum over a set of unstable classical
periodic orbits (POs),

ρosc(E) ∼ 1

πℏ
Re

 ∑
γ∈PO

Aγ e
iSγ(E)/ℏ

 . (1)

Quite remarkably, the trace formula involves only
classical quantities, i.e., the classical action Sγ(E)
calculated along the periodic orbit γ at a given
energy E and the stability factor Aγ , which also
includes the Maslov phases. In 1985, Berry [3]
demonstrated the potential analytical power of this
approach by calculating the �diagonal� contribution
γ = γ′ to the spectral form factor
K(τ) =
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(2)

where TH ∝ ℏ1−d is the Heisenberg time in the
d-dimensional system, and Tγ is the orbit period.
To the leading order in τ , the result coincides with
the random-matrix theory (RMT) prediction of the
spectral form factor Kβ(τ) for the symmetry classes
β = 1, 2, 4, thus validating the Bohigas�Giannoni�
Schmit conjecture [4, 5] on the spectral universality
of chaotic systems. The missing cross-terms γ ̸= γ′

were taken into account by Sieber and Richter
in [6, 7], who demonstrated that in chaotic Hamilto-
nian systems the non-trivial contributions to K(τ)
are given by partner periodic orbits (PPOs). In
con�guration space, PPOs follow almost the same
paths, while the succession order in time is di�erent.
The switching of order occurs in certain regions, re-
ferred to as encounters, where PPO comes close to
itself (see Fig. 1a). In encounters, the action di�er-
ence accumulates its non-zero value. To reach the
scales Sγ−Sγ′ ∼ ℏ � required for essential corre-
lations � the encounter duration should be of the
same order as the Ehrenfest time, τE ∝ log(1/ℏ).
Accounting for PPOs with multiple encounters cul-
minated in the derivation of a complete, universal
result for spectral correlations in chaotic Hamilto-
nian systems [8, 9].
The scope of the PPO approach is largely re-

stricted to systems composed of a small number (N)
of particles in the limit ℏ → 0. Furthermore, for
the Bose�Hubbard model with L sites, it has been
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shown that the �opposite thermodynamic limit�,
where N → ∞, while the single-particle Hilbert
space e�ective dimension L = ℏ−1 is �xed, is acces-
sible through the e�ective semiclassical theory [10].
To this end, a natural question about the more
general limit in which both N and ℏ−1 grow si-
multaneously has been raised. And more speci�-
cally, is the standard semiclassical theory of spec-
tral correlations applicable in this regime? Does the
universality persist, and on what time and energy
scales?
At �rst glance, it might seem that a growing N

can be interpreted just as an increase in the e�ec-
tive number of degrees of freedom and should not
essentially a�ect the semiclassical theory. In fact,
the motion of N particles in d-dimensional space
can always be thought of as a single particle tra-
jectory in (N d)-dimensional space. Thus, the stan-
dard correlation mechanism between POs carries
over straightforwardly to the systems of N parti-
cles. However, a PO encounter within this frame-
work would mean that at some instant in time,
all N particles simultaneously approach, on a scale
of ℏ, their previous positions. In the present pa-
per, we demonstrate that this picture, although cor-
rect for �nite N , must be fundamentally revised for
systems consisting of a large number of particles.
Within the model-based approach, we show that
for a chaotic N -particle system, there exist PPOs
with an essentially di�erent mechanism of correla-
tions. In particular, encounters of such trajectories
do not necessarily involve all particles. Furthermore,
we show that their contribution to the semiclassi-
cal theory becomes dominant when N exceeds some
scale nE ∼ log(1/ℏ), which plays a role similar to
the Ehrenfest time τE , but for the number of parti-
cles.

2. The model

Rather than considering Hamiltonian systems
with continuous time dynamics, in this paper we
consider a chain of N linearly coupled Arnold's
cat maps [11�15]. This model was �rst introduced
in [16] and later studied in [17�19]. It possesses two
crucial properties, i.e., locality of interactions and
fully chaotic dynamics. More precisely, the map

