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GROUP-THEORETICAL ANALYSIS OF NORMAL VIBRATIONS
OF THE Cu,0 CRYSTAL

By W. UNGIER
Institute of Physics, Polish Academy of Sciences, Warsaw*
(Received June 30, 1972)

In this paper the group-theoretical methods and the results of Maradudin and Vosko
are used to analyse the normal vibrations of the Cu,O crystal. The Fourier-transformed
dynamical matrices are reduced in analytic form for all symmetry points and lines in the
Brillouin zone. Their eigenvalues and, whenever possible, the corresponding eigenvectors
are given. Finally, the connectivity of the phonon dispersion relations is predicted.

1. Cu,0O lattice

The space structure of Cu,O is illustrated in Fig. 1 [3]. Cu,0 has the space group
O;(Pn3m). The lattice is simple cubic with six atoms per unit cell. The position vector
of the equilibrium position of the xth atom in the /th unit cell is x(Ix) = x(I)+ x(x), where
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Fig. 1. Space structure of Cu,O. Lattice constant a = 4.252 A
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x(I) is the position vector of the origin of the /th unit cell and x(x) is the position vector
of the xth kind of atom relative to the origin of the cell.
The position vectors x(x) for x = 1, 2, ... 6 are as follows:

X(l) == (09 0’ 0)’ x(z) b (%9 %’ %)’ x(3) = (%3 2}—-9 %)
x(4) = (?1;’ E %’)’ x5 =G %)’ x(6) = (%’ % %)

~ We have assumed the lattice constant ‘e’ as a unit. The isomorphic crystals to Cu,O are
the following: Ag,0, Pb,0, Cd(CN), and Zn(CN), [3].
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Fig. 2. The first Brillouin zone for the simple cubic lattice
In the reciprocal lattice the primitive vectors are the following: k, = (2x, 0, 0),

k, = (0,27, 0) and k, = (0, 0, 2%). The first Brillouin zone for Cu,O is shown in Fig. 2.
The symmetry points and lines are equivalent respectively to the vectors:

r

k=(0,0,00 2 k=n(¢&0)

R- k= (nmn) 4- k= &)

k = (1, & &)

M- k= (n,n,00 T- k=n(l,1,8

X- k=00 8

4- k=7n(0,00) Z- k==(1,¢0),

where 0 < &£ < 1.
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2. Procedure

The equations of motion of the crystal

M, () = —0B[ou(li) = — Y, Pop(lic; I'cYuy(I'k") 6))
’ Vs

can be simplified to a set of 3r (“r” is the number of atoms per unit cell) equations in 3r
unknowns by the substitution

u (1) = [u(1)/(M,)*] exp [ikx(]) —ioot], @

where M, is the mass of the xth kind of atom, u,(/x) is the a-Cartesian component of the
displacement of the xth atom in the /th cell from its equilibrium position, k is the wave
vector, @ is the potential energy of the crystal, and diuﬂ(lx I'x") are the atomic force con-
stants of the crystal. @ ,4(Ix; I'K’y = 82®/0u,(Ix) uy(I'’)|o, where the subscript “0” indicates
that the derivatives.are evaluated in the configuration in -which all atoms occupy their
equilibrium pbéitions.

When we substitute Eq. (2) into Eq. (1), the resulting equations for the amplitudes
{u,(x)} can be written in the form:

. wzua(K) = Z Daﬂ(KK,lk)u,B(K’): a, B =X, ),z
o oK =1,2,..r, ' ©)

where the elements of the 3r x 3r matrik D(k), called the Fourier-transformed dynamical
matrix, are given exphc1t1y by

D ) = (MMy) ™ 3 @I 1) exp [ ke~ =N

The condition for the set of homogeneous linear equations (3) to have nontrivial
solutions for the amplitudes {u,(x)} is the vanishing of the determinant of the coefficients,

det |28,,8,5— Dyglrcxc' )] = 0. @)

For each value of k, Eq. (4) has 3r solutions for w? We display the dependence of »
on k explicitly, and label the solutions by an index j. The {co?(k)} are the eigenvalues
of matrix D(k) and the {u,(x)} are the corresponding eigenvectors which we rewrite
in the form e (x|kj) (e(k))).

There are several properties of the dynamical matrix D(k), which are independent
of the particular choice of k. Some of these are listed below.

A. D(k) is Hermitian: D,,a(x K|k) = D, g5(xx’ |k)*

B. D(k) = D(—k)*

C. D(k) is perlodlc in the reciprocal lattice, i. e.

D(k) = D(k+ b), where b is the primitive vector.

For each of the symmetry points and lines we construct the multiplier representation
{T(k; R)}:

T,p(xx' |k; B) = Ropd(x, Fo(' 5 R)) exp {ik[x(x) — Rx(x")]},
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where {2} are the purely rotational elements in the space group Gy(taken by themselves,
they comprise a point group of the vector k), and  is carried into it — Fo(1c; ) by the
operation {2|v(%)}:

{R| W B)}x(l) = Rx(l)+ v(R) = Rx(l)+ Rx()+ W(F) = x(IR).

This multiplier representation has two significant uses. The first is based on the fact that
all matrices in the representation commute with D(k). This gives an invariance condition

- D(k) = T(k; R)~* D(k) T(k; R). )

If the point group of the crystal contains a rotational element & such that &#_k = —F,
we have the additional condition for matrix D(k):

{exp [ — ikx(®)]D,. (%K' |k) exp [ikx(®)]} =
= Zﬂ (& udexp [— ikx(k)]D4(xcrc’ |K) exp Likx(x")]} (& '),“"”" ©6)
where & and &' are the labels of the atoms into which the atoms x and x’ are sent by the
operation {&_|»(¥-)}. The second use of {T(k; R)} is in the construction of symmetry-

-adapted eigenvectors E(k; si).
We use the decomposition formula

¢ =h"" Y ylk; Ry k; R)

: g M3 .
to find how many times the irreducible multiplier representation {z®(k; R)} is contained
in {T(k; R)}. The order of the point group of the wave vector is k. y(k; %) and ¥(k; R)

are the characters of the matrices T(k; #) and =(k; R), respectively.
The transformation properties of E(k; si) are defined by the equation

