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QUANTUM THEORY OF SCATTERING X-RAYS.
4, THEORY OF X-RAY RAMAN SCATTERING
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‘Inelastic scat‘teriné of X.rays by localized K-electrons in solids is treated theoretically.
The excited electron is considered in the OPW.approximation. We obtain a Compton-like
angular dependence for the differential cross-section,

Das Gupta [1] and Suzuki [2] have informed about the Raman scattering of X-rays
by solids of light elements, such as metalic lithium, beryllium, boron, graphite. However,
one may point out to Weiss’ work [3], in which the Raman scattering of X-rays has not
been discovered in the repeated Das Gupta’s measurements.

The quantum-mechanical theory of the Raman scattering is given in the work by Mi-
zuno and Ohmura [4]. They have obtained the result, that the differential cross-section in
the dipole-approximation is proportional to ’

v

V2« t(ng—1) » (L+cos? ) « sin? —’2’! ' )

where & is the scattering angle, v, and » are respectively the frequencies of the incident and
scattered X-rays, and #(v,—v) is the matrix element, which they do not calculate.
. In this paper we give the quantum theory of the Raman scattering, which is free from
the defficiency of the above work [4] (we are interested in the general case, not in the dipole-
-approximation, and calculate the matrix element).

The double differential cross-section of the X-ray scattering by the crystal is defined

by the well known formula:
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(p| is the wave function of the electronic subsystem, (g, is the wave function of the
lattice subsystem in the representation of the occupation numbers, n_ . is the number
of the phonons with the wave vector q for the s-th vibration branch.

' Z means the summation over all electrons of the scattered system.
(-1
For the lattice, which is in the thermal equilibrium state at the temperature T, o; is

defined with the help of Gibbs’ distribution.

For the case of the Raman scattering: Ng. == N4, |@) is the wave function of the
electronic subsystem, which is in the ground state,

(¢'| is the wave function of the electronic subsystem for the case, when one of
K-electrons jumps to an unoccupied state,

In the one-electron approximation the wave function |@) is given as a Slater Determi-

q,s

nant and the preseni approximation reduces the matrix element in the expression (2) to
a simple integral

(g, ¢'| 2} exp (iKr,)|n, ., ¢) = Z exp (iKm))(n,,
g - a

J

exp (iKom)|n, ) %

X (@'| X exp (GEr,)|py = 3) exp (Kn))(n,,| exp (iKon,)|ng )
» J
X2 f vy exp ((Kr)ypgdr. . (3)

The formula (3) is obtained for the primitive lattice, when
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where:
n;-’ is the vector of the lattice,
r, is the coordinate of the »-th electron in' the j-th cell,
on; the replacement of the j-th atom from the equilibrium position as the result of the
thermal movement.
The generalization for the lattice with basis is simple.
Yx is the K-electron wave function, which is well localized around the j-th lattice site.
The electrons in the excited state shall be described with the help of the orthogonalized
plane wave (OPW-approximation) [5]
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here:

uy(r) are the localized wave functions,
! is the three quantum. numbers (n, I, m),
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V is the crystal’s volume,
N is the number of the cell units in the crystal.

The coefficients u,,; are defined with the help of the orthogonality
J2a®) - p () - dr =0 (7)

and with the assumption of the non-overlap of the localized wave functions are given in
the formula

Hrt = 17—1; f etkr - yf(r)dr ®)

where v is the cell unit’s volume and the integration is carried out in all the crystal volume.

We consider the Raman scattering of X-rays by solids of light elements (Li, Be...)
and the localized wave functions are the K-electron’s wave functions, which in the nonrela-.
tivistical approximation may be defined as
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In order to calculate the integration in (8), we shall choose the axis z||k and make use
of the table integrals [6]
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We have the result
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Substituting y,, for (3), we have
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The expression
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is the well known Debye-Waller’s thermal factor e

The summation over the final states Z in the formula (2) is the summation of all the
R .
ways of averaging k of the electron, which is to jump to.an unoccupied state, the latter may
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be for the integration by dk - 2Nv/(27)2 and it is not difficult to do, if we make use of the
substitution of the interferometric function (the structure sum) for-the d-function
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where 7 is the vector of the reciprocal lattice.

Making use of the d-function from the energy 6(E,—E;) we may take the integral over
energy and thus obtain the final expression of the following kind for the differential cross-
-section
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The angular dependence of the Raman scattering is defined by
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Fig. 1

For the crude estimation by angular dependence we may take
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The present dependence is the Compton-like, which can be seen from Fig. 1 (curve I),
where the angular dependence of the Compton scattering for the comparison [4] (curve 2)
1+ cos? ¥
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and the angular dependence of the Raman scattering, which has been obtained by the
Japan physicists [4] in the dipole approximation (curve 3) are represented.
The formula (15) holds true also for the case of the scattering by polycrystals also, as
in (15) we have the dependence on the absolute value of the vector of the reciprocal lattice
only, and not on its direction.
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