ΦN : (qt,pt) → (qt+1 +mq
t+1,pt+1 +mp

t+1) (3)

acts on the vectors qt = {qn,t}Nn=1, pt = {pn,t}Nn=1,
where qn,t, pn,t ∈ [0, 1] are the coordinate and mo-
mentum of the n-th particle at time t ∈ Z, respec-
tively. The integer entries vectors mq

t = {mq
n,t}Nn=1,

mp
t = {mp

n,t}Nn=1 are composed of the winding num-
bers along the q and p directions, ensuring that
qt,pt are con�ned to the unit 2N -torus T2N . The
generating function of the map ΦN (details in Ap-
pendix) for the model of coupled particles is split
into two parts S(qt, qt+1) = S0(qt, qt+1) + Sint(qt).
The �rst term corresponds to N uncoupled cat

maps subjected to some external periodic potential
(V(q + 1) = V(q)),

S0 =

N∑
n=1

a

2
q2n,t +

b

2

(
qn,t+1 +mq

n,t+1

)2
+ V(qn,t)

−qn,t
(
qn,t+1 +mq

n,t+1

)
−mp

n,t+1qn,t+1 (4)

(a, b ∈ Z), and the second term, which cyclically
couples neighboring particles, is

Sint = −
N∑

n=1

qn,t q1+(n mod N),t. (5)

When the potential V = 0, the map ΦN is a lin-
ear automorphism, and we refer to it as a non-
perturbed (otherwise perturbed) coupled cat map
(CCM). From a general perspective, the map ΦN

is a particular example of coupled map lattices
(CMLs), which are popular models for spatio-
temporal chaos [20].
The equations of motion are generated by the

function S (see Appendix). For our purposes, it
is instructive to write them down in Newtonian
form. Setting the n-th particle momentum to be
pn,t = qn,t+1 − qn,t from (14) and (15) given in
Appendix A, we can write down

∆2
t qn,t +∆2

nqn,t = (a+b−4)qn,t + V ′(qn,t) mod 1,

(6)

with the operator ∆2
α standing for the discrete

Laplacian ∆2
αfα ≡ fα+1 − 2fα + fα−1. At V = 0,

the action of ΦN on vectors qt and pt is given by a
band diagonal 2N ×2N matrix BN , whose eigenval-
ues are the Lyapunov exponents λk of the system

cosh(λk) = (a+b)/2− cos(2πk/N), k = 1, . . . N.

(7)

The regime of fully chaotic dynamics is reached
when |Re(λk)| > 0 for all k, requiring that
|a+ b| > 4. In this case, it is quite easy to gener-
ate a PO for the system. Given an arbitrary set
M0 of 2N integers, the vector ((BN)

T−1)−1M0

mod 1 provides initial conditions for the corre-
sponding PO. The obtained data can then be used
as a starting point to search for the PO of a per-
turbed map. When the perturbation V is not too
strong, the system dynamics remain fully chaotic,
and all POs are topologically conjugate to the un-
perturbed POs [14].

3. Spatio�temporal duality

Let us note here an important property of the
model under consideration. The equation of mo-
tion (see (6)) possesses the symmetry under the ex-
change of time and particle numbers, n ↔ t. This
immediately leads to the remarkable relation be-
tween POs of CCM � the so-called spatio-temporal
duality. For each PO Γ of a period T of the
N -particle map ΦN , there exists a unique dual
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Fig. 1. Scheme of a pair of single-particle POs with two self-encounters, with the encounter regions marked
by rectangles. (b) The left graph is the structural diagram of the PPO from panel (a); here, �lled and empty
circles correspond to encounters e1 and e2, respectively. The right graph (�Feynman diagram�) was obtained
after identi�cation of the points belonging to the same encounters. (c) Structural χ diagram of many-particle
PPO with one 2-encounter (E2) of the type w = (0, 1) and one 3-encounter (E1) of the type w = (0, 0). To
obtain the �Feynman diagram,� the black curves on the torus surface belonging to the same encounter have
to be identi�ed (glued up together). (d) Symbolic representation MΓ of PO Γ with the encounter structure
shown in panel (c). Two vertical (gray) and three (black) frame-like regions of Z2

NT mark the encounters, where
Γ has identical symbolic representations.

T -particle PO Γ ′ of the map ΦT with the period N .
Furthermore, the actions and stabilities of both Γ
and Γ ′ coincide. In particular, this implies that the
number of N particle POs of the period T is the
same as the number of T particle POs of the pe-
riod N .

