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The classical ion-electron interaction energy, which is needed in the problem of the
Wannier excitation in inorganic semiconductors, is calculated for cubic crystals in terms of
a multipole expansion. It is also shown that the asymptotic form for large ion-electron
distance gives the known formula charge-charge interaction modified by the dielectric constant.

The ion-electron interaction energy in crystal lattices is connected with the exciton
problem, and with the problem of the existence of the ion-electron bound states in the
crystal lattice. There are two limiting cases which can be solved in principle. The case of
tight binding — the Frenkel excition [, 2, 3] occurs when the electron is localized about
an ion in a definite unit cell; the case of the weak binding — Wannier exciton [4,5]
occurs when the ion-electron distances are large. Wannier suggested to ignore all the
particles in the system except the ion and electron which interact according to the Coulomb
law. The effect of the remaining electrons and cores is to provide a periodic potential which
gives to these particles the effective masses m; and m.. Mott [6] was first to suggest a
modification of the model of Wannier to account for the dielectric medium. In this paper
we aim at finding the potential of the ion-electron interaction, which takes into account
the structure of the crystal lattice. We assume that the lattice is rigid and thus the calcu-
lated potential is valid for the intermediate case of exciton, when the relative motion of the
electron is fast enough so that the atoms cannot follow it, and slow enough so that we can
account for the atomic or ionic electrons solely through the polarizabilities of atoms.
Of course a full calculation, which is lacking so far, will take into account the interaction
with lattice vibrations. We consider the simple cubic lattice of polarizable atoms, in which
one atom is replaced by a positive ion. The electrostatic potential energy of such a system
is given by the following form [1]:

V(R,) = W —= Z Z Si4,;S; (L.1)
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where: index “1” denotes that the ion is at the beginning of the coordinate system, g, is
the charge of the ion, R, the position vector of the electron, and S, the electrical field
intensity in lattice site 7, defined in the following way:

S; = qS;+eS;” (i#1)
("1;) S = ("ei)_
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Making use of the definition of the electrical field intensity, we express the polarizational
energy of the lattice containing one ion and one electron in the following form:

ViR = — % Z Z (q.S; +eS")AU(q1S’+eS") =A+B+C (1.2)
where
A=—1a} T T SidsS)
izl j+
B= -3y Z Si'A4,;S7

C = —q,e 21 ZS[AUS;’
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The term A4 in Eq. (1.2) is equal to the electrostatic energy of the Schottky defect [9]
(except for the Madelung energy). The terms B corresponds to the energy of an additional
electron in a lattice of polarizable atoms [10]. The periodicity of this energy is destroyed
by the existence of a single ion with a different polarizability than the other atoms. Using
a method similar to that given in [8 ] one can express the term B with the aid of the general-
ized polarizability function é?, calculated for the perfect atomic lattice:

Vi(R) = — % e Z ZS”A S —

b
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The second term which destroys the periodicity of the energy contains the correction

b
o —a
b= , where o is the polarizability of the ion, and « is the polarizability of the atoms.
o
The term C in Eq. (1.2) expresses the ion-electron interaction energy modified by
existence of the lattice. In the following we consider only the term C and we express it

in the following form:

Vi(R,) = qilel Y ¥ SiA%S] +

i1 j
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We can see that, because of symmetry, the second term of Eq. (1.3) is equal to zero, and
therefore we obtain the ion-electron interaction energy in the form:

V(R.) = 4.lel _;1' ZSi’st?J-S}'. )
i1

Using the integral representation of the Kronecker delta for a simple cubic lattice 81
we express Eq. (1.4) in terms of the Fourier transform [101:

ViR, = qilel § dkS(k)gO(k, 0y S;_fe—zuikrjo
E J

or equivalently
VAR = dilel § dkSE)a’(k, a)e 2 *RS(—k, R,) 1.5
O

where
S(=k,R) = T Sy AR = 3 S(e9—ReT T,
i j
This is a periodic function

S(—k, R4 1) = 3 S(§—rp =R 0=
J
= ¥ SO —R)e TR = S(—k, Ro)
g

where »? is an arbitrary lattice vector and j' = j—n. Expanding in a Fourier series the
function S(—k, R,) [10], we obtain Eq. (1.5) in the following form:

