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Based on the effective mass approximation theory and combining the linear combination operator
with the unitary transformation method, the spin splitting characteristics of the polaron effective mass
at finite temperatures were investigated. By introducing quantum statistical theory to describe the
influence of thermally excited phonons, the functional relationships of the polaron effective mass with
parameters such as temperature, electron—phonon coupling strength, and electron areal density were
derived. Numerical calculations showed that the spin—orbit interaction leads to significant splitting of
the polaron effective mass. The splitting distance increases with the increase in electron areal density,
electron—phonon coupling strength, and vibration frequency, and decreases with the increase in velocity.
An increase in temperature enhances electron—phonon interaction, leading to an increase in the polaron
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effective mass.
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1. Introduction

Since the discovery of the tunnel magnetoresis-
tance effect, spintronics has become one of the most
popular fields of condensed matter physics. Spin-
tronics differs from traditional electronics in that
the spin of electrons is utilized as an additional de-
gree of freedom, alongside their charge states [1-3].
The study of spintronics enables the fabrication
of microelectronic components with epoch-making
performance. By leveraging both the charge and
spin of electrons for information transmission and
storage, it can transform existing electronic de-
vices from traditional electron injection to more
efficient spin emission, doubling their operational
efficiency [4, 5]. Therefore, we believe that micro-
electronic components based on spintronics will
bring about tremendous changes in our lives. The
foundation of spintronics lies in utilizing the fact
that electrons with different spin states exhibit
varying concentrations in different materials, giving
rise to the phenomenon of spin-induced energy split-
ting [6]. It is obvious that an applied magnetic field
can cause Zeeman energy splitting. When the in-
version symmetry of the crystal structure is broken,
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even if the external magnetic field is shielded, the
energy of electrons will still split. This splitting is
different from the Zeeman splitting caused by an ap-
plied external magnetic field, and we call this split-
ting the Rashba spin—orbit splitting.

Datta et al. [7] first proposed the principle of a
transistor based on controlling electron spin. This
theory utilizes the Rashba effect in the semicon-
ductor channel region to modulate the spin ori-
entation of injected electrons [1]. Since Datta’s
article was published, numerous scholars interna-
tionally have conducted experimental [8, 9] and
theoretical [10, 11] studies on the Rashba ef-
fect in low-dimensional quantum systems, partic-
ularly quantum well systems. For example, Qiu et
al. [12] experimentally studied the beat frequency
phenomenon in Shubnikov—de Haas oscillations of
HgTe/HgCdTe quantum wells with inverted band
structures. It has been demonstrated that the beat
frequency phenomenon in HgTe quantum wells is
caused by spin splitting generated by the Rashba ef-
fect. Xu et al. [13] theoretically calculated the spin—
orbit splitting energy of electrons induced by the
Rashba effect in asymmetric PbTe quantum wells
using the four-band envelope wavefunction theory.
They systematically discussed the dependence of
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the spin splitting energy on critical structural pa-
rameters, including the quantum well growth orien-
tation, degree of asymmetry, and well width. Due
to the structural inversion asymmetry in semicon-
ductor heterojunctions, electron spin degeneracy is
lifted, leading to Rashba spin—orbit splitting of elec-
trons at the Fermi surface. In narrow-bandgap semi-
conductors, electron spin splitting is predominantly
induced by structural inversion asymmetry. Due to
the asymmetric lattice structure of triangular quan-
tum wells, phenomena such as spin-orbit coupling
effects and rotational symmetry breaking of the spin
Hamiltonian occur. In recent years, scholars have
also conducted research on the Rashba spin—orbit
splitting in triangular quantum wells. For instance,
Li et al. [14] systematically investigated the Rashba
effect on polarons in RbCl triangular quantum wells
under magnetic fields via the Pekar variational
method. Due to the Rashba effect, the ground-state
energy of the polarons splits. It is indicated that the
interaction of orbits and spins in different directions
influences the energy of the polaron, which cannot
be ignored. Using the improved linear combination
operator method, Zhang et al. [15] investigated the
Rashba spin—orbit splitting of the effective mass for
a strongly coupled polaron in RbCl semiconductor
triangular quantum wells. Under the Rashba spin—
orbit interaction, the effective mass of the polaron
also exhibits splitting. Although the spin splitting
of the effective mass of the polarons in triangular
quantum wells has been studied, the effect of tem-
perature on the Rashba spin—orbit splitting of the
polaron in triangular quantum wells remains unin-
vestigated to date.

