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Hydrogen-rich ternary compounds have recently emerged as potential candidates for high-temperature
superconductors that do not require extremely high pressure conditions. In this work, we provide a
quantitative investigation of the thermodynamic properties of the superconducting state in the YThH;2
compound at a pressure of 60 GPa. Using the Migdal-Eliashberg formalism, we show that the critical
temperature of this material is high (T¢ = 200.29 K), assuming a Coulomb pseudopotential value
of 0.1. In addition, the theoretical framework employed allows for the determination of other key
thermodynamic quantities, including the superconducting energy gap, free energy, specific heat, and
critical magnetic field. The thermodynamic relationships associated with these parameters differ from
those predicted by the Bardeen—-Cooper—Schrieffer theory. Our findings indicate that strong-coupling
and retardation effects are critical to the superconducting state in this compound, making it inconsistent
with a weak-coupling description.
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1. Introduction

Superconductivity is a phenomenon that has been
known for more than 100 years, but it is still at the
center of interest for many researchers. Supercon-
ductors with fascinating properties are already used
in many fields of science and technology, but new so-
lutions are still being sought to improve their perfor-
mance. A particularly important parameter is the
value of the critical temperature (T¢) at which the
material transitions to the superconducting state.
For any superconductor currently used in practi-
cal applications, the value of T¢ is in the cryogenic
temperature range, which greatly complicates and
increases the cost of its use. For this reason, the de-
velopment of a material characterized by a critical
temperature as high as possible, preferably in the
room temperature range, is constantly being pur-
sued.

One way to increase the value of T¢ is to sub-
ject the superconductor to high pressure (p). The
structural changes that occur often improve the su-
perconducting properties of a given material. In
addition, some materials that are not superconduct-
ing under normal conditions become superconduct-
ing under high pressure. A good example is yttrium,
which is not superconducting at normal pressure,
but becomes superconducting at high pressure of
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p =115 GPa with T¢ = 19.5 K [1]. The effect of
pressure on the thermodynamic parameters of the
superconducting state induced in the yttrium was
analyzed in detail in work [2].

As a further step in raising the critical temper-
ature, Ashcroft [3] proposed in 2004 the possibil-
ity of inducing superconductivity in compounds of
hydrogen with heavier elements, where the phe-
nomenon of chemical pre-compression makes it pos-
sible to significantly reduce the external pressure
required to achieve superconductivity. Further stud-
ies brought experimental confirmation of these pre-
dictions [4, 5], for example, compound YHg at
166 GPa showed a transition to a superconducting
state at 224 K [6]. With the proposed approach, it
was possible to obtain a significant increase in the
critical temperature value with a pressure increase
that was not too high.

The next goal is to achieve high-temperature su-
perconductivity in hydrides while maintaining rel-
atively moderate pressure conditions. Studies have
shown that introducing dopants or molecules into
binary hydrides is an effective strategy for lowering
the required stabilization pressure. Recently, Chen
et al. [7] proposed the introduction of a thorium el-
ement into clathrate hexahydrides as a better com-
pressor. Within the framework of theoretical pre-
dictions, a number of ternary hydrides have been
obtained, the most interesting of which seems to
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be the compound YThH;5 at 60 GPa. Therefore,
in the work presented here, we study the thermo-
dynamic parameters of the superconducting state
of this compound, taking into account the key role
of strong-coupling effects in shaping its supercon-
ductivity. The numerical analysis was conducted in
the framework of the Eliashberg equations on the
imaginary axis [8-10].

