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The temperature and grain size dependences of the ferroelectric phase transitions and dielectric prop-
erties of BaTiO3 nanoceramics are described by higher-order Landau�Ginzburg�Devonshire theory. A
structurally stable 8th-order Landau�Ginzburg�Devonshire potential with the 2nd- and 4th-order co-
e�cients varying with temperature and grain size is proposed for a phenomenology of BaTiO3 nanoce-
ramics. The temperature�grain size phase diagram constructed on the basis of this potential model
describes well the experimentally observed cubic�tetragonal�orthorhombic and cubic�orthorhombic�
rhombohedral triple points and ferroelectric to paraelectric to ferroelectric reentrance phenomenon.
The spontaneous polarization and dielectric constant of BaTiO3 nanoceramics are calculated. It is
shown that dielectric anomalies appear at the phase transitions and dielectric peaks are depressed, and
di�used with decreasing grain size.
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1. Introduction

BaTiO3 (BT) is one of the most widely used
ferroelectric materials, even almost 80 years af-
ter its discovery, since it is an environmentally
friendly ferroelectric and has excellent dielectric,
electromechanical, and optical properties. Recently,
with the rapid development of modern microelec-
tronics, the size e�ects in BaTiO3 nanomaterials
such as thin �lms, nanowires, nanotubes, nanopar-
ticles, and nanoceramics have attracted great in-
terest of researchers [1�5]. As the clari�cation of
ferroelectric properties in BaTiO3 nanoceramics is
related to the improvement of the performance of
multilayer ceramic capacitors (MLCCs), thermis-
tors, electrooptic devices, etc. [6�8], the in�uence
of grain size, temperature, and pressure on their
structure and physical properties has been studied
actively both experimentally and theoretically.
Zhao et al. [9] systematically investigated the

phase transitions and susceptibility of BaTiO3 ce-
ramics with grain sizes in the range of 50�1200 nm.
The experimental results showed a decrease in
the Curie�Weiss temperature with decreasing grain
size, and the critical size corresponding to the

suppression of ferroelectricity was estimated to
be 10�30 nm at room temperature. Buscaglia
et al. [10], Pithan et al. [11], Deng et al. [12], and
Buscaglia et al. [13] con�rmed that the nanocrys-
talline ceramics with average grain sizes of 50, 35,
30, and 20 nm exhibit tetragonal ferroelectricity,
and the cubic (C)�tetragonal (T) phase transition
temperature (the Curie temperature) depends on
the grain size. However, there is some experimental
evidence supporting the existence of the orthorhom-
bic (O) phase at room temperature. Frey et al. [14]
showed the absence of tetragonal lattice distortions
and the existence of the orthorhombic structure in
BaTiO3 ceramics with grain sizes below 100 nm at
room temperature. In [15�20], it was reported that
the reduction of the grain size leads to enhanced
stability of the O phase. Polotai et al. [19] pro-
posed a generalized temperature�grain size phase
diagram of BaTiO3 nanoceramics based on the
experimental data [19�24]. On the other hand,
there are experimental data on the ferroelectric�
paraelectric�ferroelectric reentrance phenomenon,
indicating that ferroelectricity appears again with
a further decrease in grain size. Zhu et al. [25]
measured the dielectric constant and Curie tem-
perature under hydrostatic pressure and observed
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the reentrance phenomenon from the paraelectric C
phase to the ferroelectric rhombohedral (R) one
with the reduction of grain size to 15 nm. Li
et al. [26] reported that paraelectric�ferroelectric
phase transition temperatures of BaTiO3 nanoce-
ramics and nanoparticles with sizes of 2.5�100 nm
increase obviously with decreasing grain size.
The Landau phenomenological theory provides a

reliable description of a system's equilibrium be-
havior near a phase transition [27]. As the re-
sults obtained from the theory are determined
by the symmetry of the system, it is very use-
ful to analyze the phase transitions using it.
Thus, the phenomenological Landau�Ginzburg�
Devonshire (LGD) theory of the phase transi-
tion is widely used to explain the symmetry
changes in nanoscale materials as well as bulk
ones [3, 4, 9, 25, 28�37]. Recently, great advances in
describing and predicting the phase transitions and
the ferroelectric properties of BaTiO3 nanoceram-
ics have been made using the LGD theory. Buessem
et al. [29] explained the increase in average dielec-
tric permittivity in �ne-grained BaTiO3 ceramics
below the grain size of a few micrometers by using
modi�ed Devonshire's free energy function in terms
of strain and polarization �rst. Zhao et al. [9] and
Ricinschi et al. [30] explained the size e�ect on the
ferroelectric properties and the C�T phase transi-
tion of BaTiO3 ceramics by the Landau�Devonshire
theory based on a 6th-order expansion in terms
of polarization p. Fang et al. [31, 32] considered
the surface e�ect of BaTiO3 nanoceramics using
the LGD theory based on a 6th-order expansion in
terms of polarization components pi (i = 1, 2, 3),
assuming that the 2nd-order coe�cient depends on
temperature and grain size and the 4th-order one
on grain size. Fang et al. [33] proposed an 8th-order
potential model, assuming that the 2nd-order co-
e�cient depends on temperature, grain size, and
radius of the shell, while the other coe�cients are
constant. Recently, the higher-order LGD theory
based on the 8th-order potential model [34] used
to describe the nonlinearity of the physical prop-
erties of bulk BaTiO3 has been applied e�ectively
to the phenomenological study on BaTiO3 nanoce-
ramics [25, 35�37]. The 8th-order potential model
is written as
Φ(pi) = α1(T )
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where α1(T ) is a temperature-dependent coe�cient,
and the other coe�cients are constant.