4. 2D-symbolic dynamics

To avoid this di�culty, we introduce a local
2D (rather than linear) symbolic dynamics with a
small alphabet, allowing us to encode POs uniquely.
Speci�cally, if Γ is a N -particle PO of a period T ,
we encode it with the toric N × T array of sym-
bols MΓ = {mn,t|(n, t) ∈ Z2

NT}, Z2
NT = [1 . . . N ] ×

[1 . . . T ], where the integers mn,t = (mq
n,t,m

p
n,t) are

the corresponding local winding numbers of Γ . As
only nearest neighbors are coupled in CCM, the
size of such an alphabet does not depend on N .
Given a 2D array MΓ , the corresponding PO can
be uniquely restored (for V = 0) by combining lo-
cal winding numbers into global ones and then using
them as an initial vectorM0 [16] (see Appendix B).
The crucial property of the above symbolic dynam-
ics is its locality. Namely, a �xed square of symbols
{mn̄,t̄|(n̄, t̄) ∈ [n − r, . . . n + r] × [t − r, . . . t + r]}
around a point (n, t) de�nes the position qn,t and
the momentum pn,t of the n-th particle at time t
up to an exponentially small error Λ−r. Note that
the symbolic dynamics possessing such properties
are known to exist for certain CML [21].

5. Partner orbits correlation mechanism

Now we turn our attention to the correlation
mechanism between POs. To explain our main idea
and �x the notation, it is instructive to �rst con-
sider a hypothetical continuous limit of the model
where n, t ∈ T2

NT = [0, N ] × [0, T ] instead of

being integers. In this case, it is natural to think
about a PO as a �eld Γ (n, t) = (qn,t, pn,t) (peri-
odic in both n and t) which maps the n�t torus
T2
NT upon a two-dimensional surface S2

Γ in the q�p
space. The above geometrical interpretation clearly
indicates the essential di�erences in the correla-
tion mechanism between many-particle and single-
particle POs. Each l-encounter of a single-particle
trajectory γ can be associated with a set of times
t1, . . . tl when γ approaches itself most closely. Thus,
structurally di�erent families of single-particle PPO
can be distinguished by the order in which di�er-
ent encounters are attended (see Fig. 1b). On the
other hand, a l-encounter of the �eld Γ is natu-
rally associated with a set of identical (up to a
shift) closed curves Υ (i), i = 1, . . . , l on T2

NT where
the surface S2

Γ approaches itself most faithfully in
the q�p space, i.e., Γ |Υ(1) ≈ Γ |Υ(2) · · · ≈ Γ |Υ(l)

(see Fig. 1c). Each encounter, therefore, carries a
pair of integers ω = (ω1, ω2) corresponding to the
winding numbers of Υ (i) along the n and t direction,
respectively. Contrary to the single-particle dynam-
ics, the structure of PPO is determined now by
both the �topology� and the order of the encoun-
ters. In this case, structurally di�erent families of
PPOs can be classi�ed with the help of 2D χ dia-
grams (see Fig. 1c).
Returning to the discrete case, we can utilize the

2D symbolic dynamics for a convenient description
of the PO encounters structure. We say that a PO Γ
possesses an l-encounter if there are l discrete identi-
cal (up to a shift) contours Υ (i) on Z2

NT (i.e., Υ (i) =

σ(i)(Υ), σ(i)(n, t) → (n + ∆ni mod N, t + ∆ti
mod T ) for some (∆ni,∆ti), i = 1, . . . l and Υ is
a closed contour), such that the symbolic represen-
tation MΓ is identical in the vicinity of each Υ (i)

(see Fig. 1d). In other words,

MΓ |E(1) = MΓ |E(2) . . . = MΓ |E(l) , (8)

where E(i) = σ(i)(E) are the non-overlapping re-

gions on Z2
NT, which contain Υ (i)'s. Given that
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Fig. 2. Di�erent regimes for semiclassical spec-
tral correlations. In the few-particle regime,
T ≳ nE ≳ N , the dominant contribution to the o�-
diagonal part of the spectral form factor comes
from the standard Sieber�Richter PPOs (and their
multi-encounter extensions), which visit approxi-
mately the same points in the con�guration space
but in a di�erent temporal order. In the dual short-
time, many-body regime, N ≳ nE ≳ T , the domi-
nant contribution comes from PPOs that visit ap-
proximately the same points in the con�guration
space but in a di�erent spatial order. In the most
interesting case, where both time, T , and the num-
ber of particles, N , exceed the Ehrenfest scale nE ,
the dominant contribution to spectral correlations
arises from periodic orbits visiting approximately
the same points in con�guration space but in a dif-
ferent spatio�temporal order.