T(k; R)E(k; s2) = Y 14(k; R)E(K; s1').
.
E(k; s4) is obtained by use of projection operators P$(k):
| E(k; s3) = P,
where w is an arbitrary 3r-dimensional column matrix, and
PRUK) = (fi[1) X 150(k; RY'T(k; ),
R
where f; is the dimension of the sth irreducible representation. v
When ¢, <2, these vectors will be substituted into the eigenvalue equation:
D(K)E(k; s2) = wZ(k)E(k; sX)

and the orthonormal eigenvectors e(ksal) will be written out explicitly. Now we replace
the simple index j by sa, where “a” is the “repetition” index which differentiates among
the different eigenvalues, whose associated eigenvectors transform according to the same



751

irreducible sth representation of the point group Go(k) of the wave vector k. The index
“g” takes on the values 1, 2, ... ¢;. For ¢; > 2, only the determinant condition for branches

belonging to 7 is recorded.
Time-reversal symmetry can produce extra degeneracies in the lattice vibration fre-
quencies. The test criteria for irreducible representations which belong to one of the

three types are presented in [1].

3. Application of the procedure to the Cu,O crystal

In this part we give the simplified (Egs (5) and (6)) analytic form of D(k) and the
corresponding eigenvectors (polarization . vectors) and eigenvalues. ,

If the irreducible multiplier representation {z®(k; R)} is contained 111 {T(k R)}
more than twice, we shall give only the matrix Dy(Kk). Equation det (Dy(k)— Ii(k) =0
is the determinant condition for the eigenvalues. We also give the linear combination
E(k; sA) of the corresponding eigenvectors transforming accordingly to {2k, R)}.

The matrices D(k) are obtained by using the unitary transformation

U-'D@k) U = "'Ds(k)_ ,

where the columns of the unitary matrix U are either the elgenvectors of D(k) or vectors
whose linear combinations form E(k; si).

When the requirement is to calculate the eigenvectors e(ksa).) from E(k sA), the fol-
lowing p0551b111ty is available.

Multiplication of the vector E(k; sA) by the matrix D(k) yields c,complex homogeneous
equations in ¢, unknown complex components of this vector; this suffices to determine
the ¢, eigenvectors e(ksad). Since the equations are homogeneous, one must find the solu-
tion 2(c;— 1) real quantities and then normalize the eigenvector to unity. One can reduce
the number of unknown real quantities in E(k; sA) from 2(c,—1) to (¢,—1) when ¢, > 1.
In order to make this possible, the conditions

e(ksal) = e*k sal)
for k equivalent to the symmetry points, and
e,(2lksal) = exp [ —ikx(2)]e,(1/ksal)

e.(xlksal) = exp [ —2ikx(x)]e(x|ksal),
where
o =X,z
k=3,4,5,6,
for k equivalent to the symmetry lines, may be introduced. (The vector e(kj) in component
form is e"(kj) = (e,(11Kj), e,(11Kj), e,(11Kj), e,(2Ikj), ...)). Since it is convenient to present
vector components in the form of a row rather than a column, we shall write down the
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TABLE 1II

Decomposition of the representation {T(k;#)} for all symmetry points and lines in the Brillouin zone
of the Cu,O lattice

Point I” Lol @ls @I @310
R Ry @ R7 ® Rg @ Ro @ 3Ry0
X 2X; ®3X: ®3X: ® X,
M 2M; @ 3M, © M; @ 3M,
Line 4 34, @4, ® 43 ® 34, @ 545
T ST T:® 3T, @ 5T
a4 54, ® 4, ® 645
x 52,032, @42, @ 6,
S 55, @ 65, ® 4S5 @ 35,
z 9z,
TABLE III
Compatibility relations
Point I" 4 z A Point R A S T
I, 4,045 (2,02, 0%, 4,® 45 R, 4@ | S @SOS T.OTs
r, A, z, Ay R, Ay Sz T,
I's 2,04 | 0%, A3 Rq A3 5208 Lo
T, 045 |2, 02, @Z5 A, @ 45 R, 4,04 | S1®S: S T Ts
I 4,045 2,002, A, @ 4, Rio 40450808 1D Ts
Point X 4 N zZ Point M . T z
X As S @ S. Z M, 202, Ts zy
X, As S2 @ S5 Z, M, 202, Ts z,
X, 4,04, | $i®S; Z, M, 202, LOTs Zy
X, A, ®4; | S: DS, A M, 202, | TWoT. A

transposed vectors as e”(k sal) and E”(k; sA). Finally, we present the possible arrange-
ment of dispersion curves for Cu,O (Fig. 3). The plots in Fig. 3 are found on the
basis of compatibility relations given in Table III and the assumption that crossing
branches belonging to the same representation are unlikely [2].

Furthermore, we know that there are three acoustic branches (longitudinal-acoustic
LA or transverse-acoustic TA) of the dispersion relation along each of the symmetry lines
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A.X and A. We can see from the explicit form of the eigenvectors that the acoustic branches
belong to the representations 4,, 4s along 4, Zy, X3, X, along X and Ay, 43 along 4.

Bearing this in mind, we can see that at I' one of the eigenvalues belonging to the
representation I';o is equal to zero. The irreducible multiplier representations and the
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oy S, Ts M,
7 Ay Pﬂ) 'Xsz‘ < : T
L J S { My
S,
Ay S4 )
P i s
o o
r 4 X Z M z r A R S X R T M

Fig. 3. Possible arrangement of dispersion curves for Cu0 obtained by group theory. No ‘physical data
has been used

decompositions of the representations are given in Tables I and II. The time-reversal
symmetry does not produce any additional degeneracy at any point or line.
The author wishes to thank Professor M. Suffczyfiski for suggesting the present
investigation as well as for his advice and critical remarks.
Symmetry at I’