Lin et al. [35] studied the grain size e�ect on
the phase transitions and dielectric properties of
BaTiO3 nanoceramics by using the modi�ed 8th-
order potential model in which the coe�cients
of (1), i.e., α1(T ) and α12, were written as the func-
tion of grain size α∗

1(T, d) and α∗
12(d). The theoret-

ical phase diagram predicted the ferroelectric reen-
trance phenomenon and explained well the changes
in the C�T, T�O, and O�R transition temperatures,
but two triple points (C�T�R and T�O�R) were
remarkably di�erent from those in the experimen-
tal phase diagram [19]. Sun et al. [36] estimated
the size e�ect on the ferroelectric phase transitions
in BaTiO3 nanoceramics by using the LGD theory
based on the 8th-order potential model in which
the compressive stress was inversely proportional
to the square of grain size and the shear stress to
the grain size. Zhu et al. [25] investigated the phase
transitions in BaTiO3 nanoceramics by using the
8th-order LGD potential with varying coe�cients
α∗
12(d) and α∗

1(T, σ, d) to take into account the in-
teraction between internal compressive stresses and
hydrostatic pressure and internal shear stresses.
They explained quantitatively the experimentally
observed ferroelectric reentrance phenomenon.
However, most high-order potential models used

in phenomenological studies of BaTiO3 nanoceram-
ics were constructed through a semi-empirical per-
turbation approach.
Existing phenomenological theories of BaTiO3

nanoceramics have not been able to explain the
qualitative characteristics of experimental phase di-
agrams, including the two triple points (C�T�O and
C�O�R) in the generalized phase diagram [19] and
the stabilization of the O phase observed with de-
creasing grain size at room temperature [14, 16, 19].
This requires a new phenomenology by which the
qualitative characteristics of the ferroelectric prop-
erties and the phase transitions observed experi-
mentally in barium titanate (BT) nanoceramics can
be accurately described.
According to the singularity theory [38�42], it is

impossible to build the structurally stable Landau
potential model describing qualitatively the prop-
erties of the thermodynamical system using the
perturbation approach. Structurally unstable po-
tential models in phenomenology yield incorrect
results. Here, the term �structurally stable poten-
tial� refers to the potential that yields qualitatively
the same results if a small perturbation is added to
the potential.
Recently, the methods of construction of the

structurally stable LGD potential model have
been investigated using the singularity theory and
Poincaré normal form theory [41�47]. They have
been applied to various materials [41�53]. However,
in the phenomenological studies on the phase tran-
sitions in BaTiO3 nanoceramics, the structural sta-
bility of the LGD potential has not been considered,
so the existing experimental data have not been cor-
rectly explained.
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The purpose of this work is to propose a struc-
turally stable thermodynamical potential model
that allows us to describe the characteristics of
phase transitions, such as triple points and ferro-
electric reentrance phenomenon, as well as dielectric
properties in BaTiO3 nanoceramics.

2. Structurally stable LGD potential

The structurally stable LGD potential model
should be chosen in order to describe all the qual-
itative characteristics of the phase transitions, be-
cause the physical phenomena in crystals are closely
related to phase transitions.
The experimental studies such as X-ray di�rac-

tion, Raman scattering, and dielectric and spe-
ci�c heat measurements of BaTiO3 nanoceramics
con�rm that they undergo the phase transition
sequence Pm3m�P4mm�Bmm2�R3m from para-
electric phase Pm3m upon varying temperature,
pressure, and grain size [19�26].
The group theoretical analysis shows that the

LGD potential describing these phase transitions is
expanded as a power series of 3 basis invariants of
the image group m3m, which are composed of po-
larization components pi (i = 1, 2, 3). The basis in-
variants of the image group m3m are as follows [43]

J1 = p21 + p22 + p23,

J2 = p21 p
2
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2
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2
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J3 = p21 p
2
2 p

2
3. (2)

The LGD potential is written as follows

Φ = Φ0 + a1J1 + a2J2 + a11J
2
1 + a3J3 + a12J1J2

+ a111J
3
1 + a1111J

4
1 + a112J

2
1J2 + a13J1J3

+ a22J
2
2 + a11111J

5
1 + a1112J

3
1J2 + a113J

2
1J3

+ a122J1J
2
2 + a23J2J3 + a111111J

6
1 + a222J

3
2

+ a33J
2
3 + a11112J

4
1J2 + a1113J

3
1J3 + . . . . (3)

The polynomials constituting the potential Φ form
a ring R[J ]. According to singularity theory, the
structurally stable Landau thermodynamical po-
tentials Φ[J(η)] coincide with the degree of accu-
racy of �small perturbation� near the critical point
(the term �critical point� refers to the point where
∂Φ[J(η)]/∂η = 0 holds). The perturbation is writ-
ten as [40�43]