It is important to emphasize that Eliashberg’s
formalism is a major extension of the fundamental
theory introduced by Bardeen, Cooper, and Schri-
effer (BCS) [11]. It extends the BCS framework by
explicitly including the effects of electron—phonon
interactions. The starting point of our calculations
is the electron—phonon coupling function (a?F(2)).
We rely on the function determined with the Quan-
tum ESPRESSO package presented in paper [7].
Based on the above analysis, it was concluded that
the key parameters, namely the maximum phonon
frequency ({2max) and the electron—phonon coupling
constant (), are 155.8 meV and 3.09, respectively.
In the context of Eliashberg’s approach, the mag-
nitude of the strong-coupling corrections to BCS
predictions is closely related to the value of the key
parameter, kg7 /wi,. The symbol wy, denotes the
logarithmic phonon frequency defined as

Pmax 2
Wiy = exp (i/o dsf o F(2) ln(Q)) , (1)

0

which in our case is equal to 57.55 meV. In the case
of the BCS limit, the Eliashberg function is non-zero
only for very high frequency, so that kgT¢/wi, — 0.
For YThH;» at 60 GPa, the value of the ratio
kpTc /win is equal to 0.3. This deviation from the
BCS limit confirms the need to use more advanced
computational methods to accurately calculate the
thermodynamic parameters of the superconducting
state.

2. The model

From the point of view of numerical computation,
it is much easier to solve the Eliashberg equations
defined on the imaginary axis. In this approach, it is
not necessary to solve complex systems of equations
requiring complicated numerical integration, so the
calculations require fewer hardware resources and
take less time. The results obtained can be analyt-
ically extended to the real axis, which requires ad-
ditional calculations, but is still simpler and faster
than solving the Eliashberg equations directly.

The Eliashberg equations, specifically formulated
for a half-filled electron band and represented on
the imaginary axis, can be succinctly expressed as
follows [8]

M
™ K (n,m) —p*0 (we—|wml)
A2, = — E A
/8 m=—NM V w?n—'_Agn

(2)
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and
M
™ K (n,m)
Zp=14+— —= wp, 3
Bon m;kf \/wgn_"A%z ¥

where the symbol A,, = A (iw,,) denotes the order
parameter and Z,, = Z (iw,,) is the wave function
renormalization factor; n-th Matsubara frequency is
expressed by w, = 5 (2n — 1), where 8 =1/(kgT).
The depairing electron effects are parameterized by
the Coulomb pseudopotential (u*). The symbol 6
denotes the Heaviside unit function; w, is the cut-off
energy and is equal to 5§2,x. The electron—phonon
pairing kernel K (n,m) can be defined as follows

Pmax
K (n,m) 52/ ( e o
0

—— A*F ().
oy )

(4)

3. The numerical results

The number of equations in the system depends
on the number of Matsubara frequencies considered.
The more equations, the more stable the results are
around 7' = 0, but on the other hand, they re-
quire much more hardware resources and time to
find solutions. In this case, the Eliashberg equations
have been solved for 2201 Matsubara frequencies
(M = 1100) by using the method presented in [12]
and [13], and recently tested in [14]. The obtained
Eliashberg solutions are stable for 7' > 30 K.

Another important parameter within the used
model is the Coulomb pseudopotential, which de-
termines the depairing interactions, i.e., those that
have a negative effect on the induction of the su-
perconducting state. In the calculations, a typical
Coulomb pseudopotential value for systems of this
kind, set at pu* = 0.1, was used. Taking into ac-
count the following condition [A,,=1 (¢*)]r=1. = 0,
it was demonstrated that the critical temperature
value for the YThH;5 at 60 GPa is 200.29 K.

Figure la shows the behavior of the order param-
eter on the imaginary axis for selected temperature
values. It can be seen that the function A,, reaches
its maximum at m = 1. In addition, the successive
Matsubara frequencies converge to a constant value
more quickly as the temperature increases. Conse-
quently, for temperatures close to absolute zero, it
is essential to include a large number of Matsub-
ara frequencies because they significantly influence
the equation solutions. In contrast, near the critical
temperature, the contribution of higher Matsubara
frequencies becomes negligible.