A 0 0 B 0O O ¢C D ¢ DD ¢ B D C -D ~D
©O A 0 0 B 0 D -D ¢ D D ¢ D -D C -D
0O o A 0 0B D-D Cc-D D ¢C D D C~ -D C
B O 0O A O O C D ¢ D-D C D D C =D -D
0O B 0O 0 A 0 D -D ¢ DD € D -D.C -D
O 0B 06 0 A D -D € -D D D D ¢ <D -D ¢
¢ P P ¢ DD E F F G J K G K J H =K =K
D ¢-D D C -D F -F G -k -K H K K G =J
DirTe D-p ¢ DD ¢ F-F E-K K H J-K G XK -J G
¢ DD € DD G J K F-F H-K K G K -J
D ¢ D D D J 6 K E - K 6 J =K H -K
D - c -0 ¢ X -K H -F F E K J G «J K G
¢ D ¢-D D G-K J H K -k E -F F G =J
> ¢ D-D ¢ D K H K K G J -F E F -J G
D ¢ ¢ J K ¢ K J 6 F F E -K -K
¢ -D ¢C-D-D H K K G-K -J G- -K E -F -F
D ¢ D D € D K G -J K H XK ~J & ~K -F E -F
D> -D C D D C -K =J G -J K G X .X H =F -F E

D(r) is real. The number of independent elements of D(I") is equal 10.
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The eigenvalues and eigenvectors of D(IN):
wi,‘l(F) = A—B (threefold degenerate)

eT(F; 49 1; 1) =

_(1 0,0,-1,0,0,0,0,0,0,0,0,0,0,0,0, 0, 0)
) | |
. 1
e'(r;4,1,2) = \/—5-(0, 1,0,0, —1,0,0,0,0,0,0,0,0,0,0, 0,0, 0)
e'(r;4,1,3) = —=(0,0,1,0,0, —1,0,0,0,0,0,0,0,0,0,0, 0, 0)

NG

w3 (1) = E+H—2F—2G+2J—4K

(r;7,1,1) = _(0 0,0,0,0,0,1, -1, -1, -1,1, -1, -1, —-1,1,1,1, 1)

2.3

- },(I) = E+F+H—-J—2G+2K (twofold degenerate)

1
T(F811)— \/(000000110 -1,-1,0,-1,1,0,1, —1,0)
1
e'(I';8,1,2) = (0000001 -1,2,-1,1,2, -1, -1 -2,1,1, =2)
2 /6
wg ') = E+F—H—J—-2K (threefold degenerate)
1' . 3 ‘ ..
T(F911) ©,0,0,0,0,0,0, 1, -1,0,1,1,0, -1, -1,0, —1, 1)
\/_
T(F912) \/ (000000 -1,0, -1, —1,0,1;1,0,1,1,0, —1)
1 j .
T(F913)—- \/ (000000110 -1, -1,0,1, -1,0, —1,1,0)

A+B  23C 4D |
D () = |2,/2C E+H+2G J2F+TD)
4D J2F+J) E-F-H+J+2K

Each eigenvalue of D,(I') is threefold degenerate an_d"o'ne of them is equal zero.
E™(I'; 10, 1) = (a, Q, 0, a,0,0,b,ccb,c, —c, b, —c, c, b, = ‘—c')
E"(I';10,2) = (0, 4, 0,0, 4,0, ¢, b, —c, ¢, b, ¢, —¢, b, ¢, —¢, b, —¢)
E™(I';10,3) = (0,0, 4, 0,0, a, ¢, —¢c, b, —¢, ¢, b, ¢, ¢, b, —¢;, —¢, b)



A O
0 A
o] (o}
-B (o]
0 -B
o 0
cC D
D C
om=| >
c
D
-D
¢ -
-D c
D
¢ =D
=D c
|-D -D

D(R) is real. The number of independent elements of D(R) 1is equal iO.

0o 2 o0
o 0 -B
A o

o 4

o o

B 0 0
D -C -D
-D -D -C
c -D D
D -C -D
D -D -C
¢ D -D
D ¢ D
D D -C
¢ <D -D
=D -C D
> D -C
¢ D D

Symmetry at R

o

-C

¢ D D
D c =D
D -D ¢
-¢ <D -D
D -C D
D D -C
E F F
F E -F
F -F E
G J =K
J & X
K =k H
G K J
XK H -X
J X &
H XK X
K G ~T
X -5 G

c

-D
-c
-D

" @

-J

D -D ¢ -D
¢ D ~D C
D D D
-D D ~-C D
-¢ -D D -C
D -C -D ~D
J X G K
G -k K - H
XK H J =X
F -F H X
E F K G
F E -K &
X -K E -F
G J -F E
J ¢ F F
X ~J G -J
H X -3 ¢
X @ X X

The eigenvalues and eigenvectors of D(R):

@} 1(R) = i () (threefold degenerate)

e'(R;4,1,1) =

e'(R;4,1,2) =

e'(R;4,1,3) =

1
2
L
2
1

N

-F'

~F

srxdad haonnmwmooddda

-D

D

«K
-F

E
<F

oahmh‘é«m%‘"'uﬁu'

~D
~D

-F
-F

(1’ 0’ 0’ 1, 05 0, 0’ 0’ 0’ 0’ 0’ 09 0’ 0’ 0’ 0, 0’ 0)

©,1,00,1,0,0,0,0,0,0,0,0,0,0,0,0,0)

0,0,1,0,0,1,0,0,0,0,0,0,0,0,0,0 0,0)

w3 (R) = 0} (), eR;7,1,1)=el;7,1,1,)
o} 1(R) = wj (I (twofold degenerate),
e(R;8,1,0) = e(I';8,1, )
w3 1(R) = o ,(I') (threefold degenerate)
e(R;9,1,0) = e(l';9,1,0)

D10(R) = D10(F)

for « = 1, 2.

for

E"(R;10,3) = (0,0, a, 0, 0, —a, c,

a=1,2,3.
Each eigenvalue of D,y(R) is threefold degenerate.
ET(R;10,1) = (a, 0, 0, —a, 0, 0, b,
E"(R;10,2) = (0, @, 0, 0, —a, O, c,

c, c, b’ ¢, —¢,
b: —¢ C, b’ c,
—-c, b, —c, ¢, b,
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b, —c, ¢, b, —c, —c)
¢, b,e, —c, b, —0)
¢, ¢ b, —c, —c, b)
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Symmetry at X