I∇Φ =

q∑
k,l=1

χk(J) (∇Jk,∇Jj)
∂Φ(J)

∂Jl
. (4)

On the other hand, if we apply the Poincaré trans-
formation P = p+∂H[J(p)]/∂p as the near-identity
changes of coordinates, the small perturbation writ-
ten as (4) is expressed as
∂H

∂Jk
(∇Jk,∇Jl)

∂Φ0

∂Jl
. (5)

Hence, the terms expressed by (5) can be considered
in the potential (3) as a perturbation [44, 46, 47].
These terms represent the elements of the gradient
ideal I∇Φ obtained by applying to the potential (3)
the vector �eld

Uk = (∇Jk,∇Jl)
∂

∂Jl
. (6)

The singularities of all the potentials with di�er-
ences in the elements of I∇Φ are the same because
they result in the state equation with the same solu-
tions. That is, they describe the same critical points,
phase diagrams, and anomalies of susceptibilities.
Therefore, the structurally stable potential model
is determined by the local algebra Q = R[J ]/I∇Φ

as the quotient ring of the polynomial ring R[J ] by
the ideal I∇Φ .
Given the basis invariants, the order and form of

the structurally stable potential are determined by
the expansion coe�cient parameters varying with
external parameters such as temperature, pressure,
etc. In [50], the structurally stable thermodynami-
cal potential models invariant under the cubic point
group m3m were calculated for sets of various vary-
ing parameters.
Among the various models [50], we have to choose

the model by which we can adequately explain the
characteristics of the phase transitions in BaTiO3

nanoceramics. This is possible by constructing a
phase diagram in the space of the varying parame-
ters of the phenomenological model (the coe�cient
phase diagram), because the generic topological fea-
tures of the experimental phase diagram, such as the
con�guration of each phase, the critical points, etc.,
are re�ected in the coe�cient phase diagram. The
number and order of critical points are determined
by varying parameters, while the form of the coe�-
cient phase diagram is determined by the expansion
coe�cient (constant coe�cient or moduli) indepen-
dent of the external parameters [41]. In [50], the co-
e�cient phase diagrams in the spaces of the various
varying parameters were calculated, and the pos-
sible coe�cient phase diagrams in (a1, a2, a11) and
(a1, a2, a3) spaces were presented. These results can
be used e�ciently to choose of the phenomenologi-
cal model for BaTiO3 nanoceramics.
The experimental studies on BaTiO3 nanoce-

ramics were carried out with varying temperature,
grain size, and pressure. According to the singu-
larity theory, the number of varying parameters
in the LGD potential should not be less than the
number of external parameters (experimental pa-
rameters) [54]. Comparing the experimental data
for the temperature�grain size phase diagram of
BaTiO3 nanoceramics with the coe�cient phase
diagrams [50], it can be concluded that the coef-
�cient phase diagram a1�a2 of the 8th-order po-
tential model with the varying parameters a1, a2,
and a11 can explain the experimental data for tri-
critical point (C�T�O and C�O�R) and C�R reen-
trance phenomenon. Thus, it is possible to explain
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TABLE I

Structurally stable potential models with varying parameters a1, a2, and a11 invariant under the cubic point group
m3m [50].

Structurally stable potentials Φ(J) The highest order

Φ1 = a1J1 + a2J2 + a11J
2
1 + a3J3 + a12J1J2 + a111J

3
1 + a112J

2
1J2 + a22J

2
2 8

Φ2 = a1J1 + a2J2 + a11J
2
1 + a3J3 + a12J1J2 + a111J

3
1 + a13J1J3 + a22J

2
2 8

Φ3 = a1J1 + a2J2 + a11J
2
1 + a3J3 + a12J1J2 + a111J

3
1 + a13J1J3 + a112J

2
1J2 8

Φ4 = a1J1 + a2J2 + a11J
2
1 + a3J3 + a12J1J2 + a111J

3
1 + a13J1J3 + a1111J

4
1 8

Φ5 = a1J1 + a2J2 + a11J
2
1 + a3J3 + a12J1J2 + a111J

3
1 + a112J

2
1J2 + a1111J

4
1 8

the phase transitions in the BaTiO3 nanoceramics
using the potential model with varying parameters
a1, a2, and a11.
The possible structurally stable potentials with

varying parameters a1, a2, and a11 are listed in
Table I.
The �ve potential models in Table I are the fam-

ily of functions with the same singularity. The
thermodynamical potential models Φ1�Φ5 yield the
phase diagrams with the same critical points and
topological con�guration.
By calculating the coe�cient phase diagrams

of the potential models Φ1�Φ5, we can �nd out
that the characteristics of the phase diagram of
BaTiO3 nanoceramics can be described adequately
by the coe�cient phase diagram of the following
potential

Φ = a1(T, d)J1 + a2(T, d)J2 + a11(T, d)J
2
1 + a3J3

+a12J1J2 + a111J
3
1 + a112J

2
1J2 + a22J

2
2

+a1111J
4
1 . (7)

