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1. Introduction

Lamb shifts and van der Waals interactions may
be attributed to the coupling of atoms to the zero-
point electromagnetic field. These effects are modi-
fied at finite temperatures and depend on the mode
structure of the field. Analyses of these effects have
involved different formalisms and physical interpre-
tations, all based in one way or another on quan-
tum fluctuations of electromagnetic fields and their
sources, and many invoking in particular the zero-
point energy of the field or its finite-temperature
generalization. Here we take an approach based
on the Pauli-Hellmann-—Feynman (PHF) theorem.
We begin in Sect. 2 with brief, heuristic derivations
of the (nonrelativistic) Lamb shift and the van der
Waals interaction based on changes in zero-point
field energy. In Sect. 3, we use the PHF theorem
to derive an exact expression for the Helmholtz free
energy of a system coupled to a heat bath, includ-
ing many-body interactions. This is then applied
in Sects. 3-6 to some aspects of Lamb shifts and
van der Waals interactions, and in particular to the
form of the van der Waals interaction when there is
strong coupling to a single field mode. The physi-
cal interpretation of these results is briefly discussed
in Sect. 7.
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2. Scatterings: Lamb shift and van der
Waals interaction at zero temperature

Sixty years ago, in a talk at the Relativity Con-
ference in Warsaw, Richard Feynman [1] returned
to an interpretation of the hydrogen Lamb shift he
had suggested earlier [2, 3]. The argument, briefly,
is as follows. In a box of volume V containing N
identical atoms per unit volume, the zero-point en-
ergy of a field mode of frequency w is %hw/n(w),
where n(w) is the refractive index. The change in
the total zero-point energy due to the presence of
the atoms is therefore

A3k hw (1
AE =2 — — | ——1
Vo ()
h oo
= g dw wiap(w) (1)

0
in the case of a single atom (N V=1) with po-
larizability ag(w), n(w)=1 + 2rNag(w). If we use
the Kramers-Heisenberg formula for ag(w), sub-
tract out the free-electron energy given by AFE with
ap(w)=—e?/(mw?), and introduce a high-frequency
cutoff mc? /h, we obtain, without any need for mass
renormalization, exactly the “Bethe log” expression
for the (nonrelativistic) Lamb shift [4, 5]. This is
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discussed in a bit more detail in Sect. 4. A more
explicit analysis based on Feynman’s idea was done
by E.A. Power [3].

The formula (1) can be expressed in terms of the
forward scattering amplitude f ( ) = ap(w)w?/c?

AFE = —2mhce /dgk f (2)

which is essentially Feynman s formulaf™ [2]. Tt is
equivalent to Bethe’s, but it involves a scattering
amplitude for a real scattering process, whereas
Bethe’s formula involves the single closed-loop di-
agram for the emission and absorption of wvirtual
photons. Feynman remarked that the formula (2) is
simple but “very peculiar. The reason it’s peculiar is
that the forward scatterings are real processes. At
last I had discovered a formula I had always wanted,
which is a formula for energy differences (which are
defined in terms of virtual fields) in terms of actual
measurable quantities...” [1].

A more direct calculation for an atom at position
r4 leads to
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which of course is equivalent to (2). Here é) is a lin-
ear polarization unit vector (k- égy =0, A =1,2).
Now, suppose there is an identical atom B at a po-
sition 75, both atoms in their ground states. The
effect on atom A is to replace épye* "4 by

ap(w),  (3)