A 0 0 0 0 0 D F F -D-F F <D F -F D =-F ~F|
0 B O 0 0 C G E H «G-E H G-£E H -6 E H
© 0 B 0 C 0 G H E G H-E ¢ H -E -G H E
0 0 0 A 0 O -D -F -F D -F F -0 F ~-F «D F F
0 0 ¢C 0 B 0 -6 -E -H -G -E H G -E H G ~E -H
o o] (o] o 0O B -G -H -E G H -E -G H =-E G -H -E
D & G-D -G -6 J L L 0 O 0o 0o o R R
F E H-F -E - L K M 0 0 0 0 0-kR P s
. F H E-F -H -E L M X 0 0O 0 0 -R 5 P"
-D -G G -D -G o] 0 o J L' -L N R -R_ o 0 [o]
<F <E H ~F -B [o] [0} o] L XK -M =R P —S‘ [¢] o) o
F H-E F H -E O 0 0 -L -M -s P 0 0 O
D ¢~¢6 D G-6 0 0 O N-R R J-L L 0 0 0
F-E H F-E H 0 0 O P -5 -L K- 0 0 0
£ H -E -F H-E 0 O O -R-S P L -4 K 0 0 0]
D -G -G D G G N -R -R 0 0 0 0 J -L -L
-F E H F -FE -H R P S O 0 0 0 0 -L K M
:F"‘H' EFH-E R S P OO OO O O- M K|

D(X) is real. The number of independent elements of D(X) is equal 16.

The eigenvalues and eigenvectors of D(X):
0} (X) =3{B+C+K—-M+P-S+([B+C+K—M+P-S]*—
—4[(B+C)(K—M+P-S5) —4H —E)*)*}
where a = 1,2 and plus stands for o« = 1 while minus for x = 2.

ef(X;1,a,1) =

(Oa F 1’ 13 0’ ls _la O: N(a)a _N(“)> Oa 09 07 0’ 09 Os 09 N(a)s '—N(a))

" 2J1+N@)
e’T(X; 1,0,2) =
~ 1 (0,1,1,0,1,1,0,0,0,0, N@), N@), 0, N(), N(®), 0, 0, 0)
21+ N*()

where N(x) = (@] ,(X)—B— C)[2(H—E).
Each of w} ,(X) is twofold degenerate.

[B-C  22G  2H+E)
Dy(X)=|2/2G J-N  J2(R+L)
2(H+E) (2R+L) K+M+P+S
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Each eigenvalue of D,(X) id twofold degenerate.
E'x;2,)=0,a, a0, —a, —a, —b,¢,¢c,0, 0,0, 0, 0,0,5,c,c)
E'(X;2,2)=(©,a, —a,0, a —a, 0,0,0,b, —c, ¢, —b, —c, ¢, 0, 0, 0)

A 2D 2./2F
Dy(X) = |2D J+N J2(L—R)
2/2F J2(L-R) K+M—-P-S

Each eigenvalue of D3(X) is twofold degenerate.
E'(X;3,1)=(—d,0,0,d,0,0,¢,f, /,0,0, 0,0, 0,0,e, —f, —f)
E"(X;3,2)=( d,0,0,d,0,0,0,0,0,¢,f, —f, e, —f,£,0, 0, 0)

w3 1(X) = K—M—P+S (twofold degenerate)
e"(X;4,1,1) = (0, 0,0, 0,0,0,0,1, —1,0,0,0,0, 0, 0,0, —1, 1)
e"(X;4,1,2) = 0, 0,0,0,0,0,0,0, 0,0,1,1,0, =1, —1,0, 0, 0)

“ Symmetry at M

(B 0 0 0-C 0 -E H G -E H ¢ E H <G E H G
0o B 0-c O 0 H-E-¢ H-E G H E -G H E
o 4 9 0 0 F-F D-F F D -F -F -D F F =D
0-c 0 B 0 0 E-i -¢6 E-H G E H -6 E H G
-c 0o 0B O-H E G- E-6 H E -6 H E G
0 0 0 0 0 A-F F D F -F D -F -F -D F F =D
£ H F E -H -F K -4 -R P -8 L 0 O 0O O 0 O
H -E -F -H F ¥ K R=-S P-L 0 0O 0 0O 0 O
D)= -6 D -6 G -D -R R J-L L N O 0 0 O 0 O
“E H -F E -H F P -8 -L K -M 0 0o 0o 0 0 o
H-E F -Hi E-F -s P L - K- O 0O O O 0 O
-6 6 D G -6 -D L -L N R-R J 0 0 0 0 0 O
E H -F -F 0 0 0 0 0 O K M -R P S L
H E-F H E-F 0 0 0 0 O O M K -R S P L
-6 -6 D -G =G D O O O O O O -R -R J -L -L N
E H E 0O 0 0 0 0 0 P S -L K M R
H E H F 0 0 0 0 0 0 s P -L M K R
|6 -0 @ -0 0 0 0 0 0 0 L L N R R J]

D(M) is real. The number of independent elements of D(M) is equal 16,

The eigenvalues and eigenvectors of D(M):
o} (M) = o (X) for « = 1,2. Each of w] (M) is twofold degenerate.

(0, =2,0,2,0,0, —N(z), —N(&),

TM;1,0,1) = —————
e 0L e ) 2~/2(1+ N?(a))

Oa - N(a)a - N(a)’ 09 . N(a)’ N(“)) Oa . N(OC), N(a)’ 0)
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eT(M; 1,0,2) = (2,0,0,0, —2,0, N(#), N(%), 0, N(@),

2+/2(1 + N*(a))
N(x), 0, — N(z), N(«), 0, — N(e), N(), 0)
where N(x) is the same as at X.

D,(M) = D,(X) Each eigenvalue of D,(M) is twofold degenerate.
E'"M;2,1)=(a,0,0,0, @,0, —b, b, —¢c, —b, b, ¢ b, b, c, b, b, —c)
E"(M;2,2) =0, a,0,a,0,0, b, —b, ¢, b —b, —c, b b, c b b —c)

wg’i(M) = wi,l(X ) (twofold degenerate)
e’(M;3,1,1) = 0, 0,0,0,0,0,1,1,0, -1, —=1,0,0, 0,0, (:),"'0, 0)
e"(M;3,1,2) =40, 0,0, 0,0, 0,0, 0, 0, 0, 0,01, —1, 0, -1, 1,0

D,(M) = Ds(X) Each eigenvalue of D, (M) is twofold degenerate.
E'(M;4,1)= (0,0, d,0,0,d,0, 0,0, 0,0,0,¢06f, —¢ —e f)
E"(M;4,2)=(0,0, —d, 0,0, d, e, —e, f, —e, e, f,0,0,0, 0, 0,0