We have investigated the phase diagrams in the
space of the varying parameters (a1, a2, a11)
of the potential (7) and shown some of them
in Fig. 1a-d. All the features can be seen from the
two-dimensional cross-sections in the a1�a2 plane.
The phase diagrams reproducing the sequence of the
�rst-order phase transitions C�T�O�R, the triple
points (C�T�O and C�O�R), and the ferroelectric
reentrance phenomenon are interesting for describ-
ing the experimental data of phase transitions for
BaTiO3 nanoceramics. Therefore, only the coe�-
cient phase diagrams with such characteristics are
shown in Fig. 1. Each �gure panel corresponding
to the di�erent ranges of the constant coe�cients
(moduli) shows the di�erent forms of the phase
diagram. The coe�cient phase diagrams can ade-
quately reproduce the qualitative characteristics of
the experimental temperature�grain size phase dia-
gram. Thus, it has been concluded that the LGD
potential model (7) with the varying parameters
a1, a2, and a11 can become the phenomenologi-
cal model for the ferroelectric phase transitions in
BaTiO3 nanoceramics.

3. Temperature�grain size phase diagram

The dependence of the potential (7) on thermo-
dynamic variables is determined by the varying pa-
rameters a1, a11, and a2. Thus, we have �rst studied
the dependence of these parameters on the external
thermodynamic variables. Since the volume fraction
of the surface becomes signi�cant in nanoceramic
grains, strong surface e�ects can arise. It was found
experimentally that the surface tension e�ect can be
assimilated to the application of hydrostatic pres-
sure P [55]. It has been reported that in �ne-grained
BaTiO3 with grain size (∼ 300�500 nm), there are
no 90◦ twins, which strongly reduces the internal
stress in the coarse ceramics, and that the single
domain is energetically favorable [9, 15]. Thus, the
resulting stresses can no longer be relieved by the
twinning process.

Fig. 1. Section a1�a2 of the coe�cient phase di-
agram a1�a2�a11 of the potential (7). (a) a11 < 0,
a12 > 0, a112 < 0, a22 < 0, (b) a11 < 0, a12 < 0,
a112 < 0, a22 < 0, (c) a11 < 0, a12 < 0, a112 > 0,
a22 < 0, and (d) a11 < 0, a12 > 0, a112 > 0, a22 < 0.
Solid lines represent the �rst-order phase transition
lines between neighboring phases.
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TABLE II

Coe�cient parameters of (7); T is the temperature
given in ◦C.

Coe�. Values Units

a1 (T − 113)× 3.7665× 105 +
K1

(d− d0)
V m
C

a11 (3.6378T − 2338.8)× 105 +
K11

(d− d0)
V m5

C3

a2 (1.6296T − 6.963.2)× 105 +
K2

(d− d0)
V m5

C3

a111 9.1098× 108 V m9

C5

a12 −1.2112× 109 V m9

C5

a3 1.8568× 1010 V m9

C5

a1111 4.1311× 1010 V m13

C7

a112 −4.4134× 1010 V m13

C7

a22 −6.6692× 1010 V m13

C7

K1 0.335 V m2

C

K11 1 V m6

C3

K2 −7.75 V m6

C3

d0 13.4× 109 m

On the other hand, since the individual crystal-
lites are surrounded by grain boundaries in ceram-
ics, the compressive stress caused by the elastic
three-dimensional clamping of the crystallite may
a�ect the structure and properties of the materi-
als. The shear stress cannot be ignored. The exper-
iments showed that the contribution of the shear
stress may increase with decreasing grain size. Con-
sequently, such grain size e�ect on the physical
properties of the nanoceramics should be taken into
account in the LGD potential. It was observed ex-
perimentally that the hydrostatic pressure and vari-
ation of the Curie temperature TC can be writ-
ten as d−1 and −d−1, respectively, where d is the
diameter of the grain [55]. Considering the above
experimental data [25, 31, 35, 37], the 2nd- and
4th-order coe�cients of the LGD potential are as-
sumed to be inversely proportional to the grain size
of the ceramics. Generalizing those relations to the
varying coe�cients a1(T, d), a11(T, d), and a2(T, d)
of (7), renormalized coe�cients can be assumed as
follows

a1 = a01 (T − T0) +
K1

d− d0

a2 = a02 T + a12 +
K2

d− d0

a11 = a011 T + a111 +
K11

d− d0

,

(8)

where T0 is the Curie�Weiss temperature, which is
equal to 113◦C for BaTiO. Analyzing the coe�cient
phase diagrams (Fig. 1), we can see that the exper-
imental temperature�grain size phase diagram can

TABLE III

Experimental data used for the determination of the
coe�cient parameters [56�58].

Experimental

values

Values used

for calculations

Transition temperatures [◦C]

TC−T 123 [56] 123

TT−O 5 [56] 10

TO−R −90 [56] −80

T0 113 [56] 113

Dielectric constants and

piezoelectric constants [pC N−1]

εc 10000 [56] 15000 at 123◦C

dt33 107 [57] 88 at 25◦C

εt11 5000 [56] 4400 at 25◦C

εo33 100 [56] 134 at −60◦C

εo22 3000 [56] 3580 at −60◦C

Polarizations [pC cm−2]

pts 0.18 [56] 0.18 at 123◦C

pts 0.26 [56] 0.26 at 25◦C

pos ∼ 0.2 [56] 0.2045 at 10◦C

pos ∼ 0.25 [56] 0.2254 at −60◦C

Electrostrictive coe�cients [m2 C−1]

Q11 0.10 [58] 0.10

Q12 −0.034 [58] −0.034

Q44 0.029 [58] 0.029

be adequately explained on the basis of the �gure
panel (a). Therefore, the ranges of the constant co-
e�cients of the model (7) are as follows

a3 > 0, a111 > 0, a12 > 0, a112 < 0, a22 < 0.