€rx — (Epn - 7)7

ék)\eik‘rA =+ ao(w)eihrgkﬁeikr
kr
i

B R R I

where r = r4 —rp, 7 = r/r, and k = kk. The
second term may be thought of as the field at A
from the dipole moment induced in B by the vac-
uum field incident on B, i.e., it may be attributed
to the scattering of the vacuum field by atom B.
When we use this expression in place of éjyel* T4
in (3) and retain only terms up to second order in
ap(w), we obtain, in addition to the r-independent
Lamb shift of atom A, an r-dependent energy
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flFeynman added to the energy (2) a contribution from
vacuum polarization, expressed similarly in terms of electron
and positron forward scattering amplitudes.
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a well-known expression for the van der Waals
interaction of two molecules in a vacuum, nei-
ther of which has a permanent dipole moment.
(We have used the analyticity of ap(w) in the
first quadrant of the complex frequency plane to
analytically continue the integral along the pos-
itive real axis to an integral along the posi-
tive imaginary axis.) In the limit of very large
separations, this gives the Casimir—Polder result
AE(r) = —23hca(0)/(4nr") for the retarded van
der Waals interaction, whereas at small separations,
it gives the London result in which AE(r) o« 1/75.
Like the Lamb shift, the van der Waals interac-
tion can be expressed in terms of a real scatter-
ing process and a forward scattering amplitude.
The zero-point field is Rayleigh-scattered by each
atom according to the expression (4), and the scat-
tered field modifies the zero-point field at the other
atom from its free-space form, resulting, in effect,
in an r-dependent Lamb shift. This is the van der
Waals interaction energy. The extension to many-
atom systems, multiple scattering, and finite tem-
peratures is perhaps most easily done with a simple
extension of the Pauli-Hellmann—Feynman theorem
(Sect. 3).

3. Free energy of atoms in thermal
equilibrium with radiation

3.1. Pauli-Hellmann-Feynman theorem
for free energy

Consider a Hamiltonian of the general form
H = Hy + MH,, where Hj is the unperturbed
Hamiltonian, and the interaction Hamiltonian is
parametrized by a coupling constant A. The eigen-
values F(A\) and eigenvectors [¢(\)) of H will,
of course, depend on A. According to the Pauli—
Hellmann Feynman theorem [6-9)],

& = (PR em).

In its integral form, the PHF theorem gives the

change E(1) — E(0) in the energy of the system in

the form of the coupling-constant integration algo-
dA

rithm
|5 wonmpm). @

the difference between the energy with (A = 1) and
without (A = 0) the interaction H; [10]. For a nice
discussion of the history of this “theorem”, see [9].
In the case of thermal equilibrium, there is an ex-
pression analogous to (6), now involving the average
(...) over the canonical ensemble, for the Helmholtz
free energy F'(A,T) [11, 12]
dF dH
d\x < dA >’
which follows simply from the definition

FO\T) = —ksT In (Tr [e*HW(’CBT)D .

(6)

E(1) — E(0)

(8)

(9)
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Integration of (8) gives the change in the free en-
ergy in a form similar to the zero-temperature ex-
pression (7)

AF:F(l,T)—F(O,T):/O dA 2 (AH).  (10)

For additional information, see, for instance, [11]
and references therein. For more discussion of the
PHF theorem for finite temperatures, see [12].

3.2. Coupling of induced dipoles and
thermal radiation

We now consider a collection of A/ atoms cou-
pled to a heat bath, specifically an electromagnetic
field in thermal equilibrium at temperature 7. The
atoms are assumed to remain in their ground states
with high probability. We assume there are no per-
manent dipole moments, only electric dipole mo-
ments induced by the field. The interaction Hamil-
tonian in the electric dipole approximation is

ggz[

+Ei(rn7t)pi(7‘n7t>]7 (]‘]‘)

where E;(r,,t) is the i-th component of the electric
field operator for the thermal field at the position r,
of the atom with dipole moment p(r,,t). Effects of
fields from the atoms themselves are subsumed in
the polarizability, as done below. The coupling con-
stant for the application of the PHF theorem is the
electron charge e. We write F;(r,,t) in terms of
positive- and negative-frequency components as

(T, t)

Ei(rn,t):/dw {E;H(TmW)efi“’tJrE;_)(rmw)eiwt}’
0 (12)

J

and likewise,

o0
(+) —jw (=) iw
pi(rn,t):/dw [pi+ (P, w)e 4 p (P, w)e! |,
0 (13)
with
P (0, w) = ag(W+i0%) Ei(r,w) (14)

in the case of a single atom?. The polarizability
ap(w+107) is given by the Kramers—Heisenberg for-
mula

) Wsgldsg|?