The temperature dependence of the order param-
eter on the imaginary axis can be easily traced by
drawing the curve A,,—1(T) (Fig. 1b). The order
parameter determines the energy required to break
up a Cooper pair and destroy superconductivity. As
can be seen, the lower the temperature, the stronger
the superconducting state, while it weakens as the
temperature increases, with the order parameter
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Fig. 1. (a) The order parameter on the imaginary

axis for the selected values of temperature. The first
100 values of the A,, function are plotted. (b) The
influence of temperature on the maximum value of
the order parameter. The symbols represent the nu-
merical results. The line was obtained using (5).

reaching zero at the critical temperature, which
means that at this point the Cooper pairs decay
spontaneously and the superconducting state dis-
appears.
In the case of the YThH;5 at 60 GPa, the ob-
tained numerical data can be reproduced by the
T

formula
=) %)

where Am:l (To) ~ Amzl(T =30 K) = 43.68 meV,
and xk = 3.15.

It should be clearly emphasized that within the
framework of BCS theory, the value of the function
A= (T) cannot be correctly determined, since it
follows that [k]gcs = 3 [15].

A visualization of the solutions of the Eliashberg
equations for the wave function renormalization fac-
tor on the imaginary axis is shown in Fig. 2a. As
with the order parameter, the function Z,, reaches
its maximum value when m = 1.

Furthermore, it can be concluded that the effect
of temperature on Z,,—1, although not large, can-
not be neglected, as shown in Fig. 2b. In addition,
the wave function renormalization factor maintains
consistently high values over the entire temperature
range studied and increases with temperature. It is
worth noting that within the framework of BCS the-
ory, there is [Z,,]cs = 1.

The apparent increase in the value of the
Zm=1(T) function with temperature can be at-
tributed to the significant influence of strong-
coupling effects occurring in the YThH;5 at 60 GPa
system. It should be noted that from a physical
point of view, the first Matsubara frequency of the
wave function renormalization factor determines the
ratio of the effective electron mass (m?) to the elec-

*

m,

me ~

Ap=1 (T) = Ap—1 (To) 41 — (

tron band mass (m.), i.e., Zy,=1 =
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Fig. 2. (a) The wave function renormalization fac-
tor on the imaginary axis for the selected values of
temperature. The first 100 values of the Z,, func-
tion are plotted. (b) The influence of temperature
on the maximum value of the renormalization fac-
tor. The symbols represent the numerical results.
The line was obtained using (6).

Interestingly, it is possible to reproduce the nu-
merical results obtained for the wave function renor-
malization factor using the following formula

Zrm=1(T) = Zpm=1(Tp) B}
+ Zm=1(TC)_Zm=1(TO):| (TC> ) (6)

where Z,,—1 (To) = 3.27, and Z,,—1 (Tc) =1+ A

The determination of the physical value of the
order parameter requires a procedure of analytical
continuation of the solutions of the Eliashberg equa-
tions on the real axis (A,, — A(w)). The following
formula should be used

—
Aw) = P1 -f-pzw-l-~-~—f—prriJ1 . (7)
g1+ Gew+ ...+ qw T tw
The values of the parameters p; and ¢; have been
determined according to the method presented in
the publication [16]. Additionally, it has been as-
sumed r = 50.

The results for the order parameter at T'= 30 K
are shown in Fig. 3 (see also [7]). It can be seen
that in the low-frequency range, only the real part of
the A(w) function takes non-zero values. Physically,
this means that there are no significant damping
effects. Dissipative processes (Im[A(w)] = 0) are not
observed for low-frequency values. This means that
a superconducting condensate is formed by Cooper
pairs with an infinite lifetime. Damping effects are
important for higher power transmissions and are
closely related to phonon emission and absorption,
as evidenced by the increase in both Re[A(w)] and
Im[A(w)] with increasing frequency.

The next step is to determine the physical value of
the order parameter, which can be calculated using
the following equation

A(T) = Re [A (w=A(T), T)

T

1

(8)
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Fig. 3. Real and imaginary part of the order pa-

rameter on the real axis for T' = 30 K. The Eliash-
berg function [7] is present in the background.
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Fig. 4. The free energy difference between the su-
perconducting state and the normal state as a func-
tion of temperature.

For Ty = 30 K, the following result has been ob-
tained A(0) = 47.14 meV, while A(0) = A(Tp).