Γ possesses such an encounter, the locality of the
symbolic dynamics guarantees that momenta and
coordinates of the particles Γn,t = (qn,t, pn,t) at the
encounter regions approach approximately the same
values. The di�erences between Γn+∆ni,t+∆ti and
Γn+∆nj ,t+∆tj are decreasing exponentially with the
�width� of the encounter regions E(i). In the CCM
model, the POs with a prescribed position and
shape of the encounters Υi's can be found explicitly.
The corresponding procedure is quite general and
can be applied to an arbitrary encounter structure χ
(see Appendix B). Having obtained such a trajec-
tory Γ with encounters, it is straightforward to con-
struct the partner PO Γ̄ by reshu�ing the symbolic
representation MΓ into one of its partners MΓ̄ . In
the case of ω = (0, 0) and l = 2, it is equivalent to
the exchange of the symbolic representations in the
interiors of Υ (1) and Υ (2) (see Fig. 2a). The result-
ing partners Γ and Γ̄ approach approximately the
same points of the q�p phase space, but in a dif-
ferent particle�time order. As in the single-particle
case, the di�erences ∆S = SΓ − SΓ̄ between their
actions are accumulated in the encounter regions,
where the splittings between coordinates and the

momenta become maximal (see Fig. 2b�d). More-
over, up to exponentially small corrections, the dif-
ference ∆S can be expressed as the sum along a
contour Υ in the encounter region E; this is written
as
∑

(n,t)∈Υ ∆Sn,t, where ∆Sn,t is the local sym-
plectic area of the parallelogram formed by four
points Γn+∆n1,t+∆t1 , Γn+∆n2,t+∆t2 , Γ̄n+∆n1,t+∆t1 ,
and Γ̄n+∆n2,t+∆t2 in the phase space [16]. This re-
sult naturally generalizes the analogous outcome
for the action di�erences between the single-particle
PPOs.
Summarizing, we emphasize that the PPO mech-

anism in a multiparticle system signi�cantly ex-
pands due to the new type of encounters. The PPOs
with the ω = (1, 0) encounters reproduce the mech-
anism of correlations standard for the single-particle
systems. At some instant of time, all N particles
return to approximately the same positions they
were in the past. On the other hand, PPO with
the encounters of ω = (0, 1) and ω = (0, 0) types
form completely new families. Indeed, these encoun-
ters involve only a small subset of particles (rather
than all N) and cannot be interpreted as the single-
particle encounters in the 2N -dimensional phase
space.

6. Spectral form factor

It is expected that the new classes of PPOs be-
come essential for the semiclassical analysis of quan-
tum systems with a su�ciently large number of par-
ticles. To test this, we consider a quantized CCM,
whose time evolution is governed by an LN × LN

unitary matrix UN , with an integer L. The param-
eter L plays the role of the inverse Planck con-
stant [13, 15].
Due to translational symmetry, the spectrum of

UN can be decomposed into N sectors, with ap-
proximately the same number of eigenvalues LN/N .
Most of them (except for either one or two sectors,
see, e.g., [22]) come in pairs, leading to the dou-
ble degeneracies in the system spectrum. The full
spectral form-factor, including all symmetry com-
ponents, is given by K(N,T ) = ⟨|Tr(UT

N )|2⟩/(2LN ),
with the average taken over the ensemble generated
by various perturbations V†. Since the CCM ex-
hibits chaotic dynamics, for a �nite number of cat
maps N and times T of the order of the Heisenberg
time LN/N (the standard �few-particle regime�)
we have

K(N,T ) = Kβ(N T/LN ), (9)

where Kβ(τ) is the universal spectral form-factor

taken for the given symmetry class β of the model.

