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DEBYE CHARACTERISTIC TEMPERATURE OF CUBIC SOLIDS
By N. T. PADIAL, L. M. BRESCANSIN AND M. M. SHUKLA*
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(Received May 5, 1978; final version received June 22, 1979)

Elastic Debye temperature 0, for 81 cubic crystals (e.g. metals, semiconductors, alkali
halides and alum salts) has been calculated by averaging the elastic constants. Nine different
averaging procedures have been employed. It is demonstrated that the averaging process
developed by us is found to give a better agreement for all the eighty-one cubic solids when
compared with the results obtained by Numerical Integration and the experimental calorim-
etric values.

1. Introduction

The Debye characteristic temperature at absolute zero Kelvin, 6, has a great importance
in the theoretical and experimental study of the various thermal, optical and electrical
properties of crystalline solids. Quite recently it was suggested by Fedorov [1] that this
parameter is also related to the atomic number of the constituent atoms of the solids.
This demonstrates the universality of this parameter. A look at the literature may reveal
that the calculation of 8 depends a lot on the symmetry of the crystal concerned. This
parameter is proportional to the mean sound wave velocity propagating in the crystal.
The sound wave velocities, on the other hand, are related to the elastic constants of the
crystal. The calculation of 6 thus depends on an averaging of the elastic constants of the
crystals alone.

There are two different methods adopted so far to calculate 0, and these are a rigorous -
approach and an approximate one. In the rigorous approach, emphasis is paid to describing .
the anisotropic dispersive model of the crystal and enormous arbitrary orientations of
sound velocities are considered to estimate the mean sound wave velocity. These calcula-
tions are quite involved and are done only on the basis of numerical integration. In the
recent past, several workers have carried out such calculations of # for cubic crystals:
Alers [2], Konti and Varshni [3a, b], and Wanner [4].
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The approximate calculation of 8 replaces the anisotropic crystal by an ensemble
of an aggregate (polycrystal) isotropic crystal. In such cases the averaging process becomes
extremely simple and an algebraic expression emerges to calculate ¢ depending on only
two parameters of the solid, the bulk modulus (B) and the rigidity modulus (G). The cubic
symmetry implies that B does not depend on the crystal orientations. The dependence of
G on crystal orientations gives rise to a different averaging process.

In the literature, more than a dozen averaging procedures have been developed, out
of which nine successful ones have been selected here for the computation of 8 for 81 cubic
solids. While eight different averaging procedures are summarized by Ledbetter [5], the
ninth one has been recently proposed by us (Shukla and Padial [6], and Padial and Shukla
[7]). Ledbetter [5] has applied the eight different averaging procedures for 25 cubic crystals,
while publishing the result for only six selected ones. Shukla and Padial [6] and Padial
and Shukla [7] have calculated @ for 42 cubic crystals on their averaging procedure.

In the present paper we have considered the calculation of 0 for a set of 81 cubic
crystals for which necessary input data existed. For the completeness of the present paper
we have also included our previous results (Shukla and Padial [6], Padial and Shukla [7])
here.

2. Theory
The Debye characteristic temperature 0 is calculated on the basis of the formula
h[3n No|/?
0=-|—— i 1
k [47: m] i 0

where 2 — Planck’s constant; k& — Boltzmann’s constant; n — number of atoms in the
molecule; N — Avogadro’s number; ¢ — density of the atom; m — molecular weight of
the solid; u,, — average sound wave velocity.
The explicit expression for u, is given by
3

. de ™73
bm =13 udn ’ @

i=1

where u, is the quasi-longitudinal wave velocity and (u,, u;) are the two quasitransversal
wave velocity for each direction of propagation, dQ is the increment of the solid angle.

In the rigorous approach, the integral appearing in (2) is solved by numerical integra-
tion. In the approximate solution, in which we are interested, u,, is given by

3ud = ul+2u3, 3)
with

oui = B+%G, “@

ou; = oui = G. &)

The orientation dependence of G has given rise to different averaging procedures which
are given in Table I.
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TABLE 1

Summary of methods for averaging cubic-symmetry elastic coefficients

Method

Equation for shear modulus G

Key assumption

Voigt [9]

Reuss {10]

Hill arith. [11]

Hill geom. [11]

Hershey [12]

Hashin, Shtrikman [13]

Aleksandrov [14]

Kroner [15]

Shukla et al. [16]

|¢=

GV = %(C11—C12+C44)
Gr

G = -%—(Gv—l-GR)
G = (GvGp)'/?