Qo(wHi0h) =57 Z W2, — (w+i0F)2’ (15)
where wsy (> 0) is the frequency for the transition
between the ground state g and the excited state s
and d,, is the corresponding electric dipole matrix
element. For N atoms, the dipole moment induced
in every atom is

P (rn,w) = ag(w+i01) B (r,, w)+ag(w+i0T)

3
X Z ZGij<rn7rm7w)p§'7)(Tm7w>' (16)
m=1j=1
The dyadic Green function G(ry,, Tm,,w) is defined
by (66) in Appendix. In matrix form,

P (W) = ag(w+i07) EM (W) 4 ag(w+i0™)
x G(w) p™ (w) (17)

() () = ap(w+i0") B (w) = a(w) EM(w
P (w) = 1 — ap(w+i0T) G(w) — e ()178)

where a(w) and G(w) are 3N x 3N matrices and
pH)(w) is a 3N -dimensional vector.

For thermal radiation the different frequency
components of FE(r,t) are uncorrelated. As re-
viewed in Appendix,

(B (1, w) B (1, o)) = B [q(w) + 1) G (1, Ty w) (w0 — o),

<E§7)(rn,w) E](-Jr) (rm,w’)> =

3l

where ij (P, Tm,w) is the imaginary part of Gy; (7, T, w) (=

Thus,

(19)

q(w) G{j(’rn,rm,w) O(w—w'),

Gji(rmvrnvw)) and Q(w) = [eHW/(kBT)_l]_l'

(Hing) =~ Z Z/ 0o iy (T, Py @) [20(0) + 1] Gy Py 7y 0) =

nm=114,j=1

[t ) -2 [

t2We do not include any line broadening effects that would
give an imaginary part to the polarizability. In particular, in
our formulation, radiation reaction is accounted for in (16)

dw ap(w+i01) G(w)
1 — ap(w+i0t) G(w)

hw
coth <2k‘BT) } .

(20)

but not in (15). But the polarizability must not have
any poles in the upper half of the complex frequency plane,
whence we add 10T to w in the Kramers—Heisenberg formula.
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3.3. Free energy

As noted above, the coupling constant for the ap-
plication of the PHF theorem may be taken to be
the electron charge e. Since ag(w+i0™) is propor-
tional to €2, it follows from (20) that

h T he
AF = —ﬂImTr{ / dw coth (2]%‘13T)
0
1

x/ }:

0
hImTr{/dw coth( i
21

0

dA
A 1-—

A2 ap(w+i07) G(w)
A2 ap(w+i01) G(w)

)

xlog [1 — ag(w+i0") G(w)] }

2kpT
(21)

Using the identity Tr[log(1 — X)]
we can write this as

AFHU=—;Im{/dwcmh(iw
7
0

2kgT
a(w)
ao(w+10+)] }7
which has the form of the multi-particle gener-
alization of the “remarkable theorem” of Ford,
Lewis, and O’Connell [13] when we identify a(w) =
ao(w+i07)/[1 — ap(w+107)G(w)] as their “gen-
eralized susceptibility.” This formula gives the
Helmholtz free energy of the interacting system of
oscillators, in this case atoms and the electromag-
netic field, in terms of the polarizability of the atoms
alone. A different derivation is given in the original
paper of Ford et al. [13]. Another derivation, based
essentially on the PHF theorem but not in the form
of the coupling-constant integration algorithm used
here, is given in [11].

= log[det(1 —X)],

)

x log det [ (22)

4. Lamb shifts

Retaining only the term linear in ag(w+i0T),
(21) gives, for a single atom at any point 7 in free

space,
3 Fio
{Z/ dw coth( )
i=17

AFUW:—me

2kpT

ao(w+i0™) Gii(nr,w)} =

h hw
——3 dw w? coth <2kBT> ap(w+i0h), (23)
since Im [limy_,,v G(r, 7", w)] = 2“;’22]“ = 26“;3 as fol-

lows from (66) in Appendix. For T=0 this repro-
duces (1). Subtracting the free-electron (wsq — 0)
contribution and introducing a high-frequency
cutoff 2, we replace (23) with the “observable” shift
AF(0)obs, i.e., the difference in the shift between
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bound and unbound electrons
1)

2P
dw w? Zwsg\dsg|

3mc3

AF(O)ons = —
<

303

1

w2 —w

2 —w?