1 . .
VAR = d1lel = E jdkS(k)f_t"(k, 2)S<"(K, — k)e? i E TR, (1.6)
p <
v O
The vectors S(k), S (K,—Fk), k, K,, R, in r. h.s. of the Eq. (1.6) are in this representa-
tion non-dimensional vectors. Putting into Eq. (1.6) k — —k and using the relations
S(—k) = —Sk), a°(—k, «) = a®(k, o) we obtain:

1 . ,
Ve(R) = —dilel = E jdks(k)t_lo(k, 0)S< (K, + )¢ TR, (1.7
- Z

v ]

The functions S(k) and a°(k, o) are periodic functions with the inverse lattice period:
Sk+K,) = Sk); a’(k+K, o) = a’(k, 0).

Therefore we can express the equation (1.7) in an equivalent form:

1\ . ,
VAR) = —qilel = Z jdk5<k+Kv)g°(k+Kv, DS (k+ K, ) m M e =
a =

v ]

1 T
= —qylel 3 j dreS(r)a"(x, ) S (w)e” e (1.8)
p 4
V—l
where: x = K-+k, V-' — denotes that the integration area is the whole inverse lattice
volume.
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Therefore the ion-electron interaction energy in the crystal lattice of polarizable
atoms is given for an arbitrary ion-electron distance in the following form:

q Ie, con, wikR’
Vion-electron(Re) i l; l —41191 f d’cs(")go(’fs O‘)S (’C)ez KRQ- (19)
e ve1
The asymptotic form of the ion-electron interaction, E

approximation for large distances between the ion and
the continuum approximation for the functions S(rc)

. (1.9), which represents a good

electron, can be obtained by using

and a°(x, a) [9]:
as . qle|

j 1 [ con, con on iR’
ion-clectron = R ““11|el;z J drS (#)a"™"(x, ) S°(rc) ™R e
yv-1
ailel | aile] 4 o
T TR, (A12p) | de—=emere 1.10
iRe’ B a (1 +ZB) K;cz & ( )
-1
where:
4r , , o
B =— o, o = 5

3 a

R,
y-1
Therefore we obtain:
dr |
’ 3y 1— = a
as _ _Gulel/  dna qilel 3
ion-electron lRel

_1; s= \|~ TR, IFF '

— —a
3 3

Making use of the equation for the macroscopic dielectric constant e:

8n

I+ —o
3
& =
n
11— —«
3

we obtain the known asymptotic form of the ion-electron interaction energy in the crystal
lattice of polarizable atoms:

qle|
Viail-e ecrnRe =& &
on-electro ( ) 8] Rel
"To find the influence of the crystal structure of the ion-
we have calculated the Fourier transforms of the energy fo

(1.11)

electron interaction energy
r the asymptotic solution



397

0T+ SETTOB061°0 I8¥LY86CL0— S6'1 01 - CTI8¥LOSOT 0 T66¥8€66£°0— $6'1
1-01 - 6€65L600T°0 6£90687€E0— 61 w01« TEBLLIOIT O T0S8LS681°0— 6l
01 - 6VV9C6ECT0 SLOETOEYTO— 81 1-01 - LO69TEETT 0 1-01 - 899Z¢€08TL0— 81
=01 - 0LSSYOIST O 1-0T - 996£16509°0— L'l =0T - 8PS ISTIET 0 1-01 - LT8PBYELT 0~ LT
1-01 - €16901£82°0 1-01 - 61TTLLIGTO— 9l 1-0T - 9€0€L09ST°0 z-01 - 66TE1CETZ0— 91
1-01 - 880VSHTTE 0 0 1 =0T - S0ITPSLLY'O ‘0 §'1
1-01 + TETPITOLE O 1-0T - €6€188¥CT0 1 1-01 - 160178£0C°0 =-01 - L9Y98E6T6°0 1
-01 + 08L20£6TH'0 1-01 - TEO6YETEL'0 €1 101 - LTOTLEYET O 0T - P00PEILSE O €1
-0T - TISPESE0S 0 P960CHEIT 0 71 01+ T¥S60PLLT O 670LL01°0 (A}
-0 - 60LP09665 0 LLEBESH09°0 '] 1-0T - 08TOYTOLE 0 LLLESYLTE0 't
1-0T - L9S690859°0 01 - YOIEFSSET 0 SO'T 1-01 - 6T80€LTIE0 YBOVILIPLO SO‘T
1—07 - 9§1206£08°0 1-0T - 86L0186V1°0— $6°0 01 - 8TELILTHY O [ 06,6180~ $6°0
1-01 - 66LS0L568°0 6PEI66YYL 0 — 60 01+ LISLIE6Y 0 | TRTITTO0Y 0 — 6’0
SOLTIEETTO SPrIeleTe0— 80 =01« LOVILTFTI0 0SELSSIOTO 80
£595908%1°0 PESOSILYTO— L0 1—0T - SOEPPTCI8 0 =0T+ LEVLLIYI9'0— Lo
§08¢€S10T0 0T - 0SLETLYTS 0— 90 918€96011°0 | 101 - €¥89689TT0— 9°0
6L980206C°0 0 (1] 968L3L6STO 0 0
1901SPESY 0 1-0T + 9L8%80L8L'0 7’0 L8S8996VT°0 10T - $9768TSTE 0 0
6125€1908°0 LYTISEEYE 0 €0 99CSS8ETF 0 SELVLOPST O £0