The free energy difference between the supercon-
ducting and normal state (AF') for the YThH;» at
60 GPa as a strong electron—-phonon coupling sys-
tem can be calculated by using the expression [17]

ZU S (= )
n=1

p (0)
S_ N |wn | )
(2 )
where Z2 and ZY denote the wave function renor-
malization factors for the superconducting (5)
and normal (N) states, respectively, while p(0) is
the electron density of states at the Fermi level.
In Fig. 4, the dependence of AF on the temper-
ature has been plotted. In the context of the phys-
ical interpretation, the presence of negative values
of AF provides convincing evidence that the super-
conducting state remains stable below the critical
temperature.

(9)
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Fig. 5. The thermodynamic critical field as a func-
tion of temperature.
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Fig. 6. The dependence of the specific heat in the

superconducting and normal state on the tempera-
ture.

In the next step, the dependence of the thermo-
dynamic critical field on the temperature was cal-
culated using the following formula (cgs units)

Ao _ /=5 [AF/p(0)].

p(0)

The temperature dependence of He/+/p(0) has
been shown in Fig. 5. As can be easily seen, the
thermodynamic critical field reaches its maximum
value at Tj and decreases with increasing temper-
ature, finally reaching zero at T¢. The result can
be interpreted in such a way that the external crit-
ical field destroys the superconducting state and its
highest value can be applied in the lowest temper-
ature range.

The specific heat difference between supercon-
ducting and normal state (AC=C*—C%) is given
by
AC(T) 1 d*[AF/p(0) )

ks p(0) B d(ksT)*

The easiest way to estimate the specific heat of the
normal state is to use the formula

(1) 4

kg p (0)

(10)

5’ (12)
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where the Sommerfeld constant is given by v =
272(1 + A). The relationship between temperature
and specific heat for both the superconducting and
normal states is illustrated in Fig. 6. The pro-
nounced discontinuity associated with the phase
transition between the superconducting and normal
states is observed precisely at the critical tempera-
ture, which is marked by the vertical dashed line.

The thermodynamic functions determined in this
work allow for the calculation of values of charac-
teristic dimensionless ratios

_24(0) _
Ra= G =546 (13)
_AC(Te)
Re = Gx gy =270 (14)
Ry = w —0.133 (15)
T=""mz0) 7

It should be noted that the parameters Ra, R
and Ry in the framework of BCS theory are uni-
versal constants and for any superconductor they
take on equal values of 3.53, 1.43, and 0.168, re-
spectively [14, 17].

4. Conclusions

In the present study, a quantitative analysis of
the superconducting state parameters in the com-
pound YThH;5 at 60 GPa was carried out using
the Eliashberg formalism. The study showed that
this superconductor has a high critical temperature
of Te = 200.29 K, which is a significant advan-
tage over similar binary hydride systems that re-
quire much higher pressures to achieve similar T
values. The results obtained confirm the effective-
ness of introducing an additional heavy element as
a structural compressor, which may be an effective
strategy for designing new high-temperature super-
conductors.

In addition, a detailed analysis of the dimension-
less parameters showed significant deviations from
the predictions of BCS theory. The values of the co-
efficients Ro = 5.46, Rc = 2.70, and Ry = 0.133
are distinctly different from the classical BCS pre-
dictions, which clearly indicates the strongly cou-
pled nature of this superconductor. In addition, the
ratio of the effective electron mass (m?) to the elec-
tron band mass (m,) reaches a maximum value of
4.09 at the critical temperature, implying a more
than fourfold increase in the effective mass due to
the intense interaction of the electrons with the vi-
brations of the crystal lattice.

The above results, combined with significant re-
tardation effects, clearly prove that YThHis at
60 GPa cannot be correctly described within the
framework of classical BCS theory. Its analysis re-
quires the use of more advanced theoretical models,
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such as Eliashberg’s formalism, which takes into ac-
count the influence of strong electron—phonon cou-
plings and delay effects. The results not only shed
new light on superconductivity in hydride systems,
but also point the way for further research on mate-
rials capable of achieving superconductivity under
milder pressure conditions, which may be crucial for
future technological applications.
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