�1Here we assume that the map is generically perturbed.
The spectra of non-peturbed cat maps are known to be of
non-generic type because of large degeneracies among the
periodic orbit actions (see [13]).
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To address the case of largeN , we make use of the
spatio�temporal duality inherent to the model. The
trace Tr(UT

N ), being written in the Gutzwiller trace-
like form, is expressed through the sum over peri-
odic orbits (POs) of the period T (see Appendix C).
Furthermore, for coupled cat map (CCM), this rep-
resentation is exact [15, 19]. Since POs of the clas-
sical map ΦN with the period T are conjugated to
POs of the map ΦT with the period N , i.e., they
possess the same actions and stabilities, we arrive
at the relation

Tr
(
(UN)

T
)
= Tr

(
(UT )

N
)
. (10)

Here, the LT ×LT unitary matrix UT plays the role
of spatial evolution and has exactly the same form
as the temporal evolution operator for the CCM
chain of length T . The relation (10) is the quantum
counterpart of the classical spatio�temporal duality
of CCM. It is reminiscent of the Nelson symmetry
known to exist in the Euclidean �eld theories [23]. It
is worth noting that the CCM belongs to the class of
dual-unitary models, in which both spatial and tem-
poral evolutions are governed by unitary operators.
For the CCM, these two evolutions essentially coin-
cide. In recent years, the dual-unitary models have
attracted considerable attention [24�38] due to their
intriguing properties. On the one hand, such sys-
tems demonstrate quantum properties akin to those
of maximally chaotic many-body systems, such as
Wigner�Dyson spectral statistics and insusceptibil-
ity to many-body localization e�ects [39�41]. On the
other hand, the dual-unitary models are amenable
to exact treatment. In particular, due to the combi-
nation of duality and causality, the local two-point
correlation functions in these systems can be calcu-
lated exactly [27, 42�44].
From (10), it immediately follows that the regime

of �nite times T and a large number of particles
N T ∼ LT can be related to the universal regime
(i.e., provided by RMT), where N is �nite and
N T ∼ LN . Speci�cally, for N T ∼ LT , the dual-
ity relation (10) yields

K(N,T ) = LT−N Kβ(NT/LT ), (11)

where it is assumed that di�erent subspectra of

UT are uncorrelated and belong to the same uni-
versality class β. Particularly, for very short times
LT /T ≲ N , one has Kβ ≈ 1, and we �nd the
exponential growth of the form factor with T as
K(N,T ) ≈ LT−N . For somewhat larger (but �nite)
times, LT /T ≳ N , one gets Kβ(τ) ≈ 2τ/β +O(τ2),
which, to the leading order, yields the expected
linear in-time growth of the form factor, i.e.,
K(N,T ) ≈ 2NT/(βLN ).
Written in semiclassical form, the form factor

K(N,T ) splits into the diagonal and o�-diagonal
contributions,(

LN

NT

)
K(N,T ) = Kdiag(N,T ) +

∑
χ

K(χ)
off (N,T ).

(12)

The �rst term can be evaluated in a standard
way, leading to Kdiag(N,T ) = 2/β regardless of
the regime considered, i.e., the relation between N
and T . The second term accounts for correlations
between PPOs with various χ structures. Which of
the χ structures is responsible for the essential con-
tribution depends crucially on N and T . To dis-
tinguish between the di�erent regimes, we intro-
duce an Ehrenfest-like parameter nE = λ−1

min log(L)
with λmin being the lowest Lyapunov exponent of
the system, given for the CCM by cosh(λmin) =
(a + b − 2)/2, as follows from (7). Note that the
spatio�temporal duality of our model implies equal-
ity between nE and the Ehrenfest time τE .
For N ≲ nE ≲ T , the essential contribution to

K(N,T ) is provided by ω = (1, 0) PPOs. Indeed,
to reach the scale L−1 between the action di�er-
ence of the PPOs, the width of the encounters
has to be of the order of nE . This is e�ectively
the �single-particle� regime, and the PPO corre-
lations lead to the universal result. In the dual
regime T ≲ nE ≲ N , the essential contribution to
K(N,T ) arises from the ω = (0, 1) PPOs, whose
actions and stabilities mirror the ones of the �single-
particle� PPOs with the encounters of ω = (1, 0)
type (see Fig. 2).