2. Theoretical models and theoretical
derivations

In the effective mass approximation, when an
electron interacts with bulk longitudinal optical
phonons in a triangular quantum well composed of
two polar media, the Hamiltonian of the system can
be expressed as

H=H,+ Hi0+ Huo-e + Hso,

where

Hypo = Z hwio afax,
k

HLofe = Z (Vk ag eikH-p-i-ikzz + hC) 5 (4)

k

a
Hgo = ?R (5)

The Hamiltonian H. describes the energy of the
electron. In (2), m is the band mass of the electron,
and V(z) is the bending potential of the electron

(6 xp)..
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conduction band. Under a large negative bias volt-
age, this potential energy is approximately triangu-
lar, and it is also known as the triangle potential

V(2 = { eFs z, z >0, ©)
0, z <0,
and
P = ")
€o1

Here, F represents the built-in electric field, n, rep-
resents the electron surface density, and eg; is the
static dielectric constant.

The Hamiltonian Hy,o describes the energy of the
bulk longitudinal optical phonon field, wyo is the
frequency of the longitudinal optical (LO) phonon,
and a. (ay) is the creation (annihilation) operator
of the bulk longitudinal optical phonon with wave
vector k.

The Hamiltonian Hr,o_. describes the interaction
energy between the electron and the bulk longitu-
dinal optical phonon, and r = (p, z) is the elec-
tron’s coordinate vector. The interaction Fourier co-

efficient is
5 1/4 ira 1/2 .
2mwro 1% '

; ( hwro
k

Here, V is the volume of the crystal, and the

electron-LO phonon coupling constant is repre-

sented by «, which depends on the material of the

quantum well.

The Hamiltonian Hgo describes the spin—orbit
interaction energy, where ap is the spin—orbit cou-
pling constant, which is proportional to B‘gf) . Here,
V(z) includes both the electron confinement poten-
tial and the external electric field potential. A linear
combination operator is introduced for the momen-
tum and coordinates of the transverse motion of the
electron, respectively,

Vi

mh A
_ bt o
pi =1\ "5 (bj+bj+poj), (9)
and
[ h ;
pi = 1Y g (0 =01) (10)

(j = z,y), where X is a variational parameter and
represents the polaron vibration frequency.

Under the adiabatic approximation, a unitary
transformation is performed on the Hamiltonian H.
The unitary transformation operator is chosen as

U = exp {Zk (alfk - akf,:)} . (11)

In the above equation, f;, and f}; are variational pa-
rameter functions. By taking the variation of energy
with respect to fi and f; and then taking the limit,
the expressions of f; and f can be obtained.

Let us select the trial wave function for the
ground state of the system as

) = 19()) (axap +bx172) [0}alO)y (12)
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Here, |0), is the vacuum state of the operator b,
and |0), is the zero-phonon state, which satisfies
the conditions b; [), = 0,a |), = 0. The spin-down
state is represented by x_1,2 = [0, 1]T, and the
spin-up state is represented by x1,2 = [1, 0]T. Both
a and b are coefficients. In turn, |¢(z)) is the wave
function of the triangular quantum well moving in
the z-direction. We choose the Fang-Howard varia-
tional wave function as follows

JL e (-4
5 2exp (=3 ),
0,

where d is a variational parameter. It is varied by
the total energy of the system and obtained by tak-
ing the minimum value.

The total momentum of the system is

Py =p) + Y likajay.
k

z >0,

¢ (2) (13)

z <0,

(14)

In order to determine the effective mass of the po-
laron, we need to find the expectation value of
|¢) with respect to U™ (H —u- P 4) U. Here,
u is the Lagrangian multiplier, which is used to
represent the velocity of the polaron. Then we
obtain

F(u,po, A ds fi) = (| U™ (H=- Py oot )U ).
(15)

Then, by taking the variations of the parameters fy,
Po, A, and d in (15) and finding the extreme values,
we can obtain the effective mass of the polaron in
the triangular quantum well. The expected value of
the momentum of the polaron is obtained as

1+ﬁa A

3/2
2 (wLo)

It can be seen from (16) that the effective mass of

the polaron is
()
wLo

m*=m [1 + vma
2

Then we calculate the mean number of phonons,

ie.,

N = <w’U_ Zalak U’¢> = %(Xﬁ\/ﬂ'/\wLo. (18)
%

At finite temperatures, the electron—phonon system
will no longer be completely in the ground state.
Lattice vibration not only excites real phonons but
also causes the electrons to be excited. The proper-
ties of the polaron are determined by the statistical
average values of the electron—phonon system for
various states. According to quantum statistics, the
mean number of phonons can also be expressed as

N= [exp (ﬁ”w) - 1}1.