Symmetry along 4

"a 0 0 A O O oD gE gE D' E* -E* D* -E* E* gD ~¢E —gE]

0 b 0 O B C oF ¢ pH F* G -H" -F* @" -H" -gF ¢G¢ ¢H

0 0 b O C B gF pH oG-F -H* G* F" -H" G" -gF oH g@

& 0o o a 0 o D E*  E*D E -E D--E E D -E*¥-E"

3 * * * * _* ¥ 3

o B ¢*0o b 0o F*G*E*F G -H -F G -H -F* ¢ H
o ¢* 8" o o0..bp F H* G"-F -H ¢ -H G -F* H* @*
PP F D FF ¢ £ £ I W N IJTN N g m om
PEgC R E. 6 H £ d. e M " P°-N' R -P'-m h

; PEPH P E H ¢ £ e 4 -N-F R ¥ P L"-m j n

D(A)=

D F -F D FF-F" J, M -N ¢ f -f g m -m J N -M

E 6 -H EY - M L -P,. £, d -e -u h -j -N R P

-E -H G -E*-E* ¢ N P -f. -e m -j -M -P L

D -F F D*-F* F* J -N -m.m ¢ -f£ -f J -4 N

“E G -H -E*¥ ¢ -H* N R h - -f 4 -e -M L -P
E-H G E-H" ¢" & -P L -m -§j h f =2 & -N P R
oD g gF* D -F -F g -m -m JI* 8w I N e o-r of
¥ QG gH-E ¢ H m h § N R - ¥ PPorca e
Qi QH Q¢-E H G m § h -t P¥ it N .Y R -f e 4|

The small letters stand for real elements and. the capitals for
complex ones.p=expL[-iTT&J.

A,B,J,L,M,N,P,R have the argumentcr:-g +nTT , and C has

the argument ?=-721(1-§)m7r , where n=0 orn=1 .
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The eigenvalues and eigenvectors of D(4):

a+y*4 \2(yD+D*) 2(yE+E¥)
J2(y*D*+ D) c+g J2[f-m
D,(4) = +2yJ* +y(M*—N*)]

2(y*E*+E) V2L f-m d+e—h—j
+y*(M—N)] +y(L*¥—R*-2P%)

E"(4;1,1) = (43, 0, 0, 4, 0, 0, b, ¢, ¢, 7b, yc, =76, yb, =7, ¥¢, b, —¢, =)
E(4;1,1) is LA+...
02 1(4) = d—e—h+j—y(L*— R*+2P¥)

*3

Y
T4; ’ 91 == 0,0’090305090’1a _130, £ ’09 ) ’03 "1’ 1
e.(A,21) 2\/—2-( —7, =1 0,7, 7 )
@} 1(4) = d—e—h+j+y(L*— R*+2P%)
t%, )
Y
TA;39 1’1 = = 0,0,0,0,0,0,0, 19 —1,01 ) ’03 e £ ’Oa _1,1
e ( ) 5 ﬁ( ? Y v =¥ )
a—y*4A  J20D-D*)  2(E—E¥)
\J2(y*D*—D) c+g V2Lf-m
D,(4) = =y —y(M*—N¥)]
204*E*—E)  J2[f[-m d+e—h—j
—y*(M—N)] +y(R*—L*+2P¥)
E"(4;4,1) = (yd, 0, 0, —d, 0, 0, ¢, f, f, —ye, =3, of, —ve, ofs —f, & —f, —f)
[ b-y*B y*C  J20F-F%)  20G-G* \20H-H*)
_yC* _b+y*B J2OF+F¥)  J20H+H*) /2(yG+G*)
J20*F—F)  J2(y*F*+F) c—g f+m S+m
D) = —p(M*+N*) +yM*+N*)
ST J20%G*—G) J2(y*H* + H) f+m d+h e+j
. —y*M+N)  —y(L*+R¥)
J2(*H*—H) /20*G*+G) f+m e+j d+h
i +7*(M+N) +pL*+R¥) |

Each eigenvalue of Ds(4) is twofold degenerate.
E"4;51) =0, yg, 80, —gh, j. kL —vi—vk vhy,—vk ok =i koD
E"(4;5,2) = (0, —yh, —vg,0, —h, 8, —j, =1, =k, —vj, =y}, vk, v, —vL vk, J, =1, —k)
E(4;5,1) is TA+... and E(4;5,2) is TA+...

Y = exp [—i%f].
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Symmetry along T

[a 0.0 4 ¢ o E D H -E -D* gH'-pE*~gD" gu* gF]
0 a 0 ¢ A O D -E H D BE g,i-x*ggp*-gE“ gH"-pD" oB
0 0 b 0 0 B -F G -F G -pF"-gF"-pG* oF" pF*-pC|
£ ¢ o a 0 0 -D"-H*E*-D"-W E*-D H -E -D H E
¢ &0 0 & 0 -H D E-H-D"-F* H -D -E H -D E
000 B" 0 0 b -F* F*-G* F*-F* -G*-F -F -G F F -G
D H* F*-D H -F ¢ e f g 3 m J P M K -P =N
' D"-F*-H D F e ¢ -f j g -n -P K N P J -

o= E*-E" ¢"-E E -G £ -f 4 - m h M -N L N -M. L
D B*-F*-D -H F g j -m c e -f K -P N J P -u
H D* F*<H D -F | n e ¢ P g M -P K N

" E* ¢ E -E -6 m -z h -f £ d -N M L - N
L|=9D @*H dF -DT HY -F* g* -p* y* x* . p* ¢ ¢ ~e £ g =j m

CH D gF B D" -F* P K P 0 W -e ¢ £ - g
<E -JE -¢¢ -E¥ -E* -¢* M* N* I* N w* ¥ £ d.-m -m h

-0D ¢g*H ¢'F -D* E" F* K* P* N* J* -P* w* - -m ¢ -e -f
gH D ¢F H" D" F* -P* ¥ " P* K* N -j g om -e ¢ -f
PE 9B G B* EX-G* N* M L' A -N* I m om B o-p -f dJ

The small letters stand for réal elements and the capitalal for
complex ones. @ =exp [-iTTE1. -

A,B,J,K, LH sN,P-have the urglmmty"?(f £)+nT , end C ‘has
the ars\;menty--—-gmﬁ,wheren 0. or A=t '

The eigenvalues and eigenvectors of D(T):

b+06*B 2F-6F") JAG—5G*)
el [Z(F*—é*F) c—e—g+j 2Af+m
D(T) = —§¥(J—K+2P) —5*(M~N)]

1V2G*=8*G) J2[f+m d+h
. —5(M* N¥] ~—25*L.