Finally, we give a rough estimation of K(χ)
off in

the �many-particle� regime N,T ≳ nE . As in the
single-particle case, the contribution from a family
of PPOs includes two factors. The �rst one arrives
from the probability of a given encounter structure
realization, while the second one is due to the action
di�erences. Combined, they yield contributions pro-
portional to (T N)k/Ll, where k is the number of
encounters and l is the total length of the encounters
(i.e., the number of points on the discretized con-
tours Υi). For encounters winding around the torus
in the particle (respectively, time) direction, we es-
timate l = N k (or equivalently, l = Tk), while for
the ω = (0, 0) encounters, the relevant length scale
of Υi is provided by nE , yielding l ∼ knE . The ex-
pected contribution from PPO is therefore written
as

K(χ)
off (N,T ) =

∞∑
k=1

α(k)
χ

(
N T

Ldω

)k

, (13)

where d(1,0) = N , and d(0,1) = T , while d(0,0) ∼ nE

for the ω = (0, 0) type of encounters. Although
presently the coe�cients α

(k)
χ are known explicitly

only for the standard ω = (1, 0) PPO types (and, by
the duality relation, also for ω = (0, 1) PPO), the
generic form of (13) indicates that in the N,T ≳ nE

regime the dominant contribution is supplied by the
ω = (0, 0) PPOs. We remind the reader that the
semiclassical expansion of (13) is expected to be
valid only up to the respective �Heisenberg� time
NT < Ldω . Beyond these scales, the PO pairing
mechanism changes its nature [45, 46], leading, for
instance, to a non-analytic behavior of the form
factor.
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7. Conclusions

The semiclassical theory of chaotic systems rests
upon the existence of partner periodic orbits
(PPOs) with small action di�erences. For systems
composed of only a few particles, these orbits be-
gin contribute to spectral correlations when their
periods exceed the Ehrenfest time τE , leading to
universal RMT results on the time scales T ∼ TH .
As we demonstrate in this work, the established pic-
ture must be fundamentally revised for chaotic sys-
tems composed of a large number (N) of particles.
Using the coupled cat maps model, we show that
in chaotic systems with local homogeneous inter-
actions, a scale nE , analogous to τE , emerges for
the particle number. For the regime N ≲ nE , the
standard correlation mechanism between periodic
orbits prevails. However, once N ≳ nE , the sit-
uation changes. In the short-time thermodynamic
regime, when T ≲ nE ≲ N , the correlation mecha-
nism between periodic orbits becomes dual to the
standard one observed in few-body systems. In par-
ticular, at very short times, this dual mechanism
leads to an exponential growth of the spectral form
factor with T . Finally, in the most challenging case,
where both N and T exceed the Ehrenfest scale nE

(respectively, τE), a new type of correlation between
periodic orbits emerges. These spatio�temporal cor-
relations are speci�c to many-particle systems and
become dominant over the standard Sieber�Richter
type of correlations [6], as illustrated in Fig. 2.
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Appendix

A. Dynamical equations for CCM

The equations of motion for CCM are determined
by pn,t = −∂S/∂qn,t, pn,t+1 = ∂S/∂qn,t+1, where
the interacting and non-interacting parts of the gen-
erating function S are given by (4) and (5). This
yields

qn,t+1 = pn,t + a qn,t − qn+1,t + qn−1,t −mq
n,t+1

+V ′(qn,t), (14)

pn,t+1 = (−pn,t − (1−a b)qn,t)− b (qn+1,t + qn−1,t)

−mp
n,t+1 − V ′(qn,t). (15)

Under the condition V(q) ≡ 0, these equations can
be recast in the matrix representation

Zt+1 = BNZt mod 1,

Zt = (q1,t, p1,t, . . . qN,t, pN,t)
T,

(16)

with a 2N × 2N matrix BN given by

BN =



A B 0 . . . 0 B

B A B . . . 0 0

0 B A . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . A B

B 0 0 . . . B A


, (17)

where

A =

(
a 1

ab− 1 b

)
, B = −

(
1 0

b 0

)
. (18)

B. Construction of many-particle PPO for V = 0

The construction of PPOs with the prescribed
encounter structure can be done in four steps, de-
scribed below. We illustrate this procedure using a
particular example of partner POs possessing the
encounter of ω = (0, 0) type (see Fig. 3).

Step 1. As the �rst step, we generate a random
PO and its symbolic representation. To this end, we
takeM0 to be an arbitrary vector of integers. Then
the 2N -dimensional vector
Z0 = (BT

N − I)−1M0 mod 1,

Z0 = (q(0),p(0))T,
(19)

de�nes the initial coordinates q(0) and momenta
p(0) of some PO Γ0. The whole range of Γ0 data
can be restored from the iterative action of the ma-
trix BN on the vector Z0. Since the entries of the
matrix BN are integers, the coordinates and mo-
menta of Γ0 are rational numbers. This allows us
to calculate POs explicitly, avoiding any numerical
approximations.