(9)

The values of the constant coe�cient parameters
of (7) can be determined from experimental data,
taking into account the above relation. Consid-
ering the experimental data for the spontaneous
polarization, dielectric constant, and piezoelectric
constant [56�58], we have calculated constant co-
e�cient parameters (Table II). Experimental data
used for the determination of the constant co-
e�cients are shown in Table III, where TC−T,
TT−O, and TO−R represent the C�T, T�O, and
O�R phase transition points, respectively. In (8),
d0 = 13.4× 10−9 m has been selected in order to
�t quantitatively the experimentally observed TC

for the 15 nm BaTiO3 ceramic sample [25].
The e�ect of temperature and grain size on the

phase transitions in BaTiO3 nanoceramics can be
seen in the temperature�grain size phase diagram.
Using Table II and (7), we have obtained 3 polar
phases (lower symmetry phases): (i) the T phase
with p1 = p2 = 0, p3 = pt ̸= 0; (ii) the O phase with
p2 = 0, p1 = p3 = po ̸= 0; (iii) the R phase with
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p1 = p2 = p3 = pr ̸= 0. The phase transition line
between coexisting phases is determined from the
equality of their potentials and the state equations.
The potentials for each phase are as follows

ΦC = 0, (10)

ΦT = a1 p
2
t + a11 p

4
t + a111 p

6
t + a1111 p

8
t , (11)

ΦO = 2a1 p
2
o + (4a11+a2)p

4
o + (8a111+2a12)p

6
o

+(16a1111+4a112+a22)p
8
o, (12)

ΦR = 3a1 p
2
r+3(3a11+a2)p

4
r+(27a111+9a12+a3)p

6
r

+9(9a1111+3a112+a22) p
8
r . (13)

The C�T phase transition line is determined from
the equality of the potentials of the C and T phases
and the state equation of the T phase,

ΦC = ΦT,

∂ΦT

∂pt
= a1 + 2a11 p

2
t + 3a111 p

4
t + 4a1111 p

6
t = 0.

(14)

The C�T phase transition line is determined based
on the following equations

T =
a111K1 + a01K11T0 + 2K1a111 p

2
t +

(
3K1a1111 +K11a111

)
p4t + 2K11a1111 p

6
t

a01K11 − a011K1
,

d = d0 +
a011K1 − a01K11(

a111 + a011T0

)
a01 + 2a01 a111 p

2
t +

(
3a01 a1111 + a011 a111

)
p4t + 2a011 a1111 p

6
t .

(15)

Similarly, the other phase transition lines are ob-
tained.
The theoretical temperature�grain size phase di-

agram is shown in Fig. 2. In order to detail the
phase diagram in the range from a few nm to several
tens of nm, it is presented on a logarithmic scale for
grain size. Experimental data [19�25] are also shown
for comparison. This phase diagram shows that the
phase transition temperatures TT−O and TO−R in-
crease with decreasing grain size, while TC−T de-
creases. It also indicates the �rst-order phase tran-
sition sequence R�O�T�C occurring with increasing
temperature. At room temperature (T = 25◦C), the
stabilization of the O phase is enhanced with de-
creasing grain size, and the O phase appears be-
low 100 nm. It is also seen that ferroelectricity dis-
appears with decreasing grain size, and the phase
transition from the paraelectric C phase to the fer-
roelectric R one is induced with further decreasing
grain size. There are also C�T�O and C�O�R triple
points.
The calculation results are in good agreement

with the data of X-ray di�raction [9, 19, 20, 23],
dielectric [21, 22] and speci�c heat [24] measure-
ments for BaTiO3 nanoceramics. For comparison,
the experimental data are shown in Fig. 3 together
with the calculated data.
The physical properties of crystals are closely

related to the symmetry of the structure. There-
fore, from the theoretical phase diagram, it can
be seen that the symmetry changes and the phys-
ical phenomena observed in BaTiO3 nanoceramics
with varying temperature and grain size can be ad-
equately explained on the basis of the thermody-
namic potential model (7).

4. Polarization and dielectric properties

4.1. Temperature and grain size dependences of
spontaneous polarization

When varying the external thermodynamic vari-
ables such as temperature and grain size, BaTiO3

nanoceramics undergo phase transitions from the
paraelectric C phase to the ferroelectric (T, O,
and R) ones, which are accompanied by the occur-
rence of spontaneous polarization.
The spontaneous polarization in each phase is

determined by the state equation ∂Φ/∂pi = 0
(i = 1, 2, 3). Considering (11), pt � the sponta-
neous polarization of the T phase � is determined
as follows

pt =

√
−3a111∆1/3+∆2/3−24a11 a1111+9a2111

2
√

3a1111∆1/3
,

(16)

where

∆ = 108a1111
(
a11a111−2a1a1111

)
− 27a3111 + a1111

×
[
123

(
a211

(
32a1111a11−9a2111

)
− 108a1a1111

×
(
a11 a111+a1 a1111

)
+ 27a1a

3
111

)] 1
2

. (17)