ET(T 1, 1)—(0 0, éa, 0, 0, a, 6b, —ob, (Sc —0b, b, bc, —b, —b, —c,b b —0)
wz 1(T) =c+e—g—j+0*(J—K—2P)

ig*%

Wb

03 (T) = c+e—g—j—64(J—K~2P)

*3

N

(Oa 0, 0: 05 0; 03 5’ 59 0: _6’ -6, 0’ _13. 1’ Qg 19 "'1;0) \
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b—6*B 2(F+ 6F%) J2(G+6G*) ]
2F*+0*F)  c—e—g+j V2L f+m
DT) = +6%(J~K+2P) +36*(M~—N)]
| J2AG*+5*G) J2[f+m d+h J
+8(M*—N*)] +26*L

ET(T; 4,1) = (0, 0, éd, 0, 0, —d, de, —de, of, —Je, Je, Jf, e, e, f, —e, —e, f)
[ a 5*(44C) J2AD+H) 5/2(D*— H*) 20E* 1

S(A*+C*) a —8./A(D*+H*) J2H-D)  —2E

Dy(T) = | J2(D*+H*) —6* JAD+H) c+etg+j S*J+K) - 6*JUAM+N)
[5*\/5(1)—}1) JHH*—D*¥)  SJ*+K*¥)  c—etg—j  J2Af-m) J
26*E —2E* SJAM*+N*)  JAf—m)  d—h

Each -eigenvalue of Ds(T) is twofold degenerate.
ET(T; 51) =( 08,980, &, h, 0, &j, dj, 0, 9}, 9/, 0, k, k, Lk, k,—1)
ET(T9 59 2) = (—5h> 5ha O, —& 8 Oa 5k9 _5k> 51, 5k7 _5k7 —"519]., ""js 09j: _j7 0)

0 = exp [—i%(1+€):l .

Symmetry along 4

"a b b A B B gD gF gf oG gF gH gG gH gF yJ sl gL °*
b a b B A B gF oG pH gL gD pE gH 96 oF sL zJ 4L
b b a B B A gF gH oG gH gF G gE gE @D sL yL I
£ B B 2 b b D E E ¢ F K¢ H F J° LU ¥
B A& B b a b F G B E D P K G F LU ST
B B* 2" b b» a F ®H ¢ B F G E E D L' L' J"
D'F*¢™ D F F ¢ e e § - p § p m M P P
QEQGC¢™s" E ¢ B e & £ m J r r k p R N 8
e PEPF QT B K G e £ 4 » p k m r § R S N
e ¢ E E § m r 4 e f£f k r p N R S
¢FigD*’ F D F n j - p e .c e p J§ n P M P
gH" "¢ H E G p r k £ e d r m j S R N
g¢PH e ¢ H E § r =m k pj‘r d £ e N S R
B ge*¢E" B ¢ E p k r T 3 m £ d. e S N R
QT QF*¢?” F F D n p § P n j e e ¢ P P M
TS 0 L L WO ROR N PSS N S F g b on
[*If‘ fJ*[*I"* L VJ L P ﬁ* ‘g R ““Q’Ru S ¥ P hn g n
[“L* gL L LoJ PP s r" s PN R R ¥ n on g

" The smell letters stand for real elements and the capitals for
-complex ones.g=expL[-iM§EI  and r=o’.
¥,¥,P,R,S heve the argument yz;ﬂgohﬂ ', where.n=0 or n=1 .
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The eigenvalues and eigenvectors of D(A):

a+2b A+2B o(D+2F) ¢ /2E+G+H) y(J+2L)
A*+2B* a+2b D*+2F*  [2(E*+G*+H*) J*+2L*
Dy(A) = o*(D*+2F*) D+2F - c+2n V2(e+j+p) M+2P
1 0*/2 V2AE+G+H) J2(e+j+p) d+f+k V2(R+N+S)
(E*+G*+H*) +m+2r
p¥(J*+2L%)  J+2L M*+2P* \[2(R¥+N*+S5%) g+2h

E"A;1,)=(a,a,a,b,b,b,c,d, d d c d ddec,e, e, e
E(A;1,1) is LA+...
w31(4) = d—f—k—m+2r

) /s '

e'(4;2,1,1) = 9\/_(0000000 1, -1,-1,0,1,1, —1,0,0,0, 0)
B
a—b A-B o(D—F)
A*—B* a—b D*—F*
Q*(D*—F*) D—-F c—n
o*

- 2G*—E*— H* 2G—E—-H)—=

Dy(A) = \/( )\/2( )JZ(J e—p)

Q—(ZH* —G6% _(2H—E—G)—1—_(2p——e-j)
V2 V2 Np
p*(J*—L") J-L .~ M*-—P*

2(2(; —E—H)

\/

\/_
1i )
\/— (2j—e—p) ﬁ(ZPT‘e"J)

\/

d+k—r—3m+f) f-¥d+k+m—r)

f-3d+k+m—r) d+m—r—}(k+f)

Nz

1 , 1
——_(2N*—R*—S*)ﬁ (2S*—N*—R*) g—h

@QH-E-G) y(J-L)
(2G* H*)ﬁ'(ZHf_E*_G*) J*—

M-P
13
7

1
N (2S-N-RBR)

(2N-R-5)
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Each eigenvalue of Ds(4) is twofold degenerate.
ET(4;3,1) =
(a, a, —2a, b, b, —2b, ¢, d—2e, e—2d, d—2e, c, e—2d, d+e, d+e, —2¢, f, f, —2f)
ET(4;3,2) = /3(—a, 4,0, =b, 5,0, —c, d, e, —d, ¢, —e, e—d, d—e, 0, —f, 1, 0)
E(4;3,1) is TA+... and E(4;3,2) is TA+...