Step 2. For small N and T , the PO Γ0 generi-
cally does not have any encounters, so the purpose
of this step is to prepare an orbit with encounters.
To do this, we choose some region E ⊂ Z2

NT of
some given shape (annular-like, as in the example
in Fig. 3). Next, the symbols MΓ0

|E are copied and
pasted upon another region E′, which is obtained by
a shift of E such that E ∩ E′ = ∅. The resulting se-
quence of symbols M̃Γ0

has the required encounter
structure, but, in general, does not correspond to
any real PO.

Step 3. To generate a 2D sequence of symbols
corresponding to a valid periodic orbit, we use
the sequence M̃Γ0

as it would be a real set of lo-
cal winding numbers. More speci�cally, let M̃t :=

M̃Γ0
(t) be the t-th column of M̃Γ0

. We de�ne
the integer vector of global �winding numbers� as
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Fig. 3. (a) Diagrams of two partner periodic orbits with the annular encounters, w = (0, 0). The identical
�elds A, B, C are separated by the encounter line ℓ. The dashed lines depict the sections of ℓ for the plots c
and d. (b) Logarithm of the metric distances (see (4)) between the paired points of PPO for the map (see (19))
with the parameters a = 3, b = 2, r = 1, T = N = 90; the maximal distance is ∼ 1.5 × 10−3. (c) Relative
coordinates (see explanations in the text) of 5 neighboring particles taken in the encounter region, in this
realization, the particles 7�11 are taken at time t1 = 70, and particles 50�54 at t2 = 39. (d) Dynamics of
the particle relative coordinates in the encounter region, m = 18 and m′ = 61 at times 53�58 and 22�27,
respectively.

M̃0 =

T∑
t=1

BT−t
N M̃t. (20)

It is then used as an input for the right-hand side
of (19). The resulting PO, denoted as Γ , has the
2D symbolic representation MΓ . The crucial obser-
vation is that MΓ and M̃Γ0

di�er only locally at the
places of the encounter boundaries. As a result, we
obtain the PO Γ with the desired encounter struc-
ture.

Step 4. At this stage, we can construct the partner
orbit Γ̄ by rearranging the symbols MΓ outside of
the encounter regions into a new 2D sequence MΓ̄ .
For the example in Fig. 3, it amounts to the ex-
change of symbols at the regions A and B, i.e.,

MΓ̄ |A = MΓ |B , MΓ̄ |B = MΓ |A, MΓ̄ |C = MΓ |C .
(21)

Note that this new sequence of symbols is, in fact,
a symbolic representation of a valid PO Γ̄ , which
can be straightforwardly recovered from MΓ̄ .
As an example, we generated a PPO with annu-

lar encounters by following the above 4-step proto-
col. By construction Γ̄ and Γ , are PPO traversing
approximately the same points of the phase space
but in di�erent n�t order, i.e., Γ̄n′,t′ ≈ Γn,t, where
(n′, t′) = P (n, t) are given by a certain permutation
P of indexes (n, t). The metric distances

d(n, t) =
√
(qn,t − q̄n′,t′)2 + (pn,t − p̄n′,t′)2 (22)

between the paired points of Γ and Γ̄ are plot-
ted in Fig. 3b. As expected, the largest distances
between the orbits are reached in the encounter
region, and the orbits' deviations from each other
decrease exponentially fast in the perpendicular

directions to the encounter contour. In Fig. 3d,
we demonstrate the encounter portraits in two sec-
tions, cutting the encounter line ℓ along the parti-
cle (p.w.) and time (t.w.) directions (see the dashed
lines in Fig. 3a).

C. Gutzwiller trace formula for CCM

Quantization of general multidimensional cat
maps was studied in [15], where the following trace
formula was derived

Tr (UN )
T
=
∣∣det(BT

N−1)
∣∣− 1

2
∑

Γ∈PO

exp(− i2πLSΓ ).

(23)

Here, SΓ is the classical action of PO Γ , and the
sum runs over all POs of the period T . Note that
the square of the prefactor in front of the sum de-
termines the total number of POs with the period
T and is symmetric under the exchange N ↔ T .
The above equation is a precise analog of (1), which
for non-perturbed CCM is exact, instead of being a
semiclassical approximation.
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