]

E:“@AdaJQ /ﬂ“ff‘*
0

(24)

Z sg|d$(]|2 /

for 2 > |wsg| for all transition frequencies wsggy
(P stands for “principal part”). This, of course, is
the “Bethe log” when we take the high-frequency
cutoff 2 to be mc?/h.

For an atom in a homogeneous dielectric medium,
Im[limy . G(r, 7’ w)] = 2n(w)w 3/03 and

Z sg|dég|2 /

0

c3 W+ Weg

dw n(w )

Wsg t+ w’
(25)

The difference between the Lamb shift of an atom

in the dielectric and the atom in vacuum is
AF‘(O)diel_A—F(O)V&c =

Sy )
8 0

Wsg + W

AF(0)die1 =

c3

 3nc3 (26)

Since n(w)—1 can be expected to vary as 1/w? as
w — 00, we can take {2 — oo. In any event, it ap-
pears that this modified Lamb shift would be very
difficult to observe because of competing effects and
shifts resulting from the interaction of the guest
atom with the host atoms of the medium.

Note that (23) implies a T-dependent correction
to the Lamb shift

AF(T) — AF;(0 3§:| di; P
7 dw w? wji
X / ehw/}cBT —1 wjz'i _ (w+io+)2 (27)

0
for an atom in state i. For transition frequencies
and temperatures such that flw;i| < ksT [14],

AF,L( ) AF zg‘ (JJJZ
7 dw w _ me? o T2 93
% ehw/ksT — 1~ 3mhc3 (ksT)", (28)

0

where we have used the Thomas—Reiche-Kuhn sum
rule. This is just the average kinetic energy ob-
tained from the equation of motion m& = eFE for
an electron in a blackbody field at temperature T'.
Temperature-dependent, corrections to the Lamb
shift of Rydberg atoms have been measured and
found to be consistent with a T scaling [15].
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5. Van der Waals Interactions

The polarizability a(w) is required from causality
considerations to be analytic in the upper half of
the complex frequency plane. From the definition
of G(w) it is clear that a(w+i07)G(w) is analytic
in the upper half of the complex frequency plane.
Assuming for now that log[l — ap(w+i0")G(w)] is
likewise analytic, we can analytically continue the
integral in (21) and express the (free) energy for
T=0as

AFZE’H
21

oo

{/dg log [1—ao<i§)G<i£)}}-

0 (29)

me/ d¢ o (18 (i) = WG ( ) ZZ\d1m| || wlmw%/ (

d1m| |d2n|

Wim + Wan

)

 3hr6

z;'

where wy, (1 = 1,2) are the transition frequencies
between the ground state and the state n and d,,
are the corresponding transition moments. More
generally (29) accounts for many-body interactions
and retardation.

It may be worth noting that, since the mag-
nitude of the static polarizability «g; is roughly
on the order of an atomic radius, we require that
Q1stQast /T0=150 05t Gij (71, P2, W) Gyi (T2, 11, w) <1
for small r |r1 — 72|; otherwise overlap of
the atomic wavefunctions must be considered,
which we have not done. This condition can also
be understood from the requirement that the
Hamiltonian must be bounded from below [16].

Renne [17] obtained a formula similar to (29)
based on the zero-point energy of coupled harmonic
oscillators, each having a frequency wg. Consider
(16) without the first term on the right-hand side
and without allowing for the coupling of each
oscillator to its own field

P (rn,w) = ag(w+i0%)
X Z ’Lj T'na Tm, w) p§‘+) (va w)v (32)
or, in matrix form7
[1+ a0 (w+i10)T(w)| P (w) = 0, (33)

where Tij(Tpn, T, w) = —(1=0mn)Gij (T, T, w).
The condition for a non-trivial solution of this
set of 3N equations is that the “normal-mode”
frequencies w must satisfy