The spontaneous polarizations of the O and R
phases are determined similarly.
The spontaneous polarizations of the T, O, and

R phases, i.e., pt, po, and pr, depend on tempera-
ture and grain size through the varying coe�cient
parameters a1, a2, and a11, respectively. The de-
pendence of the polarization on temperature at the
grain sizes of 25, 50, and 100 nm is shown in Fig. 3.
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Fig. 2. Theoretical temperature�grain size phase
diagram. The experimental data points marked
with symbols are taken from the references (◦ from
[19], □ from [20], ◁ from [21], ▷ from [22], ⋄ from
[23], ▽ from [24], ∗ from [25]) The phase transi-
tion lines calculated in this work are shown with
the colored lines (green � C�T line, red � T�O
line, orange � O�R line, pink � C�R line, blue �
C�O line).

With decreasing temperature, the spontaneous po-
larizations increase and experience discontinuous
jumps at the transition points.

4.2. Dielectric property

Using the potential model (7) and data from
Table II, we have studied the change in dielectric
property in BaTiO3 nanoceramics. There are grain
boundary layers with a lower dielectric constant due
to the surface e�ect in the grains of nanoceram-
ics [22, 59]. Taking into account the grain boundary
e�ect, the total dielectric constant ε is written as
follows [33, 35]

ε =
3εd(εg+2εd)

εg + 2εd − (εg−εd)

(
d

d+ 2l

) − 2εd, (18)

where εd and l are the low dielectric constant in the
grain boundary layer and its e�ective thickness, re-
spectively, and εg is the average dielectric constant
which is determined by the average dielectric sus-
ceptibility χ̄ as follows

εg = χ̄+ 1, (19)

χ̄ =
1

3
(χ′

11 + χ′
22 + χ′

33). (20)

Fig. 3. Temperature dependence of the polariza-
tion at the various grain sizes. The grain sizes are
identi�ed by color (green � 100 nm, orange �
50 nm, blue � 25 nm). The symbols correspond
to the values of polarization in the T phase (♦), O
phase (■), and R phase (▲).

Equation (20) is attributed to the fact that the di-
electric susceptibility of ceramics is isotropic. Here,
χ′
ij (i, j = 1, 2, 3) are the components of the dielec-

tric susceptibility tensor in the new coordinate sys-
tem, in which the direction c′ is parallel to the po-
larization direction (see the Appendix for details).
The total dielectric constant of BaTiO3 nanoce-

ramics has been calculated using the e�ective thick-
ness l = 1.98 nm and low dielectric constant
εd = 90 [32]. The temperature dependences of the
total dielectric constants are shown in Fig. 4 as solid
lines for the grain sizes of 25, 50, 90, and 100 nm. It
can be seen that there are three dielectric jumps at
the grain sizes of 50, 90, and 100 nm, which rep-
resent three phase transitions of the R�O, O�T,
and T�C. Figure 4 shows that the jump values of
the total dielectric constants decrease, and the di-
electric peaks become clearly more di�used, low-
ered, and rounded with decreasing grain size. For
example, the dielectric jumps at the C�T phase
transition are ∆ε100 ≈ 2200 and ∆ε50 ≈ 70 at the
grain sizes of 100 and 50 nm, respectively. The di-
electric peaks move to higher temperatures at the
O�R and T�O transition points, while to lower
temperatures at the C�T points with decreasing
grain size. These results agree with the experimental
data [9, 16, 26]. For comparison, the experimental
data and the results of the previous phenomenol-
ogy are shown. The results of dielectric constant
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Fig. 4. Temperature dependence of the total di-
electric constant at various grain sizes. Grain sizes
are identi�ed by color (green � 100 nm, black �
90 nm, orange � 50 nm, blue � 25 nm). Open sym-
bols indicate the experimental data [14], and dashed
lines � the previously calculated ones [35].

measurements of BaTiO3 ceramics with 90 nm grain
size are indicated by the symbol �◦�. The exper-
imental data show the dielectric anomalies corre-
sponding to C�T and T�O phase transitions around
113◦C and −25◦C, respectively. Our theoretical re-
sults correctly explain such phase transition charac-
teristics. The fact that the dielectric peak decreases
with decreasing temperature also explains the ex-
perimental data well. These features are consistent
with the dielectric measurements of [9].
However, the calculated data show a relatively

lower value than the experimental ones. This is due
to the assumption of the single domain state, the
grain boundary e�ect, and the size e�ect of the
grains in ceramics, which are taken into account in
the potential, while the contribution of these e�ects
decreases with increasing particle size. The dashed
lines in Fig. 4 show the calculation results of [35].
As shown in the �gure, our calculation results are
closer to the experimental data of [14] than the cal-
culation data of [35].
The grain size dependences of the total dielec-

tric constants at the temperatures of −50, 25, and
80◦C are shown in Fig. 5. It can be seen from this
�gure that the total dielectric constant decreases
with decreasing temperature and jumps at transi-
tion points. It is predicted that the dielectric con-
stants are very small in the R phase (in the grain
size range of 12�17 nm).
In Fig. 6, the calculation results for the dielec-

tric constant at room temperature are compared
with the experimental data [9, 13, 15, 16, 60].
In the �gure, the calculated results of the grain
size dependence of the dielectric constant at room
temperature are shown with solid lines, and the

Fig. 5. Grain size dependence of the total dielec-
tric constant at the �xed temperatures. The tem-
peratures are identi�ed by color (blue � 80◦C,
green � 30◦C, orange � −50◦C). Symbols hold the
same meanings as in Fig. 4.