Symmetry along 2

a A B D E QF G ¢H oF g@"-pH* K M N 4K yu-a—n
c A D B E g@ gF—gi" o6 oF QH M K N gM K-
A & b E E C oi-pi"qu-pi®ol gqu P P L —yFepP gL
B E a ¢ -A F & ®H F ¢-2H K¥ N K ¥ -N
B F ¢ a~A G F-H G F B ¥ XK N M K -N
B B e b e u~ 3w PFPIL-P-P L
grge gl P & J a £ g p s t R ST W U -V
¢ gFgg ¢ ¥ 3* £ a -g-s p -t Ut W v S R -T
D(z)= g =g g'u H -H" u g -8 e ~t t T ¥ Y zr-Yy X 2
¢F ¢’ F* G ~0" p s -t d& f -g WUt v s -T
PG oFgd" ¢ F J s p t £ 4 g s* R T w -V
fH g gu-E H u t -t r -g g e ¥ X 2°-X ¥ 2
k* ¥ P X M P R U X W 8 ¥ h m n I 4 2
¥ X" P M XK P S W Y U R X m h n 4 I X
¥ N LN N L T V Z V T Z n n J-¥ -2 A
FRPUgP KW P W 7 R U T 4SS h 0o
FU K gP W KPP U R X ST WA T nh o-n
AR LI M A A A A A en =n

The small letters stand for real elements and the capitals for
complex ones. @ =expl-i 77€J and y= 9’.

4 has the argumentcf-—-rnﬂ' , B,C,D,I,4,%,A have the argument
¢=-Tg+nT, R,S,T,U,W,V,X,Y,Z have the argumenty:-?-gon'ﬂ'
and E hes the argument ¢= 7T(3- g)mﬂ' where n=0 orn=1 .

The eigenvalues and eigenvectors of D(2):

[a+c J2(4—0*E) F+G K+M J2(N+oN*) |
+0*(B+D) +F*4+G* +o(K*+ M*)
J2(4*—0E*) b—g*C J2(J=T¥  J2AP—oP*) L—oL*

D, = F*+G* J2Ur=0)  d+f R+S J2T+7V)
! +F+G +p+s +U+W

K*+ M* J2(P*—0*P) R*+S* . htm J2n—o*Z)
+o¥(K+M). +U*+W*  +o*(I+4)

| V2(V*+0*N) L*—*L J2T*+V%)  J2n—oZ*) j—o*4
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E"(Z;1,1) = (ga, ¢a, 0b, a, a, —b, ¢, ¢, 0, ¢, ¢, 0, od, od, ge, d, d, —e)

E(Z;1,1) is LA+...

[a—c F+G K—-M
—0*(B=D) —F*—G* —o(K*—M*)
F*4G* d+f  R-S ‘
D,(2) = | —F-G —p—s +U-W
K*¥*—M*  R*-S*  h—m

| —o*(K—M) +U*=W* —o¥(I—-4)

ET(Z; 29 1) =' (@f; _@f; 09 —f; f; 0’ ga g’ 09 -8, -8, '0’ Qh: ""th O, '-h, h: O)

[a=~c F-G V2H+H*) K—M

+0*(B—D) +F*—G* + o(K* — M*)

F*—G* d—f J2(g=t) R-=S
Dy(2) =| +F-G +p—s —~U+W

V2H*+H) JAg—1) e—r - J2x-7)

K*— M* R¥—g8* V2X*=Y*) h—m

| +o*(K—M) —=U*+Ww* +o*(I—4)

ET(Z; 3> 1) = (Qj’ —9j7 05 j’ —ja 0, k: —'k: l> k:»- _k, '_l: Qma '—Qma' Oa m, —m, 0)

EZ;3,1) is TA+...

D,(2) =
“a+tc ‘JUA+0*E) F-G . J2H-H* K+M V2(N—oN*)]
—o0*(B+D) —F*+G* — o(K*+ M%)
J2(A* +0E*) b+o*C 2T+ T%) 2u JV2(P+0P*) L+ oL¥)
F*_G* 2+ ) d—f J2(g+1) R+S J2@T=7)
=l —F+G —p+s -U-w
J2(H*—H) 2u J2(g+1) e+r J2xX+Y) . 2z
K*+M*  J2P*+0*P) R*+8*  \2X*+Y%) h+m . J2(n+0*2)
—0*(K+M) ' —U¥—W* —o*(I+4)
| J2(N*—g¥N) L¥ 4 o*L JAT*—-v*)  2z* V2(m+0Z%)  j+o*A

E'(Z;4,1) = (on, on, op, —n, —n, p, r, —r, s, —r, 1, 5, 0t, of, ou, ~t, —=t, u)

E(Z;4,1) is TA+...




D(S)=

Symmetry along S

e A A B E E F J J ou oW -gN

* % *
& b-c E'C D K G H P gL gl P oL oM -gX" yG" 4H
£ ¢ » E D C K H G -gP" ou* gL' gP oM : gL -gK" sH" yC”
B* B 5 a -4 ~A -F* 0" -J" u NN u N NSF I
¢ b - b ¢ -X*-¢g°-H PL M- L M K -G -H
g D ¢ - ¢ b -K*-H"-¢*-P M L P* M I K -H -G
¥ K" K°-F -K X d .g g R S T R T § I 4 24
56" B -0 -G -H g e £ U W V X 2z Y A b
S K @ - -H -G g £ e X Y 2z U V WA X A

* * * * ¥ _

¢u ¢P’¢P u P - R U X h n -n p -t t R =X U
PN gL M N L M s W ¥ n § m t r s -T 2
<8 gweL- ¥ L 17V Zen m §j -t s r -5 Y W
QugP gFu - P R X 0" p t -t h -nln & -U X
4N gL QW-N L ¥ T z¥ V-t . r s -0 § mw -5 W Y
Nom gL N M° L s Y Wt s r n m J§ T Z
gN oM ¢
yF -{K-fx-r“ X* K 1T¢ 4* 4 RY-7" -5 R* =57 -T° 4 -g -g
Y G FE I -GT-HT AT AT XN 7 YU WV g e f
|79 g8 g'e o HT-¢" AT 3T AT U v WXt Y 2t g £ e

767

gu g g gE" g

The small letters stand for real elements and the capitals for

complex ones. ¢ =exp [-/TEJ  and r=¢
£ has the argument ?-VE'*n?T B,C,D,I,4 27 A

have the ergument

'</;=—7Tg+n‘77 ,RSTUWVXYZhave the argument? (7 g)*n‘7T,

and E haa the argumént c/ 77( E)m‘ﬂ' where n=

The elgenvalues and elgenvectors of D(S)