F(w) = det [1 + ao(w+io+)’r(w)] —0.  (34)
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Considering only the contribution that goes as
a2(i€), and ignoring the self-energy terms with
Ty = T, WE obtain

Z

AF; =

Tr{
(30)

which is found to be just the sum of pairwise van der
Waals interaction energies given by (5). In particu-
lar, for small separations, the (nonretarded) van der
Waals interaction between two ground-state atoms
with polarizabilities a;(w) and aq(w) has the well-
known form originally obtained by London

mn)

oo

/dé- ag(lf)ng(rn77’m7 15) Gji(rmnrwn 15)}7

0

dé B
wi, +E2)(w3, +€2)

(31)

(

Solutions of this equation in which all values of w
are real can be obtained in the nonretarded regime.
In this case, Renne has used the argument theorem
to obtain the sum of the zeros w; of f(w), and he
identifies )" %hws as the zero-point energy of the
system of oscillators coupled to each other by their
electrostatic dipole interactions. The difference AE
between this zero-point energy and the zero-point
energy 2N hwq of the uncoupled oscillators is shown
to be

B NN
AE = %/0 d¢ log det {1 +a0(1£)T] =
—Tr

- {/OOC d¢ log {1 +a0(i£)7'] }

which is very similar to (29) except that self-
interactions are excluded. Renne proceeds to gen-
eralize this expression to allow for retardation, and
his result is equivalent, except for the Lamb shifts,
o (21) with T'= 0. (The temperature dependence
of van der Waals interactions has been studied by
several authors — see, for instance, [16] and refer-
ences therein.)

I (35)

6. Strong coupling of molecules
to a single cavity mode

There has recently been much interest in mod-
ifications of molecular interactions when there is
a strong coupling of the molecules to a single cavity
mode. Haugland et al. [18], for instance, have shown
in nonperturbative numerical studies that the dis-
tance dependence of van der Waals interactions is
significantly affected by such coupling [18, 19]. They
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also present an illustrative perturbation-theoretic
approach based on a Hamiltonian that includes the
short-distance intermolecular dipole—dipole interac-
tion

Vap = —=g [da - di = 3(da - #)(dp - 7)]  (30)

between molecules A and B, which are assumed to
have no permanent dipole moments. The alteration
of the van der Waals interaction occurs as a result of
the additional coupling of the molecules to the vac-
uum single-mode field. This follows from the PHF
theorem, as we now show with a model of N two-
state atoms interacting with a vacuum single-mode
cavity field of frequency w and polarization €, and
with each other via

N Mod, d,—3
SR IR

n=1m=1

X {(on + o) om+0o

3
Tnm

)] =

N

m

N N
=33 Vam|(en + ol om +al)], (37)
n=1m=1
where 7, = |7, — 7| and o, and o] are respec-

tively the two-state lowering and raising operators.
The transition frequencies and dipole matrix ele-
ments of the atoms are denoted by w, and d,,. The
Hamiltonian for the interaction of the atoms with
the cavity field in the electric dipole approximation
has the form

N
He=-Y Cula+d)(on+0}), (38)
where =
Cn=A,(d, - €)Vhw (39)

and A, is a mode function that depends on the
position 7, of atom n in the cavity. The complete

Hamiltonian is
N

H=Y hw,olo, +hwala+ H.+V.
n=1
We proceed as in Sect. 3.2. The solution of the
Heisenberg equation of motion for oy, (t), omitting
the freely evolving part that plays no role in what
follows, is

(40)

t

onlt) = %cn[

: t
+ % > Vam / dt’ [0 (") +ol, (#)] eleon =D,

h (41)
Since ground-state atoms can be treated effectively
as harmonic oscillators for our purposes, we have
assumed the commutation relation [o,(t), o} (t)]
0uv- Now to the lowest order in the coupling con-
stants,

a(t') 22 a(t) e” @'Y,

Om (') 2 o (t) e 1om =),

At [a(t')+al ()] elen®=0)

oo

m

(a3

(42)
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It then follows from (41) and some simple algebra
that