Fig. 6. Grain size dependence of the total dielec-
tric constant at room temperature (25◦C). Solid
symbols hold the same meanings as in Fig. 4.
Open symbols indicate data taken from experimen-
tal data (▷ � Zhao et al. [9], △ � Buscaglia et
al. [13], ◁ � Arlt [15], ◦ � Li [16], and ▽ � Wang
et al. [60]).

experimental data are shown with symbols. The cal-
culated results show that there is a dielectric jump
at the grain sizes of 14, 23, and 67 nm at room tem-
perature, and the dielectric constant increases with
increasing grain size.
Meanwhile, it can be seen that the dielectric mea-

surement data increase rapidly in the d > 100 nm
range, but the theoretical data increase slower than
the experimental ones. This discrepancy is related
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to the consideration of the e�ect of the boundary
layer with lower values of dielectric constant on
the total dielectric constant, as shown in (18). As
the grain size increases, the fraction of the bound-
ary layer in the total volume decreases, resulting
in a decrease in the e�ect of the boundary layer.
Hence, the calculated results can be expected to in-
crease slightly compared to the experimental data
for larger grain sizes.

5. Discussion

BaTiO3 nanoceramics with the perovskite struc-
ture experience the �rst-order phase transitions
from the C phase to the T, O, and R phases with
varying temperature and grain size. According to
the results of the group theory, the LGD poten-
tial describing these phase transitions is expanded
as a power series in 3 basis invariants (2) of the
image group m3m, which are composed of the fer-
roelectric polarization components. When applying
the higher-order LGD potential to study the phase
transition, due to the di�culty of its direct appli-
cation in practice, simpli�ed structurally stable po-
tential models should be used. Simpli�cation and
reduction of the higher-order LGD potential with-
out changing its singularity have been studied pre-
viously in [41�49]. In recent studies [46, 50�53], the
various structurally stable LGD potentials invariant
under the cubic point group m3m have been found.
To consider the structural stability of the previ-

ous potential models used in the phenomenologi-
cal studies of BaTiO3 nanoceramics, let us express
them in terms of the basis invariants (see (2)). The
6th-order potential model [31, 32] and the 8th-order
one [25, 35�37] are respectively expanded as fol-
lows [50]

Φ(J) = a1J1 + a11J
2
1 + a2J2 + a111J

3
1 + a12J1J2

+a3J3, (21)

Φ(J) = a1J1 + a11J
2
1 + a2J2 + a111J

3
1 + a12J1J2

+a3J3 + a1111 J
4
1 + a112 J

2
1J2 + a22 J

2
2

+a13 J1J3, (22)

where a1 = α1, a11 = α11, a2 = α12, a111 = α111,
a12 = α112, . . . .
According to the singularity theory, the singu-

larity of the potential model is determined by its
expansion coe�cients varying with external param-
eters such as temperature, pressure, grain size, etc.
One (a1) or two (a1 and a2) coe�cients in (21)
and (22) were assumed to be dependent on tem-
perature and grain size. According to [50], in the
case of varying parameter a1 the 6th-order poten-
tial is structurally stable, and in the case of vary-
ing parameters a1 and a2, the 10th-order potential
is stable. Although (21) and (22) with one varying
parameter are stable, when varying several external

parameters, such as temperature and grain size, the
phase transitions cannot be su�ciently explained
by them. The �rst-principles investigation showed
that the coe�cients of the quadratic and two fourth
power terms in the Landau potential for BaTiO3

are all strongly temperature dependent [61]. Also,
according to the results of singularity theory [47, 50]
and the calculation of the coe�cient phase dia-
gram [50], the phase diagram including the triple
points C�T�O and C�O�R and the C�O phase tran-
sition lines observed experimentally in BT nanoce-
ramics is obtained based on the structurally-stable
thermodynamic potential model (7) with the three
parameters a1, a2, and a11 varying with the external
thermodynamical variables. However, in the previ-
ous phenomenological theories, the parameters a1 or
a1 and a2 in the potential model (21) or (22) were
chosen as the varying parameters, and the struc-
tural stability of the potential was not taken into
account. Hence, the phase transition characteristics
observed in BaTiO3 nanoceramics have not been ac-
curately explained. Thus, the qualitative features of
the experimental temperature�grain size phase dia-
gram, the existence of two triple points (C�T�O and
C�O�R), and the O�C phase line could not be ex-
plained by the previous phenomenological theories.
Considering the experimental measure-