D,(S) =

E"(S; 1,1) = (ea, ob, 0b, —a, b, b, gc, od, od, 0, e, e, 0, e, e, ¢, —d, —d)

Dy(S) = ,
a+o*B J2(A~ o*E) F— oF* \/i(J— J¥) 24 J2N+N*) "
J2(A*—0E*) b+c V2AK+eK*) G+H J2(P— L-M
—o*(C+D) : +o(G*+H*) P¥) ~L*+M*
F*— o*F V2AK*+0*K) d—o*I J2(g+o*4) 20*R  o*/2AS-T)

i

[a—0*B  + J2(A+0*E)‘ - F+oF*

J2A*+0E®) b+e T J2AK—eK*)
+o*(C+D) ol

F*+o*F  J2AK'—9*K) d+o*I"

J2UE+eXT) GE+HF T [2(g—ed®)
—o*(G+H)

JIWNE=N) | LF+M* o J2AS*+T*)"

+L+M

=| V2t —* ) GrHHY  [ag+od*) e+f

2u

+0*(G+H) +o*¥(4+2) +X) +Y-2)

V2(P*—P) 20R* - 0. J2(U*

J2AN*+N) L*—M* o J2(S*—T*) o(W*—
—L+M +Y*—Z%) —r+s

0crn7.

2+ J2AN—-N*) ]
“G+H = L+M

- —o(G*+H*)  +L*+M*
V2Ag—o*)  o*J2AS+T)
e+f Co*(W+V
L —e*A+E) T +Y+2Z)
oW Vs j4m
CHYEHZE) . drts

e*J2U o*(W-V

+X*) h+p J2m+1)
J2m+1) j—m
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ET(Sa 23 1) = (Qf; 08, 9 5f9 -8 —& Qh’ 9]9 Qja ka l, '_l’ k: —l’ l, “h’ ja ])
(b—c G—-H J2(P+P*)  L-M
+0*¥(C—D) —o(G*—H*) + L*— M*
G*—H* e—f g*\/f(U—X) o*(W—-VvV

Dy(S) = | —¢*(G—H) +0*Z—4) -Y+7)
J2P*+P) o J2AU*—X*)  h—p V2(n—1)
—M* o(W*— J2(n—1) j—m
| +L—-M —Y*+Z%) +r—s |
E"(S;3,1) = (0, om, —om, 0, m, —m, 0, on, —on, p, r, —r, —p, r, —r, 0, —n, n)
[b—c G+H L+M
+0*(D=C) +o(G*—H*) —L*-
_|or- e—f o*(W+V
Du(5) = +0¥(G—H) +o*(4-2) ~-Y=Z
L*+4 M* o(W*+V* Jj+m
| —L—-M —Y*—Z%) —r—s |
E"(S;4,1) = (0, o5, —ps, 0, —s, s, 0, ot, —ot, 0, u, u, 0, —u, 0, t, —1).
Symllnetry along Z
@ 0 4 0 B 0 D B F -gb'-gE gF*D E -F gD*-gE*-oF
0 b 0 B 0 C G H J —g@~gH o" G -H J -pa* oi* oI
A 0 ¢ 0 ¢ 0 XK L M gk oU-g'-K L -M -gK* U i
0 B 0 a 0 -A -D*-E*-F*<D -E F -D* B¥X-F*-D E F
B 0 C" 0 b 0 ~ -G -H J G -H 0 G -H =J
0 ¢ 0 - 0 ¢ ~K*-I' -M* XK L -M -K* I¥ -N* K -L =M
7' ¢ k"D -G -k g h N P S O V. W I A Z
PR L'-E -H -L g e § P R T V 0 X A Y 4
D(z);_F*J*M“-F-J-Mhjf-S—T»UuW‘XO-ZAZ
-¢D g6 'K -D' -¢" X* N* P* -g* g -h 1" A" 3" 0 v W
fE--gH L -E -0 L' P R -1 g e -j A* Y 4* v 0 X
CF 0 M F J" " s T U en -y £ -4 2w % o
D ¢"-XK"-D G -K O V' -w I XA X 4 -g h N -P &
-t 1" E-H L vV 0 XA Y -4 -g e =j =P R -T |
F I - -F J M W X" 0-% -A Z ho-j £ -5 T U
oD G gk D" ¢ XK' T' A" 3 0 v oWt NP - a4 -g -n
E ¢H ¢L EH' o1 A Y 2" 0 X -F R T g e
6F T oM FT 3t A 3 4 2wt X 0 8 -T" Ut on g £ ]

The small letters stend for real elements and capitals for
complex ones. 0 = exp E-iﬁgl

A4,W,7,X have the argument p=T +nT , B,N,P,R,S,T,U have the
ergument ¢ = lﬂ-g)fnﬂ; and C,I,Y,2,4,2,A have the argument

’ﬁ.;l +nfT , where n=0 or n=1 |,
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The eigenvalues and eigenvectors of D(Z)
[ a 4 B VZD VIE -VIF V30" -gVZE* qVZF |

£ c ¢ VZK VZL VZM -gVZK' QVZL V2w’
B cr b -VZ§¢* -VZH* V29" Vze V2 V2g

vZp*  VZK* -V26 a V+g W-h I-N P+A  S-%

oz=| VZE® VZL" -VZH vig e X-j  -P-A YR T-4
-VZF* VZu V2o win bt £ z-s ™4  Z-U

V2D *VZk V2§ oo S S D - a V-g W+
-9"VZE ¢*VZ1L -VZH" FrA" YR = 4" Veg e  ~X~j

_Q*Vz'r -g*V2u vz stx* mEg” et Wi -XT§ £
Each ecigenvalue of D,(Z) is twofold degenerate.

ET(Z;1,1) = (a, b, ¢, y*a, —y*b, —y*c, d, e, f, g, h, j, 78 —yh, —%j, —y*d, y*e, y*f)

E™(Z;1,2) = i(—a, b, —c,y*a,y*b, —y*c, g, vh, —vj, —v*d, —y*e,y*f, d, —e.f, g, —h, ))

where y = exp [—i —g— ﬁ].
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