N
m=1
where we have defined
2C,  wp
En(t) = N [a(t) +al(t)], (44)
2Vim Wn,
Vi = 2 (15)

and oy, = 0, + a:fl.
From the Heisenberg equation of motion for a(t),
iCy
h

iw(t' —t)

a(t) = ao(t) +

[©)

t
/ dt’ [o1(t') + o] ()]
icy [*
T

— 00

o

h
G'Q(t)

W — W2

dt’ [oa(t) + og(t’)] elwt'—1) o
T

a1 (t) )

ao(t) + ot w
C 1
+22

(22 2)

w 4 wo
in the approximation o, (") o (t)e iwnt’=1)
with ag(t) the freely evolving annihilation opera-
tor for the single-mode cavity field. Likewise
T

Gl(t)
w — W1

(46)

o~

01(1) = (1) + - (wcio © “ (+t>w)
o ol
)
and
a ab
o2(t) = o90(t) + % <w2085)w w;_(:)w)
o ol
% (LUQ 1—(t(.)01 w1 1—|Et2.)2 ) ’ (48)

with o,,0(t) the freely evolving lowering operator for
atom .

For the application of the PHF theorem, we re-
quire the expectation value of H, for the state |¢)
in which the atoms are in their ground states and
the cavity field is in its vacuum state. Considering
only atom 1, for instance,

<HC(1)> = —C1<01(a—|—aT01> - <a01+UIaT>,

(19)
where we have used the fact that the atom and field
operators commute, as assumed when writing the
Heisenberg equations. Consider first the first term
on the right-hand side of (49). Since ag(t)|y)) = 0,
the only nonvanishing part of this term would have
to come from the last two terms on the right-
hand side of the expression (46). But these do not
contribute to —C4 (ola+aloy) any terms involving
<0H(t)crl(t)> = 1 for ground-state atoms, only terms
such as (o1 (t)o1 (t))=(o1 (t)ob(t))=0. Thus, the first
term on the right-hand side of (49) vanishes within
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the approximations we have made, and so
(HVY = —Cy{ao1(t) + ol (t)al (t))

c 1

7201<a(t)01(t)>. (50)
We will make the simplifying assumption in this
illustrative model that w > wy,ws, as would be the

case, for instance, for infrared transitions in an op-
tical cavity. Then

Ug(t) o Ugo(t) — %(ao(t)

~

—d]

()

n

since o19(t)|¢)) = 0, {ag(t)ao(t)) 0

and (ao(t)ag(t» =1, and

(ag(t)ao(t)) =0,

2
<HC(1) ~ 201 /h B 201C2V12 2w2 5. (54)
w1 tw hw Wy —wj
The same approach for atom 2 gives
203 /h  201CoVis  wy
H®)y~ 22207 . (55
(H:7) wo +w hw — w?—w? (59)

For the expectation value of H. = Hc(l) + HC(Q),
we therefore obtain
(Hy - 203/ 2C3/h  201CaVis/(hw)
¢ w1 +w Wy + w w1 + wo

o~

(56)
Since C? and C% are proportional to e?, and
C,C5Vy5 is proportional to 64, the PHF theorem

introduces factors
1
dA
d =\
wa [
0

ld)\
72:
/AA
0

for the first two terms and the last term, respec-
tively, on the r.h.s. of (56), so that the change in
the atom-field system due to their interaction is

1

2

(57)

1414 (dy-é)(dy-é)|dy - dy — 3(dy - é)(ds .é):|

Vig (_ou(t)  ol(®)
h \wys—wi  wy+w
and, from the expression (41),
o Cy (ao(t) | aj(t)
o1(8) = o10(t) + h (wl —w  wtw
CoVia  2ws
R (ao(t) — ag(t)) (52)
to first order in V5. Thus,
(a(t) o1(t)) = (ao(t) o1 (t)) =
G 1 205Via  wo
T ow Fw hw  w?—ws’ (53)
AE = —A%(dy - 6)>—— — A3(dy - 6)°—
1(d1 - €é) @ + W 3(d> - €) @ + we

when we use the definition (39).