101 - $TFO8EIST0 101 - 8LSTSTETI'O 0 LYEPLI866°0 1076790 0
10T - L69TTSSTLO 10T - PITTGYOLY 0 10 10T - 6€L69766E°0 101 - $S166109¢€°0 1'0
201 + 64980206Z°0 z-0T - 81S0¥9¥8C°0 S0°0 z01 - 968L8LG6ST'O 201 - LPI09LEST 0— 00

(23 (20>~ o = it o= (00 S (o aP =14 = o =
I'0=2 Y00 = »

M 101004 o} JO [T ‘1 ‘T] UONOANpP IY3 10F SO 9[qezIre[od JO 201IR] ) Ul ASIOUd UOTORISIUI UONIA[R-UOT 9Y) JO SWIOJSULI} 5} JO SANJEA

1 971avl



398
Vi netectron (%, o) and for the exact solution Vo, ciectron (%, @) (as restricted to the con-
sidered model). The forms of the energy transforms follow from Eqs (1.8) and (1.10).

1
Vion-electron(Ks &) = F S(K)go(k: o‘)Scon(")

V; .y
(1+2B)

1 Con
s)sn—electron(’c: OC) = a—i Scon(lc)gcon(’c, O()S (IC) = (112)
In Table I and in Fig. 1 we present the numerical results of the energy transforms for
the direction [1, 1, 1] of the vector x and for two values of the reduced polarizability
o' = 0.04, 0.1, The calculations were done with the aid of the computer EMC ODRA-1204,
From the comparison of the obtained results it follows that in the limit & — 0, which

is equivalent with large distances R,, the values of both transforms agreed very well.

V. cfree)

15 N20

-7 o«'=01

Fig. 1. Curves of the Fourier transform of the ion-electron interaction energy in the lattice of polarizable

atoms for the direction [1,1,1] of the vector x. I — V;:,sn_ele,;t,o,. (¢, & = 0.1); 2 — Vien-electron
(x, ' = 0.1, 0.04)

The differences which arise with larger values of the vector x are the consequence of the
fact that in the case of the asymptolic approximation the crystal lattice is treated as a
continuous medium and the ion-electron interaction is modified by a constant quantity
depending on the polarizability of the medium. In the case of an exact solution in the
energy transform Vg, cieetron (6, @) besides the ion-electron interaction there are inter-
actions between the electron and induced dipole moments in the lattice sites. The points
of the discontinuity on the curve Vg, ciceron (K; ) in the inverse lattice sites represent
these interactions. Besides, the difference follows from the symmetry of both transforms,
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in the limit x — 0 both transforms having spherical symmetry. With larger values of the
vector x the symmetry of the transform Vig, erectron (%, ) is also a spherical one, but the
symmetry of the transform Vi, efectron (6, @) Is equivalent to the symmetry of the lattice.
It will be interesting to investigate the solutions of the Schroedinger equation with the
potential V(r) replacing the asymptotic V(r) = g, |el/eR which was used so far in the
discussion of the Wannier exciton.
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