KgT

In (19), K3 is the Boltzmann constant with
value 1.38 x 10723 J/K. The value of A in (18) is

related not only to N but also to V.

) 2am

| (16)

pp=m

4 2R

ik (17)

(19)
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3. Numerical calculation and discussion

We theoretically derived expressions for the
effective mass of the polaron and the mean num-
ber of phonons in a triangular quantum well using
a combination of an improved linear combination
operator method and unitary transformation. By
incorporating the expression for the mean number
of phonons from quantum statistical mechanics, the
functional relationship between the polaron effec-
tive mass and temperature was derived. To clearly
illustrate the effects of temperature and spin—orbit
interaction on the effective mass of the polaron, nu-
merical calculations were performed using polaron
units. The results are presented in the following five
figures.

Figure 1 depicts the curves showing the relation-
ship between the polaron effective mass m* and the
electron—phonon coupling strength «, with the elec-
tron surface density ng set to 2 and 3. As can be
seen in the figure, the effective masses of the po-
laron in different spin states are clearly separated.
It indicates that the spin—orbit interaction causes
the splitting of the effective mass of the polaron.
In Fig. 1, the solid line represents the zero-spin ef-
fective mass mg, the dashed line represents the spin-
up split effective mass m? , and the dotted line rep-
resents the spin-down split effective mass m*. As
can be seen, for both n, = 2 and n, = 3, the ef-
fective mass corresponding to each curve increases
with the increase in «. This is because the stronger
the electron—phonon coupling, the greater the influ-
ence of phonon dragging on the electron moving in
the lattice. For this reason, the effective mass of the
polaron increases with the increase in the strength
of electron—phonon coupling. At the same electron—
phonon coupling strength, the larger the electron
areal density, the greater the splitting distance of
the effective mass of the polaron.

20

Fig. 1. The effective mass m™ versus the electron—
phonon coupling strength o with different electron
surface densities 1.
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Fig. 2. The effective mass m™ versus the electron

surface density ns with different vibration frequen-
cies A.

Figure 2 illustrates the variation of the polaron
effective mass m* with the electron areal density ng
when the spin—orbit interaction is considered and
the polaron vibration frequency A takes different
values. As can be seen in the figure, due to the
spin—orbit interaction, the effective mass of the po-
laron splits based on the zero-spin state. In Fig. 2,
the solid line represents the zero-spin effective mass
mg, the dashed line represents the spin-up split ef-
fective mass m7, and the dotted line represents
the spin-down split effective mass m* . When the
electron areal density is fixed, the higher the vi-
bration frequency, the larger the effective mass of
the polaron. This is because the more intense the
phonon vibration, the more frequent the interaction
between the electron and phonon. In other words,
the electron—phonon coupling strength is related to
the vibration frequency, and a higher vibration fre-
quency corresponds to a stronger electron—phonon
coupling. Therefore, as the vibration frequency in-
creases, the effective mass of the polaron increases.
When the electron areal density ng; = 0, the effec-
tive mass does not exhibit splitting. As the electron
areal density increases, the splitting of the effective
mass becomes increasingly obvious. This is because
the spin—orbit coupling constant ag is proportional

to a‘g—iz). It follows from (6), (7), and (17) that the
effective mass is proportional to the electron sur-
face density. Therefore, in Fig. 2, both the spin-up
and spin-down split effective masses exhibit a linear
change with the electron areal density, and the split-
ting distance increases as the electron areal density
rises.