The two-state model simplifies some algebra in
our Heisenberg-picture calculation, but the result
(58) is easily generalized to include contributions
from all the allowed transitions from the ground
states of the two atoms. The first term on the r.h.s.
of (58), for instance, generalizes to

AE = -A2Y " |(dy - &)y

w
W+ Wsg (59)
in the notation of (15). After accounting for addi-
tional self-energy terms, we obtain the Lamb shift
due to the coupling of atom 1 to the single-mode
field. But of greater interest here is the interatomic
interaction term in (58). For strong coupling to
a single-mode field, the nonretarded van der Waals
interaction varies as 1/r3 rather than 1/r% [18, 19].
When generalized to include all allowed transitions
from the ground states, we obtain, except for the
factor Ay A, the result of the perturbation-theoretic
analysis of [19]. This factor has an interesting im-
plication for the physical interpretation of the 1/r3
interaction, as discussed in the following section’.

t3Note that when we include a term of second order in Vi3,
we obtain another contribution to AFE that corresponds to
the familiar 1/7% van der Waals interaction.

2 3
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w1 + wo
(58)

7. Conclusions

Zero-temperature Lamb shifts and van der Waals
interactions have clear physical interpretations in
terms of fluctuating zero-point fields. In particu-
lar, for the van der Waals interaction between two
atoms in free space, each atom is “driven” by the
zero-point field at its location, and the fluctuations
of the zero-point fields at the two locations are cor-
related. The correlation decreases rapidly with the
distance r between the two locations, giving the ¢
dependence of the nonretarded van der Waals inter-
action.

In the case of strong coupling of the atoms to
a single cavity mode, unlike the case in which the
atoms are coupled to the infinite set of modes of
free space, there is no decrease in electric field cor-
relations with 7, and for small 7, the van der Waals
interaction varies as r—3 rather than »—6. Such r—3
behavior is also found in a different scenario, when
each atom experiences an externally applied single-
mode field [20]. In this case, the interpretation of
the r—3 behavior is obvious — the two atoms have
correlated induced dipole moments and experience,
for small r, just the =3 electrostatic dipole-dipole
interaction. But in the more subtle r~3 behavior
resulting from the coupling of the atoms to a zero-
point, vacuum cavity mode [18, 19], each atom has
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offer a more physical picture of interacting dipoles
as opposed to just energy “bookkeeping”. Moreover,
Lamb shifts and van der Waals interactions can
be understood from the perspective of the quan-

Appendix: Electric field correlations
and dyadic Green function

The positive-frequency part of the electric field
operator for a vacuum or thermal field can be
expressed as

: iy . [2mhw i ke A
Lt‘um ﬂu”ctuatlons not of zero pomjo fields but of the E(+)(r, £) =i Z k apre” Wrteik T,
source” fields generated by the dipoles themselves. Y V
The same is true for Casimir’s famous attraction (60)

between conducting plates [21].
|

where, as usual, ag) is the photon annihilation operator for the plane-wave mode with the wave vector k and
the polarization index \. For thermal radiation, (aL/\ak,A/ )=q(w)d3 /0 and <ak,\aL,/\,)\,>:[q(w)+l]52k,6,\,\/,
where g(w)=[e™/*3T—1]71 and it follows after taking > ., (...) = V/(2m)® 3, [ d®k(...) in the familar
fashion that

(Ef (ra E; (rn, ) = 5 [ dw @ [g(w) + 1] Fy (£2) e?(=0),

c

(61)
(B (ra, ) ES (o, ) = 2[5 dw w? q(w) Fiy (22) e 190720,
. . sin () . . [cos(x) sin(x)
F; (m) = ((51']' — T‘i’l"j)i + (6ij - 37"1'?"]') ( 5 3 R (62)
T x x
where r = |r,, — ry,|. Thus, for thermal radiation,
<Ej(rn,w)EJ(_)(rm,w’)> = Wl [gw) + 1] Fy () 6 (w —w'), )
<E7,_ (T‘n, W)E§+)(T‘m, W/)> = Tigwg Q((JJ) F;; (%) 5(w — w’).
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