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LCAO WAVE-FUNCTIONS AND ENERGIES FOR CUBIC
CRYSTALS. III. CONVERGENCE OF SOLUTIONS FOR
DIFFERENT LATTICE PARAMETERS

By A. WIERZBICKI

Institute of Physical Chemistry, Polish Academy of Sciences, Warsaw™
(Received October 30, 1972)

The LCAO solutions of the total symmetry representation of the cubic point group
have been calculated for different values of the lattice parameter. The accuracy of the solu-
tions has been investigated in terms of the total electron charge given by the solutions. Two
types of cubic lattices, that of sc and fsc, with an s orbital on each atom have been examined.

1. Lattice parameter and density of states

The LCAO solutions of preceeding papers [1,2,3] have been calculated with the
lattice parameter @ assumed equal to 1 (see Eqs (1) and (22) in [11, Egs (1) and (5) in [2],
Section 4 and Section 6 in [3]). In the Bloch theory the volume vy of the Brillouin zone
is related to that of the atomic cell, v,, by the equation [4]

vgt, = 87 1)

where
v, ~ a. (2

According to Egs (1) and (2), any vector k changes with @ proportionally to 1/a. Because
the parameter a enters the Bloch expression for the LCAO energy E® as a multiplier of
the components of k, there isno change in the dependence of E® on k with a change of a
provided that no effect of the interaction integrals on the energy as a function of k is
considered. In consequence, the density of states as a function of E® does not change
with a.

A similar situation is observed in the present scheme, though the influence of @ on
the density of states is less evident. First we introduce @ into the Wannier-Slater operator,
then solve the corresponding eigenequation in the irreducible representation I'y of the cubic
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point group, and finally we normalize the solutions A™. The solutions themselves do not
exhibit, in general, a linear dependence on a (see Table I which may be compared with
Table II of [1] calculated for @ = 1), but the quantum parameter x, for @ % 1 is related to
K exactly by the ratio

K(a)/K(l) = 1/0!. (3)
This is evident from the quantum condition
nm = KR ‘ C)]

which holds for any a and any integer » that is not'too small [3]. The term Ry is the
radius of the crystal sphere with parameter a. Because Ry, = aRd(l), we obtain Eq. (3).

We now check the constancy of D(E) for different a. This is best done by calculating
the density of states for almost-free electrons. In the Bloch case this density is

DX(E) = kel (2n*) v, &)

whereas in the present scheme [3]

D(E) = ; Ky LD [Kw)/Valva: ‘ (6)

For a given k,, the quantity Do [K@1/va is independent of v, and a (see Eq. (40) in [3]).
We now check numerically that (5) is equal to (6) with an accuracy of about six decimal
places for K(a) not too large, provided that lk(,,)l = K For example, Table II shows
D(E) and D“* for the sc lattice with @ = 0.5 and a = 2. The equality between (5) and
(6) has been checked for about 10 values chosen for a and all (sc, bee and fee) lattice types
in different approximations for the solutions. One may observe that location of the peak
of D of (6), corresponding to the critical value of E® (the touching point of the Brillouin
zone), is shifted on the x-axis roughly also in accordance to Eq. (3).

2. The convergence of solutions -

If the A™-solutions were exact, the shift of the peak with the change of @ would be
reproduced precisely by (3). The D(E) function — inside the band of the almost-free-
-electron and the tight-binding approximations — does not depend on the atomic interaction
integrals, so it would be the same for any a. The point is that -— owing to computational
difficulties — we have no accurate solutions for E throughout the band; in the best case,
that of the fcc lattice in the tight-binding approximatiori,'good accuracy of D(E) has been
attained over 2/3 of the band width [3]. The purpose of the present paper is to 1nvestlgate
how the accuracy of the solutions obtained in a given approximation for A™ depends
on a. A measure of accuracy is given by Q(0), the total electron charge at site 0 given
by A™ as calculated in the tight-binding approximation for all x (Eq.(24) in [1]and Eq. (50)
in [3]), because, in principle, the densities of all states — also those of large k — can add
up to Q. The results — for sc and fcc lattices — are given in Table III-V; the best solutions
are those in which Q is closest to 1. It is evident from the Tables that a relatively good
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convergence for the sc lattice is attained at about @ = 2; a further increase of a does not
apparently change Q(0) in that case. On the other hand, in the case of the fcc lattice the

best solutions are those with @ = 1; this value of g has been used in all numerical calcula-
tions of [3].
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