Figure 3 depicts the variation of the polaron ef-
fective mass m* with temperature T under different
mean number of phonons N when the spin—orbit in-
teraction is considered. As can be seen from the fig-
ure, the effective mass curves of the polaron in dif-
ferent spin states are clearly separated, indicating
that the spin—orbit interaction causes the effective
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Fig. 3. The effective mass m™ versus the temper-
ature T with different mean number of phonons N.

mass of the polaron to split. In Fig. 3, the solid
line represents the zero-spin effective mass mg, the
dashed line represents the spin-up split effective
mass m} , and the dotted line represents the spin-
down split effective mass m* . Under different spin
states, the interactions between the electron and
phonons, as well as their motion within the lattice,
exhibit distinct characteristics, thereby giving rise
to different effective masses of the polaron. And dur-
ing the changes in temperature and mean number
of phonons, the difference in effective mass caused
by spin—orbit interaction always exists. For a given
mean number of phonons N and spin state, the ef-
fective mass of the polaron m™* increases with the
rise in temperature 7. As the temperature rises,
the thermal excitation of phonons intensifies, lead-
ing to more frequent and stronger interactions be-
tween electron and phonons. This increased interac-
tion enhances the obstruction to electron movement
within the lattice, thereby causing the effective mass
of the polaron to increase. As can be seen in Fig. 3,
for any spin state, the effective mass corresponding
to each curve increases with rising temperature. At
the same temperature 7" and spin state, the larger
the mean number of phonons N, the greater the ef-
fective mass of polaron m™. This is because a larger
mean number of phonons implies a stronger interac-
tion between phonons and electron, which imposes
greater hindrance on electron movement, thereby
leading to an increase in the effective mass of the
polaron.

Figure 4 illustrates the variation of the polaron
effective mass m* with temperature 7" under dif-
ferent electron areal densities when spin—orbit in-
teraction is considered. The effective mass curves
of the polaron in different spin states are clearly
separated, indicating that the spin—orbit interaction
causes the splitting of the polaron effective mass. In
Fig. 4, the solid line represents the zero-spin effec-
tive mass mg, the dashed line represents the spin-up
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Fig. 4. The effective mass m” versus the temper-
ature 7" with different electron surface densities n;.
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Fig. 5. The effective mass m™ versus the temper-
ature T" with different velocities u.

split effective mass m? , and the dotted line repre-
sents the spin-down split effective mass m* . For
a given electron areal density n, and spin states
(corresponding to different curves mg, m*, m*),
the effective mass of the polarons m* increases with
the rise in temperature 7. As the temperature in-
creases, the thermal vibration of phonons intensi-
fies, enhancing the interaction between the electron
and phonons. This leads to an increase in scatter-
ing effects on electron movement within the lattice,
thereby causing the effective mass of the polaron to
rise. At the same temperature T and spin state, the
larger the electron areal density ng, the greater the
effective mass of the polaron m*. This is because
as the electron areal density increases, the inter-
action between the electron and phonons becomes
more complex, imposing more constraints on elec-
tron movement within the lattice. Consequently, the
effective mass of the polaron increases due to these
enhanced interactive constraints.

Figure 5 depicts the variation of the polaron ef-
fective mass m* with temperature T under different
polaron velocities u when the spin—orbit interaction
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is considered. As can be seen in the figure, for
any spin state, the effective mass corresponding to
each curve increases with the rise in temperature.
When the temperature is fixed, the smaller the po-
laron velocity, the larger the splitting distance of
the effective mass. As the polaron velocity increases,
the electron—phonon interaction weakens. Since the
electron—phonon interaction has a positive contribu-
tion to spin splitting, an increase in velocity dimin-
ishes the splitting of the effective mass. In (17), the
velocity is inversely proportional to the spin-split
effective mass, leading to the conclusion that an in-
crease in velocity results in smaller spin splitting of
the effective mass.

4. Conclusions

Based on the effective mass approximation the-
ory and combining the linear combination opera-
tor with the unitary transformation method, the
spin splitting characteristics of the polaron effec-
tive mass at finite temperatures were investigated.
The effective mass curves of the polarons in dif-
ferent spin states are clearly separated, indicating
that the spin—orbit interaction causes the splitting
of the effective mass of the polaron in a triangular
quantum well. In different spin states, the electron—
phonon interaction and the lattice motion of the
electron exhibit distinct characteristics, thereby giv-
ing rise to variations in effective mass. The increase
in electron surface density further widens the spin-
splitting distance by enhancing the built-in electric
field, indicating that structural parameters can ef-
fectively regulate spin-related effects. An increase
in temperature enhances the thermal excitation of
phonons, intensifying electron—phonon interaction
and increasing the resistance to electron motion in
the lattice, thereby causing the polaron effective
mass to rise monotonically with temperature.
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