ments [14, 19�25], the results of the singularity
theory [47, 50], and the calculation results for the
coe�cient phase diagrams of the potentials [50],
we have chosen the 8th-order LGD potential (7)
with the varying parameters, a1, a2, and a11. All
the varying parameters have been assumed as a
function of temperature and grain size � see (8).
The phase diagram based on the LGD potential (7)
explains well the experimental data on the decrease
in the C�T phase transition points and the increase
in T�O and O�R ones with decreasing grain size
and reproduces correctly the triple points (C�T�O
and C�O�R) and the ferroelectric reentrance
phenomenon. We have calculated the temperature
and grain size dependences of the polarization and
dielectric properties of BaTiO3 nanoceramics on
the basis of the LGD potential (7). The jumps
in spontaneous polarization are shown at the
phase transition temperatures (Fig. 3). The jump
values decrease with decreasing grain size. With
decreasing grain size, the polarizations decrease
in the T and O phases, whereas in the R phase,
they increase. The temperature dependence of
the dielectric constant at various grain sizes ex-
hibits decreasing dielectric jumps and di�using
peaks when decreasing grain size. The dielectric
constant increases with increasing grain size, and
the dielectric anomalies appear at the grain sizes
of 14, 23, and 67 nm at room temperature. Our
calculated results are in good agreement with
the experimental ones for dielectric anomalies at
the phase transition temperatures. However, our
calculated results above about 100 nm show a
slower increase than the experimental ones, which
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can be attributed to the assumption of the single
domain state in the grains and to the consideration
of the boundary layer e�ect.

6. Conclusions

In the present paper, the LGD theory based
on the structurally stable thermodynamic potential
with 3 varying parameters has been proposed for
BaTiO3 nanoceramics. The varying parameters, the
2nd- and 4th-order coe�cients, have been assumed
to be dependent on temperature and grain size. The
characteristics of the theoretical temperature�grain
size phase diagram agree with the experimental
data for the C�T�O and C�O�R triple points and
ferroelectric to paraelectric to ferroelectric reen-
trance phenomenon. The calculation results on the
polarization and dielectric properties of the BaTiO3

nanoceramics explain well the size e�ect observed
in experiments. An increase in the spontaneous po-
larization in the R phase supports the ferroelectric
reentrance phenomenon.

Appendix

Let χij be the components of the dielectric sus-
ceptibility tensor in the pseudo-cubic coordinate
system. They are diagonalized in the new coordi-
nate system χ11 χ12 χ13

χ21 χ22 χ23

χ31 χ32 χ33

 ⇒

 χ′
11

χ′
22

χ′
33

 , (23)

where χij is obtained from

χ−1
ij = ηij =

∂2Φ

∂pi∂pj
. (24)

The inverse dielectric susceptibilities for each
lower symmetry phase are obtained as follows:

� T phase

The ηijT in the T phase in the pseudo-cubic
system are as follows

η11T = η22T = 2a1 + 2(2a11 + a2) p
2
t

+ 2(3a111+a12) p
4
t + 2(4a1111+a112)p

6
t ,

η33T = 2a1 + 12a11 p
2
t + 30a111 p

4
t + 56a1111 p

6
t .

(25)

The spontaneous polarization in the T phase
is oriented along the [001] direction of the orig-
inal cubic unit cell, so that the average dielec-
tric constant (see (19)) in the new coordinate
system is obtained as follows

εg =
1

3ε0

(
2

η11T
+

1

η33T

)
+ 1. (26)

� O phase

η11O = η33O = 2a1 + 2(8a11 + a2) p
2
o

+2(36a111+7a12)p
4
o+4(64a1111+3a22+14a112)p

6
o,

η22O = 2a1 + 4(a11+a2) p
2
o+2(12a111+5a12+a3) p

4
o

+4(16a1111+2a22+6a112) p
6
o,

η31O = η13O = 4(2a11+a2) p
2
o + 16(3a111+a12) p

4
o

+4(48a1111+4a22+14a112) p
6
o,

η12O = η21O = η23O = η32O = 0. (27)
The spontaneous polarization is oriented
along the [101] direction of the cubic unit cell,
and the transformation matrix from the old
coordinate system to the new one is written
as follows

AO =

a′

b′

c′

 =


1√
2

0 −1√
2

0 1 0
1√
2

0 1√
2


a

b

c

 . (28)

Using the 2nd rank tensor transformation, the
dielectric constant is written as follows

εg =
1

3ε0

[
1

(η11O−η13O)
+

1

η22O
+

1

(η11O+η13O)

]
+1.

(29)
� R phase

η11R = η22R = η33R = 2a1 + 4(5a11+a2) p
2
r

+ 2(63a111+17a12+a3) p
4
r + 8(81a1111+7a22

+ 24a112) p
6
r ,

η12R = η13R = η21R = η23R = η31R = η32R =

4(2a11+a2) p
2
r + 4(18a111+7a12+a3) p

4
r

+ 4(108a1111+14a22+39a112) p
6
r . (30)

The spontaneous polarization of the R phase
is oriented along the body diagonal of the cu-
bic unit cell. Considering the transformation
of the coordinate system

AR =

a′

b′

c′

 =


1√
2

− 1√
2

0
1√
6

1√
6

− 2√
6

1√
3

1√
3

1√
3


a

b

c

 , (31)

the average dielectric constant is written as follows

εg =
1

3ε0

[
2

(η11R−η12R)
+

1

(η11R+2η12R)

]
+ 1.

(32)
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