G*+aG*+pG+y = 0

X = (5C11+4C12)/8

ﬂ = —'C44(7C11—4C12)/8

Y = ~C4a(C11—C12)XC1,

+2C12)/8

|
Lower bound: (G, > G,)

-1
G: = Gi+3( —>— —ap
T\ 6am6y !

—6 ﬂz>—

Upper bound:

G=Gy+2

* <GI+G2

Gi = %(Cu—cu)

Gy = Cay

g, = 3(B+2G,)
YT 5G,(3B+4C)

g — B+2G,
2 T 5G,(3B+4Gy)
= —5(C11+2Cy2)

ks <_z

5
G=Gy{l+ —|1-1

5 3
* <1—6ocﬁ/25 T 1+ 4ap)25
@ = (B+2Gv)/(B+4 Gy/3)
B = [Cas— L£(C11—C12)}/Gy

2GvyGr
Gy+Gr

_ 5Cu(Cua=Cia)
3(C11—C12)+4Cyy

Cl 1 Cl2 )2/5

)

| Uniform local strain, average Cij

Uniform local stress, average C; A

Arithmetic average of the results of
Voigt and Reuss

Geometric average of the results of
Voigt and Reuss

Elastic constants Cfiy; of an equivalent
isotropic aggregate are unaltered by
restoring the original elastic constants
Cijm of one crystal in the aggregate.

Tensor Vijy—Cli is positive defi-
nite

| Invariants of Cjjy, written as 6X6

matrices, are equal.

Elastic moduli at adjacent points are

uncorrelated; and Y or; FP)or; =0
j=1,3

that is mechanical equilibrium

Harmonic average of the results of

| Voigt and Reuss.
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3. Numerical computations

In Tables IT and III are presented the input data to calculate 0. Table IV shows the
computed 6 for 81 cubic crystals by employing all the nine averaging procedures. We have
also calculated the deviation of 8 from the Numerical Integration value. To do that we
CI 17 C12

44

0~ gexact

A4
have calculated R versus A (Zener parameter =

) for several

cubic crystals. These results are plotted in Figure 1.

0.40 e =
1 \

020 |- L !
A8
) b
Pb - ‘
Rb";—w“,i’f Li
1—0.20’ "1 Kgp.z t—— "
~0.40 L— | 1 | I | | 1 | | 1
1 3 5 7 9 1

Fig. 1. Errors in elastic Debye temperatures for various averaging methods as a function of elastic anisot-
ropy; 1 — Voigt, 2 — Hershey, 3 — Hill arith., 4 — Aleksandrov, 5 — Hill geom., 6 — Kroner, 7 — Padial
et al., 8§ — Hashin and Shtrikman, 9 — Reuss

4. Discussion and conclusion

A critical study of Table IV shows that the calculated 8 by all the nine different averag-
ing procedures are related by the following relation:

eVoight > eKrbner > GHershey > 0Hashin, Sht > gAlek > GHill arith > gHill geom

> OPadial etal. > gexact > 9Reuss (6)

In Table IV we could not show 8.y, for all the crystals. Such information was available
for only 42 of them. An inspection of equation (6) shows that

BHill geom > 0Padial etal. > gexact-> eReuss'

This indicates that our averaging procedure predicts results very close to 0.4,e

In the earlier work of Ledbetter [5] also Eq. (6) was valid. But the work of Padial
et al. [6, 7] was not known to him at that time. Kumazawa [8] had pointed out the need
of a theory giving results close to that of Padial et al. [6, 7]. The study of Figure 1 indicates
hat the deviation of calculated 6 by averaging procedures, to those obtained from Numeri-
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<al Integration, is quite insensitive for 4 below 3 and amounts to as much as 35% for
A = 9.2446 (Lithium) by different averaging procedures; Voight (35%), Reuss (17%),
Hill arith. (12 %), Hill Geom. (5.8 %), Aleksandrov (8.89,), Kroner (3.5 %), Hashin (1.7%),
Padial et al. (0.35%). The procedure employed by us gave the lowest deviation when com-
pared to others.

Some comments which go against the physical reality of our averaging model are:

a) We have no theoretical justification for it. But the same is true for Ouitt arien. and
OHin geom.» Which have been proclaimed successful in the literature.

b) We have assumed that the crystal is composed of isotropic Debye continuum.
But similar comments can also be put forward for all the averaging procedures discussed
above.
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